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1.n)ê�4��ε−n0½Â:¬^½Â¦yê�4�"Ä��{´1◦ )Ø�ª|an−
a| < ε¦n0, 2◦ ké|an − a|?1��2¦n0.

2.Ýºê�4��5�:k.5§�Ò5§Ø�ª5§ê�4��f�4��m�'

X.

3.Ýº¦ê�4���{:|^½Â§Y%OK§oK$�§|^üNk.�n�½

4��3§2|^4íúªü>�4�§ê�4��¼ê4��m�'X§�4

�"

4.OP�
�(Ø:

1◦ eê�an÷vlim a2k+1 = lim a2k = a,Klim an = a

2◦ elim an = a,Klim |an| = |a|,��Øý,�elim |an| = 0,Klim an = 0.

3◦ 1. O.Stolz1 úª

(1) � lim an = lim bn = 0, � {bn} î�~, e lim
an+1 − an
bn+1 − bn = a (k�½½ÒÃ¡

�), K lim an
bn

= a.

(2) � {bn} î�O, � lim bn = +∞, e lim
an+1 − an
bn+1 − bn = a(k�½½ÒÃ¡�). K

lim an
bn

= a.

4◦ �lim an = a½+∞,−∞,K:lim a1 + a2 + · · ·+ an
n = a½+∞,−∞.

5◦ lim n
1

a1
+ · · ·+ 1

an

= a, Ù¥ an > 0.

6◦ �an > 0, lim an = a,K:lim n
√
a1a2 · · · an = a.

7◦ �an > 0, lim
an+1
an = a,K:lim n

√
an = a.

8◦ lim n
√
a = 1, lim n

√
n = 1, lim (1 + 1

n )
n = e

5.~f

~1�f(x)3(0,+∞)þëY,�é?Ûg,ên,f(x)3[n, n+1]þî�üN,ef(n)f(n+1) < 0,

(1)y²: �3���ξn ∈ (n, n+ 1),¦�f(ξn) = 0. (2)¦4� lim
n→∞

n sin
2π

ξn
.

y² (1) Ï�f(x)3[n, n + 1]þëY,�î�üN,qf(n)f(n + 1) < 0,d"�½n�,�3��

�ξn ∈ (n, n+ 1),¦f(ξn) = 0.

1O.Stolz (1842-1905) c/|êÆ[.
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) (2) Ï�n < ξn < n+ 1,�
1

n+ 1
<

1

ξn
<

1

n
,¤± lim

n→∞

1

ξn
= 0, lim

n→∞

n

ξn
= 1.

sin
2π

ξn
∼ 2π

ξn
,¤± lim

n→∞
n sin

2π

ξn
= lim
n→∞

n
2π

ξn
= 2π.

~2 �0 < xn < 3, xn+1 =
√

(3− xn)xn,y²{xn}�4��3,¿¦d4�.

) xn+1 =
√

(3− xn)xn ≤
3− xn + xn

2
=

3

2
,

xn+1 − xn =
√

(3− xn)xn − (
√
xn)

2

=
√
xn(
√
3− xn −

√
xn) =

√
xn(3− 2xn)√
3− xn +

√
xn

> 0

¤±��ê�{xn}´4O�,düNk.�n��{xn}´Âñ�,�limxn = a,3xn+1 =
√

(3− xn)xn�
ü>�4�,�a2 = (3− a)a =⇒ a =

3

2
.

~3 �x1 = a, y1 = b, 0 < a < b xn+1 =
√
xnyn, yn+1 =

xn + yn
2

y²{xn}�{yn}k
�Ó�4�.(vk�mØù)

y

xn+1 =
√
xnyn ≤

xn + yn
2

= yn+1

xn+1 =
√
xnyn ≥

√
xnxn = xn ∴ {xn} ↑

yn+1 =
xn + yn

2
≤ yn + yn

2
= yn ∴ {yn} ↓

x1 ≤ xn ≤ yn ≤ y1 ∴ {xn}kþ.b, {yn}ke.a

d单调有界原则{xn}, {yn}�4��3"�lim xn = x, lim yn = y 34íúªü>�4��

 x =
√
xy

y =
x+ y

2

⇒ x = y

�!¼ê4�

1.n)¼ê4��½Â: ε−δ½Â§ε−X½Â§�{�´)Ø�ª½��2)Ø�ª¦δ½X"

2.Ýº¼ê4��5�: ÛÜk.5§Ø�ª5§�Ò5§¼ê4��ê�4��m�'X§

3.ÝºÃ¡�þ�Ã¡�þ: ½Â§Ã¡�þ�Ã¡�þ'X§Ã¡�£�¤þ?�'�§~^�

dÃ¡�þ§¼ê�Ã¡�þ�m�'X§lim
x→�

f(x) = l ⇐⇒ f(x) = l+α(x)Ù¥ lim
x→�

α(x) = 0

4.f(x)�|f(x)|4��m'X:

lim
x→�

f(x) = l =⇒ lim
x→�
|f(x)| = |l|,���Øý.�ek lim

x→�
|f(x)| = 0,K lim

x→�
f(x) = 0.

