
· 1 ·

üCþ�©ÆES�

Ì�SN

1. �ê�Vg,�ê�AÛ¿Â

2. ¦�$�: Ä�úª,¦�{K£oK$�§EÜ$�§�¼ê¦�$�¤§

Û¼ê¦�§ëê�§L«�¼ê¦�

3. �©Vg§���©/ªØC5§AÛ¿Â

4. ¥�½n£Fermat, Rolle, Lagrange, Cauchy, Taylor¤

5. �êA £̂L’Hospital{K§üN5§4�§]à5§$:§�ã¤

�.�ê�Vg

1. 5¿�êVg��(n) 2. 3éõ�ÿ7L^�ê½Â¦�,~X:©

ã¼ê3©ã:��ê,eØ^�ê4�½n,KI^�ê½Â.,	3¦4��k

�L’Hospital{K´ØU^�,�U^�ê½Â.

~1 �f(x)3x = a�,���Sk½Â,Kf(x)3x = a?�����¿©^

�´( )

(A) lim
h→+∞

h[f(a+ 1
h )− f(a)]�3 (B) lim

h→0

f(a+ 2h)− f(a+ h)

2h
�3

(C) lim
h→0

f(a+ h)− f(a− h)

h
�3 (D) lim

h→0

f(a)− f(a− h)

h
�3

~2 �f(x)��,F (x) = f(x)(1 + | sinx|),Kf(0) = 0,´F (x)3x = 0?���(

)^�

(A) ¿� (B) ¿©�Ø7� (C) 7��Ø¿© (D) QØ¿©�Ø7�

~3 �é?¿xðkf(x+ 1) = f2(x),�f(0) = f ′(0) = 1,¦f ′(1)

~4 ®�f ′′(0)�3,f(0) = f ′(0) = 0,¦ lim
x→0

f(x)

1− cosx
.

~5 �f(x)3(−∞,+∞)Sk½Â,�÷v|f(x)| ≤ x2,K:x = 07�f(x)�(

).

(A) mä: (B) ëY,�Ø��

(C) ��:,�f ′(0) = 0 (D) ��:,�f ′(0) 6= 0

�.5¿�
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1. ¼ê��K�½ëY,��Øý.ef(x)3x0�m��, Kf(x)3x0�ëY.Ð

�¼ê3Ù½Â«mþþëY,��73Ù½Â«mþ��.~Xf(x) = x
1
33x =

0?´ëY�,�Ø��.

2.oK$�

(i)ef(x), g(x)þ��,Kf(x)± g(x), f(x)g(x),
f(x)

g(x)
(g(x) 6= 0)���;

(ii) ef(x), g(x)þØ��,Kf(x)± g(x), f(x)g(x),
f(x)

g(x)
(g(x) 6= 0)�7Ø��;

(iii)ef(x)��,g(x)Ø��,Kf(x)±g(x)Ø��,f(x)g(x)�7Ø��,ef(x) 6=
0,Kf(x)g(x)�Ø��

3. ¼êy = f(g(x)),eu = g(x) 3x0��,y = f(u)3u0 = g(x0)��,Ky =

f(g(x))3x0��, �k

(f(g(x)))′|x0
= f ′(u0)g′(x0).

�5¿,XJu = g(x)3x0�y = f(u)3u0��k��Ø��,@of(g(x))3x0��

�5Ñ´ØU(½�.

~ (1)f(x) = x2, g(x) = |x|,Kf(g(x)) = x2,3x = 0:g(x)Ø��,f(x)Úg(f(x))þ

��.

f(x) = x, g(x) = |x|,Kf(g(x)) = |x|,3x = 0:f(x)��,g(x)Úg(f(x))þØ�

�.

(2)f(x) = |x|, g(x) = x2,Kf(g(x)) = x2,3x = 0:f(x)Ø��,g(x)Úf(g(x))þ

��.

f(x) = |x|, g(x) = x,Kf(g(x)) = |x|,3x = 0:g(x)��,f(x)Úf(g(x))þØ�

�.

(3)f(x) = 2x + |x|, g(x) =
2

3
x − 1

3
|x|,Kf(g(x)) = x,3x = 0:f(x)Úg(x)þØ

��,
f(g(x))��.

f(x) = |x|, g(x) = x + |x|,Kf(g(x)) = x + |x|,3x = 0:f(x)Úg(x))þØ�

�,f(g(x))�Ø��.

4. f(x)�|f(x)|���'X:

f(x)��+f(x) 6= 0 =⇒ |f(x)|��; |f(x)|��+f(x)ëY=⇒ f(x)��.

5.f(x)3x0:n���,K:

(i)f(x)3U◦(x0)S�7n���,

(ii) f(x)3U(x0)Sn− 1���,�f(x) ∈ C(n−2)(U(x0))
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6.±Ï¼ê��êE�±Ï¼ê,Û¼ê��ê´ó¼ê,ó¼ê��ê´Û¼

ê.

7.�ên�5�µ


�ê0�½n

�ê4�½n

f(x)3«mþ��,Ù�¼ê3«mþÃ1�amä:

8. f(x) ∈ C(U(x0)),�3x0��müýüN5��,Kx0:�4�:,���Ø

ý.

9.üN��¼ê��¼ê�7üN;�¼êüN,�5�¼ê��7üN.~Xy =

x3 x ∈ (−1, 1), y′ = 3x2; y′ = x x ∈ (−1, 1), y =
1

2
x2.