5.¦4���{:

1◦ ëY¼ê�4���u¼ê�"

2◦ oK$�£Ï©!©)Ïª§©f©1knz¤; EÜ¼ê�4�$�£Cþ��¤"
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3◦ �dÃ¡�£�¤þ���"x→ 0 sinx ∼ tanx ∼ arctanx ∼ arcsinx ∼ x; ln (1 + x) ∼
x; ex − 1 ∼ x, ax ∼ x ln a, tanx− sinx ∼ 1

2
x3, (1 + x)α − 1 ∼ αx.

4◦ �4� lim
x→0

sinx

x
= 1 lim

x→∞
(1 + 1

x )
x
= e

5◦ |^�!m4�¦4�"

6◦ |^Y%½n¦4�"

7◦ ±�òºY0�| /̂Û7©{K!Taylorúª!¥�½n!½È©!?ê0�¦4�"

6.~f

~1 ¦ lim
x→1

√
3− x−

√
1 + x

x2 + x− 2
(
0

0
.)

) �ª=lim
x→1

3− x− 1− x
(x+ 2)(x− 1)(

√
3− x+

√
1 + x)

= lim
x→1

−2
2
√
2(x+ 2)

= −
√
2

6
.

~2 ¦ lim
x→0+

1−
√
cosx

x(1− cos
√
x)

(
0

0
.)

) �ª= lim
x→0+

1− cosx

x · 1
2
(
√
x)2(1 +

√
cosx)

= lim
x→x+

1
2
x2

1
2
x2 · 2

=
1

2
.

~3 ¦ lim
x→1

(2− x)tan
π
2
x (1∞)

) �ª=lim
x→1

(1 + 1− x)

1

1− x ·
sin π

2
x

cos π
2
x
· (1− x)

= e
lim
x→1

1− x
cos π

2
x = e

lim
x→1

1− x
sin π

2
(1− x) = e

2
π .

~4 ¦ lim
x→0

(
2 + e

1
x

1 + e
4
x

+
sinx

|x| ).

) lim
x→0+

(
2 + e

1
x

1 + e
4
x

+
sinx

x
) = lim

x→0+
(
2e−

4
x + e−

3
x

e−
4
x + 1

+
sinx

x
) = 0 + 1 = 1.

lim
x→0−

(
2 + e

1
x

1 + e
4
x

+
sinx

−x ) = 2 + (−1) = 1.

¤±,�ª=1.

~5 e lim
x→1

x2 + ax+ b

1− x = 5,¦a, b.

) x2+ax+b = (1−x)(−x+m),d®���−x+m = 5 (x = 1),m = 6,u´kx2+ax+b =

(1− x)(−x+ 6) = x2 − 7x+ 6,��a = −7, b = 6.

~6 ®�f(x) =
px2 − 2

x2 + 1
+ 3qx + 5,�x → ∞�,p, q�Û��f(x)�Ã¡�þ;p, q�Û�

�f(x)�Ã¡�þ.

) f(x) =
px2 − 2 + 3qx3 + 3qx+ 5x2 + 5

x2 + 1
=

3qx3 + (5 + p)x2 + 3qx+ 3

x2 + 1
,

�x→∞, q = 0, p = −5�,f(x) = o(1);

�x→∞, q 6= 0, p ∈ R, f(x)�Ã¡�þ.

~7 ®�(2x)x − 2 ∼ a(x− 1) + b(x− 1)2, (x→ 1),¦a, b��.
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) �x→ 1�,a(x− 1) + b(x− 1)2 ∼ a(x− 1),¤±b�����.

(2x)x−2 = ex ln 2x−eln 2 = eln 2(ex ln 2x−ln 2−1) ∼ 2(x ln 2x−ln 2) = 2[(x−1) ln 2+x lnx],
Ï� lim

x→1

x lnx

x− 1
=
x ln(x− 1 + 1)

x− 1
= lim
x→1

x(x− 1)

x− 1
= 1,

¤± lim
x→1

x ln 2x− ln 2

x− 1
= ln 2 + 1,

��(2x)x − 2 ∼ 2(ln 2 + 1)(x− 1) ∼ a(x− 1),�a = 2(ln 2 + 1).

~8 ®� lim
x→0

ln

(
1 +

f(x)

sin 2x

)
ex − 1

= 5,¦ lim
x→0

f(x)

x2
.