10. f(x), g(x)3(a, b)S��,�f(x) > g(x),ØUíÑf ′(x) > g′(x).~y1 =
√

1− x2, y2 =

x, x ∈ (0,
√

1
2 ), y1 > y2, y

′
1 =

−x√
1− x2

< 0, y2 = 1, y′1 < y′2.

n. ?Ø¼ê���5

(i)

{
Ä�¼ê

©ã¼ê
(ii) ®�¼ê��¦ëê

~1 �ϕ(x)3x = a:ëY,?Øe�¼ê3x = a:���5.

(i) f(x) = (x− a)ϕ(x), (ii) g(x) = |x− a|ϕ(x).

~2 ¦f(x) = (x2 − x− 2)|x3 − x|�Ø��:��ê.

~3 ?Øf(x) =

{ x

1 + e
1
x

x < 0

ln(1 + x) x ≥ 0
���5,¿¦f ′(x).

~4kïÄf(x) =


1− cosx√

x
, x > 0

x2g(x), x ≤ 0
�ëY5,2ïÄ��5,Ù¥g(x)3x ≤

0þëY.(2009-2010)

~5 (½~êa, b,¦f(x) =


2

1 + x2
, x ≤ 1

ax+ b. x > 1
3(−∞,+∞)S��,¿¦f ′(x)

o.�ê!�©�AÛ¿Â

���§ y − f(x0) = f ′(x0)(x− x0) {��§ y − f(x0) = − 1

f ′(x0)
(x− x0)
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~1 ¦Ñ­�x = ln tan
t

2
+ cos t, y = sin t, 0 < t < π�z�^��þl�:

��x¶�:�ål.(2010–2011Ï¥)

~2 �f(x)3¹kx = 0, 1�m«mSëY,3x = 1?��,�3x = 0���S

÷v

f(1 + sinx)− 2f(1− sinx) = 3x+ o(x) x→ 0,

¦y = f(x)3(1, f(1))?����§.(2009–2010Ï¥)

~3 �y = f(x)äk���ê,�f ′(x), f ′′(x) > 0,4x�gCþx3:x0?�O
þ,4y�dy©O�f(x)3x0?éA�Oþ��©,e4x > 0,K( )

(A) 0 < dy < 4y (B) 0 < 4y < dy (C) 4y < dy < 0 (D) dy < 4y < 0

Ê.¼ê¦�(p��)

¦e�¼ê��ê

(1) Ð�¼ê¦�

~: ¦y = ln(x+
√
x2 + a2), y =

√
x+

√
x+
√
x�y′.

(2) Û¼ê¦�

~: �2y + sin y − x = 0,¦
dy

dx
,
d2y

dx2
.

(3) ��¼ê¦�

~: ¦[(tanx)sin x]′.

(4) �éê¦�{: f(x)��,[ln |f(x)|]′ =
f ′(x)

f(x)
.

~: �y = x2

√
(x− 1)(x− 2)

(x− 3)(x− 4)
,¦y′.

(5) ëê�§¦�

~: �f(u)3u = 0���S����,f ′(0) = f ′′(0) = 1, y = y(x)dëê�

§

{
x = te−t

y = t
¤(½,z = f(ln(y + 1)− sinx),¦

dz

dx
|x=0,

d2z

dx2
|x=0.

(6) Ä�¼ê¦�

~: �f(x)���¼ê,�f ′(x) = [f(x)]2,Kf (n)(x) = ( A )

(A) n![f(x)]n+1 (B) n[f(x)]n+1 (C) [f(x)]2n (D) n![f(x)]2n

8. ^�êïÄ¼ê�5�
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

1.¼êüN5�4�.

2.¼ê�]à5�$:.

3.ìC�: Y²ìC�!R�ìC�!�ìC�.

4.¼ê�ã, d¼êã�í�¼ê��'5�.

5.�§��(¼ê�":),�{µüN5¶"�½n¶Rolle½n.

~1 �f(x)3[0, 1]þ����,�f ′′(x) > 0,Kf ′(0), f ′(1), f(1) − f(0)���'

X�...................(f ′(0) < f(1)− f(0) < f ′(1))

~2 ®�f(x)��,f(0) = 0, f ′(x)üN~�,y²:(1) F (x) =
f(x)

x
3(0, 1]Sü

N~�,(2) f(1)x ≤ f(x).

~3 �f(x)3x = aëY,� lim
x→a

f ′(x)

x− a
= −1,Kf(x)3:x = a?(A)

(A) �4�� (B) �4�� (C) �)$: (D) ±þÑØ´

~4 �f(x)÷vxf ′′(x) + 3x[f ′(x)]2 = 1− e−x,�f ′(x0) = 0 (x0 6= 0),K(B)

(A) f(x0)�f(x)�4�� (B) f(x0)�f(x)�4��

(C) (x0, f(x0))�y = f(x)�$: (D) ±þÑØé

~5 �f(x)÷vf ′′(x) + (1 + x2)f ′(x) + x3f(x) = sinx,�f ′(0) = 0,K(C)

(A) f(0)�f(x)�4�� (B) f(0)�f(x)�4��

(C) f ′(0)�f ′(x)�4�� (D) (0, f(0))�­�y = f(x)�$:

~6 �f(x) = |x(1− x)|,K(B)

(A) x = 0´4�:,(0, 0)Ø´$: (B) x = 0´4�:,(0, 0)´$:

(C)x = 0Ø´4�:,(0, 0)Ø´$: (D) x = 0Ø´4�:,(0, 0)´$:

~7 ­�y = (x− 1)(x− 2)2(x− 3)3(x− 4)4�$:´(C)

(A) (1.0) (B) (2, 0) (C) (3, 0) (D) (4, 0)

~8 y²­�y =
x+ 1

x2 + 1
k uÓ���þ�n�$:.(2010-2011Ï¥)

~9 y²f(x) = x3 − 3x+ 5k��":.

~10 y²­�f(x) = xn + xn−1 + · · · + x − 1 (n > 1, n ∈ N)�x¶3«

m(0, 1)¥k���:(xn, 0),¿¦ lim
n→∞

xn.
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~11 �P (x)´ng¢Xêõ�ª,eP (x)��Ñ´¢ê,y²:P ′(x)���Ñ

´¢ê.

~12 B(x) = (x2 − 1)
n
,¦yB(n)(x)3(−1, 1)Skn��É�¢�.

~13 ?Ø­�y = 4 lnx+ k�y = 4x+ ln4 x��:��ê.

Ô.Ø�ªy²

�{µ

(1) üN5

(2) ]à5

(3) ��

(4) ¥�½n(Lagrange, Cauchy, Taylor)

~1 �f ′′(x) < 0, f(0) = 0,y²é?¿x1 > 0, x2 > 0kf(x1 + x2) < f(x1) +

f(x2).

l.y²'uξ(η)��ª(Ø�ª)

~1 �f(x)3[0, 1]þëY,3(0, 1)S��,�f(0) = 0, f(1) =
1

2
,y²�3ØÓ

�ξ, η ∈ (0, 1),¦�f ′(ξ) + f ′(η) = ξ + η.

~2 �f(x) ∈ C[0, 1], f(x)3(0, 1)S��,f(0) = 0, f(1) = 1,y²µé?¿�

êa, b,3(0, 1)S�3ØÓ�ξ, η¦�

a

f ′(ξ)
+

b

f ′(η)
= a+ b.

Ê.Taylor úª

1.OPA�Ä�Ð�¼ê�Maclaurinúª.

ex = 1 + x+
x2

2!
+ · · ·+ xn

n!
+

eθx

(n+ 1)!
xn+1, −∞ < x < +∞.

sinx = x− x
3

3!
+ · · ·+ (−1)m−1

x2m−1

(2m− 1)!
+

(−1)mx2m+1

(2m+ 1)!
cos θx, −∞ < x < +∞.

cosx = 1−x
2

2!
+· · ·+(−1)m−1

x2m−2

(2m− 2)!
+

(−1)mx2m

(2m)!
cos θx, 0 < θ < 1., −∞ < x < +∞.

(1 + x)α =1 + αx+
α(α− 1)

2!
x2 + · · ·+ α(α− 1) · · · (α− n+ 1)

n!
xn
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+
α(α− 1) · · · (α− n)

(n+ 1)!
xn+1(1 + θx)α−n−1, 0 < θ < 1. x > −1.

ln(1+x) = x−x
2

2
+· · ·+(−1)n−1

xn

n
+

(−1)nxn+1

(n+ 1)(1 + θx)n+1
, 0 < θ < 1. x > −1.

2. Taylorúª�A^

(1). CqO�.

(2). |^Taylor¦4�.

(3). |^¼ê�Taylorúª¦¼ê3,:�p��ê.

(4). |^Taylorúªy²Ø�ª.

(5). Ù§

~1. �f(x) = e−x
2

,¦f (10)(0).

~2. �f(x)3[a, b]þk���ê,f ′(a) = f ′(b) = 0,Áy:∃ξ ∈ (a, b),¦�|f ′′(ξ)| ≥
4

(b− a)2
|f(b)− f(a)|.(Ó�:��¤ØÓ:�Taylor úª)

~3. �f(x)3(−∞,+∞)k.,¿k�K����ê,¦yf(x) = c (c�~ê).

~4 �f(x)´ngõ�ª,f(x) = a0 + a1x + a2x
2 + · · · anxn, (an 6= 0),¿

�f(x0) = f ′(x0) = · · · = f (m)(x0) = 0, f (m+1)(x0) 6= 0 (m ≤ n − 1),Áyx =

x0´�§f(x) = 0�m+ 1­�.

~5 �f(x)3±x0�S:�,«mIþkëY����ê,f ′′(x0) 6= 0,éux0+

h ∈ Ik¥�½nf(x0 + h) = f(x0) + hf ′(x0 + θh) (0 < θ < 1),y² lim
h→0

θ =
1

2
.

~6 ¼êf(x)3«m[−1, 1]þäkn��ê,�f(−1) = 0, f(1) = 1, f ′(0) =

0,y²¶∃ ξ ∈ (−1, 1),¦�f ′′′(ξ) = 3. (ØÓ:��¤3Ó�:Taylorúª)

~7 �f(x)3(−∞,+∞)Skn��ê,4� lim
x→∞

f(x), lim
x→∞

f ′(x), lim
x→∞

f ′′(x)Ñ

�3k�,� lim
x→∞

f ′′′(x) = 0,y² lim
x→∞

f ′(x) = 0, lim
x→∞

f ′′(x) = 0.

���/e,����¼ê2�½2�±þ��,ÒAT��Taylorúª.¦^

�{:

(1) k�3,�½:x0?�Taylorúª,k�´3x?�Taylorúª.