) d®�� lim
x→0

f(x)

sin 2x
= 0,9 lim

x→0

f(x)
sin 2x

x
= 5.

¤±, lim
x→0

f(x)

x2
= 10.

~9 �f(x)ëY,� lim
x→0

(
f(x)− 1

x
− sinx

x2

)
= 2,¦f(0).

) d®�� lim
x→0

1

x

(
f(x)− 1− sinx

x

)
= 2,Ï� lim

x→0

1

x
=∞,

¤±, lim
x→0

(
f(x)− 1− sinx

x

)
= 0,�� lim

x→0
f(x) = f(0) = 2.

~10 ®� lim
x→0

(
f(x)

x
+

4

sinx
− ln(1 + 3x)

x2

)
= A, ¦ lim

x→0
f(x).

) d®�� lim
x→0

1

x

(
f(x) +

4x

sinx
− x ln(1 + 3x)

x2

)
= A,Ï� lim

x→0

1

x
=∞,

�� lim
x→0

(
f(x) +

4x

sinx
− x ln(1 + 3x)

x2

)
= 0,

¤±, lim
x→0

f(x) = − lim
x→

(
4x

sinx
− x ln(1 + 3x)

x2

)
= −4 + 3 = −1.

n!ëY

1.ÝºëY�½Âµ Ué¼ê?1ëY5�?Ø§mä:U�Ña."

2.¼êf(x)�|f(x)|3x0:ëY�m�'X:e¼êf(x)3x0:ëY,K|f(x)|3x0:�ëY,��

Øý.

3. Ýº4«mþëY¼ê�5�µ "�½n§0�½n§��£�¤�½n"

4.n)��ëYVgµ ��ëY½Â§��ëY�½"

5.~f

~1 ef(x) =

{ sin 2x+ e2ax − 1

x
x 6= 0,

a x = 0.
�ëY¼ê,¦a��.

)f(x)3x 6= 0?::ëY,

lim
x→0

sin 2x+ e2ax − 1

x
= lim
x→0

2 sin 2x

2x
+ lim
x→0

e2ax − 1

x
= 2 + 2a,
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dëY½Â2 + 2a = a,�a = −2.
¤±,�a = −2�¼êf(x)::ëY.

~2 ef(x)3[a,+∞)þëY,� lim
x→+∞

f(x)�3,Kf(x)3[a,+∞)þ½k���½k���.

y Ï� lim
x→+∞

f(x) = l,e∃x0 ∈ [a,+∞)¦f(x0) > l,

�ε = f(x0)− l,∃X > x0,�x > Xk,

f(x) < l + ε = l + f(x0)− l = f(x0).

f(x)3[a,X]þëY,�k���M, ∀x ∈ [a,X]kf(x) ≤M.

�=k∀x ∈ [a,+∞]kf(x) < f(x0) ≤M.

¤±,MÒ´f(x)3[a,+∞)þ����.

ly²�L§�±wÑ,e��f(x0) > l,Òk���;eU��f(x0) < l,Òk���.

{cÁò

1. ¦4� lim
n→+∞

n

√
1 +

1

2
+ · · · 1

n
. (20)

2. ¦4� lim
x→∞

2xe
1
x + cosx

x
. (20)

3. ¦4� lim
x→0

√
1 + x− 6

√
1 + x

3
√
1 + x− 1

. (20)

4. �

a0 =
1

2
, an+1 = an(2− an), n = 0, 1, 2, · · · .

Áyµê�{an}Âñ§¿O� lim
n→+∞

an. (20)

5. �a < b < c, f(x) ©O3(a, b] Ú[b, c) þ��ëY, y²f(x) 3(a, c) þ��ëY. (20)

6. ¦ lim
n→∞

sin 1
n
·
[

1

tan 1
n

]
§Ù¥[x]L«Ø�Lx����ê. (19)

7. lim
n→∞

(−1)nn sin(π
√
n2 + 2019). (19)

8. lim
n→∞

(
n
√
a+ n
√
b+ n
√
c

3

)n
§Ù¥a, b, c > 0. (19)

9. lim
x→0

etan x − ex

sinx− x cosx . (19)

10. ( 14 ©) ¢ê�{an}, {bn}÷v lim
n→∞

an = a§bn > 0. cn =
a1b1 + a2b2 + · · ·+ anbn

b1 + b2 + · · ·+ bn
. y

²µ

1. ê�{cn}Âñ.

2. e lim
n→∞

(b1 + b2 + · · ·+ bn) = +∞§K lim
n→∞

cn = a. (19)

11. ( 10 ©)ê�{an}÷vµan+1 = f(an), an 6= 0