(2) òØÓ:�¼ê��¤Ó�:�Taylor úª,,�òü�ªf�\(~).

(3) ò�:���¤ØÓ:�Taylorúª,,�òü�ªf�\(~).

�.¦4���{
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1◦ ëY¼ê�4���u¼ê�.

2◦ oK$�£Ï©!©)Ïª§©f!©1knz¤; EÜ¼ê�4�$�£Cþ

��¤.

3◦ �dÃ¡�£�¤þ���.x→ 0

sinx ∼ tanx ∼ arctanx ∼ arcsinx ∼ ln (1 + x) ∼ ex − 1 ∼ x; ax − 1 ∼ x ln a;

(1 + x)α − 1 ∼ αx; tanx− sinx ∼ 1

2
x3; x− sinx ∼ 1

6
x3.

4◦ ­�4� lim
x→0

sinx

x
= 1, lim

x→∞
(1 + 1

x )
x

= e.

5◦ Ã¡�þ¦k.þ,E�Ã¡�þ.

6◦ |^�!m4�¦4�.

7◦ |^Y%½n¦4�.

8◦ |^üNk.ê�4��3.

9◦ |^O.Stolz½n,L’Hospital{K.

10◦ |^Taylorúª.

11◦ |^¥�½n.

12◦ |^½È©!?ê�¦4�.

5 L’hospital{KØ´�U�,3÷v(i) f(x), g(x)3U0(x0)S��, g′(x) 6= 0,

�(ii) lim
x→x0

f(x) = lim
x→x0

g(x) = 0 (½ lim
x→x0

g(x) =∞),XJ

lim
x→x0

f ′(x)

g′(x)
= l,

K

lim
x→x0

f(x)

g(x)
= l.

eØ÷v^�(i)ØU^L’hospital{K,½�÷v^�(i)� lim
x→x0

f ′(x)

g′(x)
Ø�3,�

ØUe(Ø lim
x→x0

f(x)

g(x)
Ø�3,½�� lim

x→x0

f(x)

g(x)
�3,�ØU� lim

x→x0

f ′(x)

g′(x)
�3.

~ �¼êf(x)3x = 0�,���S����,� lim
x→0

(
sin 3x

x3
+
f(x)

x2

)
= 0.Á

¦(1)f(0), f ′(0), f ′′(0),(2) lim
x→0

f(x) + 3

x2
.(2012-2013Ï¥)

�Ø){¶

lim
x→0

(
sin 3x

x3
+
f(x)

x2

)
= lim
x→0

sin 3x+ xf(x)

x3
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= lim
x→0

3 cosx+ f(x) + xf ′(x)

3x2
= 0

u´��

lim
x→0

(3 cosx+ f(x) + xf ′(x)) = 0 =⇒ f(0) = −3

�Ø3uµd

lim
x→0

(
sin 3x

x3
+
f(x)

x2

)
= 0

ØUíÑ

lim
x→0

3 cosx+ f(x) + xf ′(x)

x3
= 0

�(){:

lim
x→0

(
sin 3x

x3
+
f(x)

x2

)
= lim
x→0

sin 3x+ xf(x)

x3

= lim
x→0

3x− 1
3! (3x)3 + o(x3) + x(f(0) + f ′(0)x+ 1

2!f
′′(0)x2 + o(x2))

x3

= lim
x→0

(f(0) + 3)x+ f ′(0)x2 + (− 9
2 + f ′′(0)

2 )x3 + o(x3)

x3
= 0

� 
f(0) + 3 = 0

f ′(0) = 0

−9

2
+
f ′′(0)

2
= 0

=f(0) = −3, f ′(0) = 0, f ′′(0) = 9.

(2) lim
x→0

f(x) + 3

x2
= lim
x→0

f ′(x)

2x
=

1

2
lim
x→0

f ′(x)− f ′(0)

x− 0
=

1

2
f ′′(0) =

9

2
.

5µ 3(2)�)�¥XJé lim
x→0

f ′(x)

2x
UY^L’Hospital{K,K�ØÑ(Ø.Ï

�·��^�==´����
vk���êëY.

{c�ÁK

�. 4�!ëY!���m�'X

1. �¼ê

f(x) =


(x+ a− 2)2 sin 1

x , x > 0,

0, x = 0,

x cosx+ (b− 1)(1− x)
1
x , x < 0.

Á¯~êa, b�Û��§¼êf(x)3x = 0?ëYºd�´Ä3x = 0��º (20)
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2. ( 10 ©)f(x)3[a, b]þëY§�f(a) = f(b) = 0, f ′+(a) · f ′−(b) > 0. y²: �

3ξ ∈ (a, b)¦� f(ξ) = 0. (19)

3. �f(x) =

{ ϕ(x)− cosx

x
, x 6= 0,

a, x = 0,
Ù¥ϕ(x)äk��ëY�¼ê,�ϕ(0) = 1.

(1)(½a��§¦f(x)3x = 0?ëY; (2)¦f ′(x); (3)?Øf ′(x)3x = 0?�ë

Y5.(2017812©)

4. �¼êf(x) =

{
e−

1
x2 , x 6= 0,

0, x = 0,
¦�¼êf ′(x),¿`²f ′(x)3:x = 0?´Ä

ëY.(2016�(4)6©)

5. �f(x)3x = 0k���ê§f(0) = 1, f ′(0) = 0,¦ lim
x→+∞

[
f

(
1√
x

)]x
.(2015�(4)5©)

6. ¼êf(x) =

{ e2ax + ln(1 + bx)− cosx

x
, x > 0,

a2x+ b, x 6 0,
¦ a, b ¦f(x)3x = 0?�

�.(2014�(10©))

7. �¼êf(x) =

{
e−x, x < 0

a cosx+ sin bx, x ≥ 0
ÁU�¹�Ñëêa, bA÷v�^�

©O¦�:(1) f(x)3(−∞,+∞)þëY; (2) f(x)3(−∞,+∞)þ��,¿`²d

��¼ê3(−∞,+∞)þëY.(2013)

8. �f(x)3x = 0�,���S�u",f ′(0)�3,¦ lim
x→∞

[
f(x−1)

f(0)

]x
. (2012)

9. �¼êf(x)3x = 0�,���S����,� lim
x→0

(
sin 3x

x3
+
f(x)

x2

)
,Á¦(1) f(0), f ′(0), f ′′(0);

(2) lim
x→0

f(x) + 3

x2
. (2012)

10. �¼êf(x)3a:?����,¦ lim
h→0

f(a+ 2h)− 3f(a) + f(a− h)

h2
. (2011)

11. �¼ê

 xα sin
1

x2
, x > 0

0, x ≤ 0
Ù¥ëêα ∈ R,é±eü«ØÓ��/,©O?

Øα���: (1) f(x)3RþëY; (2) f(x)3Rþ��,�Ù�¼êf ′(x)3x =

0ØëY. (2011)

12. ���«m[−1, 1]þ�ëY¼êf(x),÷vf(0) = f ′(0) = 0,�f ′′(0)Ø�3. (2010)
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13. kïÄ¼êf(x) =


1− cosx√

x
, x > 0

x2g(x), x ≤ 0
�ëY5,
�ïÄ��5,Ù¥g(x)3x ≤

0þëY. (2009)

14. f(x)3¹x = 0, 1�m«mSëY,3x = 1?��,�3x = 0���S÷vf(1+

sinx)−2f(1−sinx) = 3x+o(x) x→ 0,¦y = f(x)3(1, f(1))?���§. (2009)

�. ¦�

1. �f(x) =

{
ex−1
x , x 6= 0

1, x = 0
¦f ′(x). (21)

2. �y(x) = x2e−x, f(x) = xy(n+1)(x) + (n+ x− 2)y(n)(x) + ny(n−1)(x),

(1) ¦y(n)(x), (2) y²f(x) = 0. (21)

3. �f(x) = (sinx)cos x§O�f ′(x). (20)

4. �f(x) ëY§é,��½�a ∈ (0, 1)±9,�¢êA÷v

lim
x→0

f(x)− f(ax)

x
= A,

Áyf(x) 3x = 0 ��, ¿¦f ′(0) ��. (20)

5. f(x) =
√

1 + x2 · cosx. ¦f (4)(0).(19)

6. f(x) =

{
x2 sin 1

x , x > 0;

x3 − 3x2, x ≤ 0.
¦f ′(x). (19)

7. �y = f(x)dëê�§ {
x = t− cos t,

y = sin t

(½§¦f(x)3ëêt = π?����ê. (19)

8. ¦d�§sin y + ex − xy − 1 = 0û½�(0, 0)NC�Û¼êy(x)3x = 0?��

��ê. (19)

9. ¦f(x) = 1
2x2−1 3x = 0 ?�12018 ��ê�f (2018)(0). (2018�!10©)

10. �¼êy = y(x) d�§| {
x = x = t− sin t

y = 1− cos t
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¦
dy

dx

∣∣∣∣
t=π

2

Ú
d2y

dx2

∣∣∣∣
t=π

2

. (2018 n!10©)

11. �y = f

(
2x− 3

2x+ 3

)
, f ′(x) = arctanx2,¦

dy

dx
|x=0(2017�(4)6©)

12. �¼êy = y(x)d�§| {
x = ln(1 + t2)

y = t− arctan t

¤(½, ¦
dy

dx
|t=19

d2y

dx2
|t=1.(2017�10©)

13. ®�¼êf(x)3x = 0�,�+�SkëY�ê,�

lim
x→0

(
sinx

x2
+
f(x)

x

)
= 2.

Á¦f(0), f ′(0).(2017n10©)

14. �f(x) = x2 sinx,¦p��¼êf (10)(x).(2016�(5)6©)

15. �f(x) =

{
x+ 5 cosx− cos 2x, x < 0

1 + aex + b sin 2x, x > 0
,¦a, b��,¦�f(x)3«m(−∞,+∞)þ

��.(2016�(2)10©)

16. �¼êy = y(x)d�§| {
x = 2t− sin t

y = t2 + t

¤(½, ¦
dy

dx
|t=09

d2y

dx2
|t=0.(2016n10©)

17. �f(x) =

{
x3 sin

1

x
, x 6= 0

0, x = 0
,¦f ′(x).(2015�(5)5©)

18. �f(x) = xe−
x2

2 , ¦f (9)(0).(2015�(6)5©)

19. y = f(x)d�§|

{
x = t+ sin t

y + tey = t2
(½§¦

dy

dx
|x=0,

d2y

dx2
|x=0.(2015�10 ©)

20. �¼êy = y(x)d�§|

{
x = ln(1 + t)

ey − arctan t = 1
¤(½,¦

dy

dx
|t=09

d2y

dx2
|t=0.(2014n(1)10©)

21. �f(x)3x = 0?kn��ê, � lim
x→0

sinx− x2 + 2x− 1 + f(x)

x3
= 1, ¦f(0),

f ′(0), f ′′(0)9f ′′′(0).(2014n(2)10©)
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22. �¼êf(x) = x2 sin 3x,¦f (20)(x). (2013)

23. �¼êf(u)3u = 0���S����,f ′(0) = 1, f ′′(0) = 2, t = t(x)´¼êx =

tet��¼ê(t > −1), y = f(et + x− cosx), ¦
dy

dx
|x=0,

d2y

dx2
|x=0.(2013)

24. y = arctan ex − ln

√
e2x

e2x + 1
,¦

dy

dx
. (2012)

25. y = sin[f(x2)],Ù¥fäk���ê,¦
dy

dx
,
d2y

dx2
. (2012)

26. �¼êy = y(x)dëê�§

{
x = t− ln(1 + t)

y = t3 + t2
¤(½,¦

d2y

dx2
. (2012)

27. �¼êy = y(x)d�§|

{
x = et + 2t+ 3

ey sin t− y + 1 = 0
¤(½,¦

dy

dx
|t=09

d2y

dx2
|t=0. (2011)

28. -f(x) = e−x
2

,¦f (10)(0). (2010)

29. ¦

(√
x+

√
x+
√
x

)′
(2010)

30. ¦
(
(tan ax)sin(x/b)

)′
, a, b�~ê,b 6= 0. (2010)

31. ¦(x2 cosx)(50). (2010)

32. �f(u)3u = 0���S����,f ′(0) = f ′′(0) = 1, y = y(x)d

{
x = te−t

y = t
¤

(½,z = f(ln(y + 1)− sinx),¦
dz

dx
|x=0,

d2z

dx2
|x=0. (2009)

n. ¥�½n

1. �¼êf(x)3[0,+∞)þ�3���ê,f(0) = 0, f ′(0) > 0, f ′′(0) 6 α < 0,Ù

¥α´~ê,y²:

(1) �3x0 > 0¦�f ′(x0) = 0;

(2) �§f(x) = 03(0,+∞)Sk��¢�. (21)

2. �¼êf(x)3(−∞,+∞)þ?¿���,�é?¿¢êx9n = 0, 1, 2 · · ·÷v

|f (n)(x)| 6 n!|x|,

¦yµf(x) = 0. (21)
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3. �f(x) 3[a, b] þëY, 3(a, b) þ��, �ab > 0. ¦y: �3ξ ∈ (a, b), ¦�

af(b)− bf(a)

a− b
= f(ξ)− ξf ′(ξ). (20)

4. O�f(x) = 3
√

2− cosx3x = 0?���x5�Taylorúª. (20)

5. (10 ©) f(x)3(−∞,+∞)þ����§�|f(x)| ≤ 1, f ′(0) > 1. y²µ�3ξ¦

�f ′′(ξ) + f(ξ) = 0. (19)

6. �f(x)�Rþ�����¼ê,÷v: f(0) = 1, f
′
(0) = 0, f

′′
(0) > 0, f(1) = 0.

Áy²: �3x0 ∈ (0, 1), ¦�f
′
(x0) = 0. (20188!10©)

�f(x) �Xe½Â�R þ�¼êµ

f(x) =

{ sinx

x
, x 6= 0;

1, x = 0.

(1). (10©) ¦f
′
(x), ¿y²f

′
(x) �R þ�ëY¼ê.

(2). (5©)y²�3x0 ∈ R, ÷v: |f ′
(x0)| < 1, ¿�∀x ∈ R, |f ′

(x)| 6 |f ′
(x0)|.

(3). (5©)�a ∈ R, -x1 = a, xn+1 = f(xn), n = 1, 2, · · · . y²: lim
n→∞

xn �

3.(2018)

7. b�f(x) 3«m[−1, 1] þäkn�ëY�ê, f(−1) = 0, f(1) = 1, f ′(0) = 0.

y²: 7�3ξ ∈ (−1, 1), ¦�|f ′′′(ξ)| = 3.(2017!Ê10©)

8. �f(x)3«m[0, 1]þ����,f(0) = f(1),¿��3x0 ∈ (0, 1),¦�|f ′(x0)| >
1,y²:7�3ξ ∈ (0, 1),¦�|f”(ξ)| > 2.(2016Ê12©)

9. ¼êf(x)3x = 0�,��¥kn�ëY�ê§f ′(0) = 1, f ′′(0) = 0, f ′′′(0) =

−1,�an+1 = f(an)÷v lim
n→+∞

an = 0, (an 6= 0, n = 1, 2, · · · ), ¦ lim
n→+∞

na2n.

(2015Ô6©)

10. �f(x)3«m[0, 3]þëY, 3(0, 3)S��, �f(0) + f(1) + f(2) = 3, f(3) = 1,

Áyµ3m«m(0, 3)S�3�: ξ ¦�f ′(ξ) = 0.(2014Ô8©)

11. �¼êy = f(x)3:x = 1?n���,� lim
x→1

f(x)− 1

(x− 1)3
= 2,¦f(x)3:x = 1?

�Peano{��n�TaylorÐmª,¿y²x = 1Ø´f(x)�4�:,�´f(x)�

$:.(2013)
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12. �f(x)3«m[0, 1]þ�����é∀ x ∈ [0, 1], |f ′′(x)| ≤ 2,Áy:XJ¼êf(x)3

«m(0, 1)Sk7:,K7k|f(1)− f(0)| < 1.(2013)

13. �a > 0,¼êf(x)3«m[0, a]þn���,�f(0) = f ′′(0) = 0,y²:∃ ξ ∈ (0, a),¦

�af ′(a) = f(a) +
1

3
a3f ′′′(ξ).(2013)

14. ef(x)3[0, a]þëY,3(0, a)S��,a > 0,�f(0) = 1, f(a) = 0.¦y(1)���

3�:ξ ∈ (0, a),¦f(ξ) =
ξ

a
. (2)3(0, a)S7�3ü:x1 6= x2¦f ′(x1)f ′(x2) =

1

a2
. (2012)

15. �¼êf(x)äk��ëY�ê,�f ′(1) = 0, lim
x→1

f ′′(x)

(x− 1)2
= 1,¯f(1)´f(x)4�

í?XJ´,´4���´4��?�y²\�(Ø. (2011)

16. �f(x)3[0, 1]þëY,3(0, 1)S��,f(0) = f(1) = 0, f( 1
3 ) = 1,y²: (1) �

3ξ ∈ ( 1
3 , 1),¦�f(ξ) = ξ; (2) �3η ∈ (0, ξ),¦�f ′(η)− f(η) + η = 1. (2011)

17. �Ñf(x) = arctanx�Peano{��2kg(k���ê)MaclaurinÐmª. (2010)

18. ¼êf(x)3(−1, 1)þ����,f(0) = f ′(0) = 0,
�é?¿x ∈ (−1, 1), |f ′′(x)| ≤
|f(x)|+ |f ′(x)|,y²3(−1, 1)þf ≡ 0. (2010)

19. �f(x)3(−∞,+∞)Skn��ê,4� lim
x→∞

f(x), lim
x→∞

f ′(x), lim
x→∞

f ′′(x)Ñ�

3k�,� lim
x→∞

f ′′′(x) = 0,y² lim
x→∞

f ′(x) = 0, lim
x→∞

f ′′(x) = 0. (2009)

o. 4�Ú��

1. ¦¼êf(x) = (x− 5
2 )x

2
33(−∞,+∞)�4��Ú4��. (21)

2. �ý�
x2

a2
+
y2

b2
= 131��������I¶�¤�n�/���¡È. (20)

3. �¼êf(x)3«mI = [0, 2016]þëY,�3(0, 2016)SÃ4�:,y²:f(x)3«

mIþ´î�üN�.(201688©)

4. (1) ¦¼ê f(x) = x
1
x 3«m[1,+∞)þ���; (2) ¦ n

√
n ���� (n ∈

Z+).(2014o10©)

5. Á(½¼êf(x) = xx34«m[0, 1]þ��������,¿�Ñ�A����

:����:.(Ù¥f(0 + 0) = f(0) = 1)(2013)

Ê. Ø�ªy²
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1. ( 10 ©) x ∈ (0, π2 ). y²µsinx+ tanx > 2x. (19)

2. �e < a < b < e2, y²µln3 b− ln3 a >
3

e
(b− a).(2018o!10©)

3. ¦y:p cos θ 6 cos(pθ),é0 6 θ 6 π
2Ú0 < p < 1.(2017o10©)

4. ?Ø¼êf(x) = x(1 + ex)− 2(ex − 1)�üN5§¿y²Ø�ª

ea − eb

a− b
<
ea + eb

2
(a 6= b).

(2015810©

5. �e2 < a < b < e3, y²
6

e3
(b− a) < ln2 b− ln2 a <

2

e
(b− a).(2014Ê8©)

6. ¦y
1

n+ 1
< ln(1 +

1

n
) <

1

n
, (n = 1, 2, · · · ). (2012)

7. �f(x)3(0,+∞)þ����,÷vf(0) = 0, f ′′(0) < 0,y²�b > x > a >

0�,bf(x) > xf(b)¤á. (2011)

8. A^

1. �¼êy = y(x)´d�§y = 1 + xey(½�Û¼ê,¦T¼ê­�þ:(0, 1)?

����§. (21)

2. Áyµ�§x2 = x sinx+ cosx− 1

2
TÐ�kü�ØÓ�¢�. (20)

3. �n ���ê, f(x) �R þn ���¼ê, ÷v: ∀x ∈ R, |f (n)(x)| 6 1.

1.y²: lim
x→+∞

f(x)

xn+1
= 0.

2. y²: �3¢êL,¦�f(x)+xn+13«m(L,+∞)þ�4O¼ê. (2018Ê!10©)

4. y²�§x2 = x sinx+ cosx =kü�¢�.(2015Ê10©)

5. �¼êf(x)3«m[a, b]þ��ëY��,�÷vf(a) < 0, f(b) > 0,é?¿�x ∈
[a, b], f ′(x) > 0, f ′′(x) > 0, (1) y²�§f(x) = 03«m(a, b)k�=k���ξ;

(2)�x0 = b,d4íúªxn+1 = xn−
f(xn)

f ′(xn)
, n = 0, 1, 2, · · ·��ê�{xn},y²

Tê�3«m[a, b]î�üN~¶ (3) y²ê�{xn}�4��3,� lim
n→∞

xn = ξ.

(2011)

6. ngõ�ªx3 − 3x+ 5äkA�¢�º (2010)
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7. ¦Ñ­�x = ln tan t
2 + cos t, y = sin t (0 < t < π)�z�^��þl�:�

�x¶�:�ål. (2010)

8. y²­�y =
x+ 1

x2 + 1
k uÓ���þ�n�$:. (2010)

9. y­�y = xn + xn−1 + · · · + x − 1 (n > 1g,ê),�x¶3«m(0, 1)¥k��

�:(xn, 0),¿¦ lim
n→∞

xn. (2009)

Ô. ÀJK

1. ®�¼êf(x)3x=0�,���SëY, �f(0) = 0 ,q lim
x→0

f(x)

sin2 x
= 2 , K3

:x = 0 ?f(x) ( )(2015)

A: Ø��. B:��, �f ′(0) 6= 0. C: ��4��. D: ��4��.

2. �f(x)3[a, b]þ��,�f ′(a) > 0, f ′(b) < 0 ,Ke�(Ø¥�Ø�´( )(2015)

A:���3�:x0 ∈ (a, b) , ¦�f(x0) > f(a).

B:���3�:x0 ∈ (a, b) , ¦�f(x0) > f(b).

C:���3�:x0 ∈ (a, b) , ¦�f(x0) = 0.

D:���3�:x0 ∈ (a, b) , ¦�f ′(x0) = 0.

3. ( )Ø�½�(.

A : f(x)3x = x0?��, K lim
h→0

f(x0 − h)− f(x0 + h)

2h
= −f ′(x0);

B : f ′−(x0) = f ′+(x0), Kf(x)3x = x0?��;

C : f(x0 + 0) = f(x0 − 0), Kf(x)3x = x0?ëY;

D : f(x)3x = x0?��, Kf(x)3x = x0?ëY.(2014)

4. ( )�½�(.

A : e lim
x→x0

f(x) > lim
x→x0

g(x), K∃δ > 0, �0 < |x− x0| < δ�f(x) > g(x).

B : ef ′(x)3(0, 1)Sk., Kf(x)3(0, 1)Sk..

C : ef ′(x0) = 0, Kx0´f(x)�4�:.

D : ef(x)3«mIþëY, Kf(x)3«mIþ��ëY.(2014)

5. ef ′(x0) =
1

2
, ∆x�gCþ3x0:�Oþ,K�∆x→ 0�, df(x)|x=x0

´( ).

A : �∆xÓ��Ã¡�þ B : �∆x�dÃ¡�þ

C : '∆xp��Ã¡�þ D : '∆x$��Ã¡�þ.(2014)
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6. eãê�¥( )´üN�§( )´k.�"A : 0, 1, 0, 2, ..., 0, n, ... B :

1, 1, 2, 2, ..., n, n, ...

C : 1,−1, 2,−2, ..., n,−n, ... D : 1, 1, 1, 12 , ..., 1,
1
n , ... (2013)

7. b�f(x)3"��%��¥k½Â§�x → 0�f(x)uÑ§Keã`{¥=

k( )´�(�§
( )7,´�Ø�" (2013)

A : üý4�f(0 + 0) = f(0− 0)¶ B : f(x) 3":ÛÜÃ.¶

C : 3":?f(x)Ø÷v�ÜÂñOK�^�¶D : f(x)3":ÛÜk..

8. b�{xn}∞n=1´k.ê�§XJê�{xn+1−xn}∞n=1uÑ§K{xn}∞n=1 ( )´

uÑ�¶XJ lim
n→∞

(xn+1 − xn) = 0§K{xn}∞n=1( )´Âñ�"

A : �½¶ B : Ø�½¶ C : �½Ø. (2013)

9. b�¼êf(x)3�m�4«m(0, 1]¥��ëY§Kf(x)3":�m4�( )�

3¶eb�¼êg(x)3«mI¥��¿äkk.�¼ê§Kg(x)3I¥( )´

��ëY�"

A : �½¶ B : Ø�½¶ C : �½Ø. (2013)

10. �¼êf(x) =
|x− 1| tan(x− 3)

(x− 1)(x− 2)(x− 3)2
,Kf(x)3e�=�«mSk.( )

A : (0, 1)¶ B : (1, 2)¶ C : (2, 3) D : (3, 4). (2012)

11. �xn ≤ an ≤ yn,� lim
n→∞

(yn − xn) = 0, {xn}, {an}, {yn}Ñ´ê�,K lim
n→∞

an =

( )(2012)

(A) �½Ø�3; (B) �3��u0; (C) �3�Ø�½�u0; (D) Ø�½

�3.

12. �¼êf(x)÷v'Xªf ′′(x) + [f ′(x)]2 = x− 1,�f ′(0) = 0,K( )

(A) f(0)´f(x)�4��; (B) :(0, f(0))´­�y = f(x)�$:;

(C) f(0)´f(x)�4��; (D) f(0)Ø´f(x)�4�.:(0, f(0))�Ø´­�y =

f(x)�$:. (2012)

13. ­�y =
x2

1 + x
�ìC�k( )^.

(A) 1^; (B) 2^; (C) 3^; (D) 4^.

14. �f(x)3:x = a?��,K lim
x→0

f(a+ x)− f(a− x)

x
�u( )

(A) f ′(a); (B) 2f ′(a); (C) 0; (D) f ′(2a).


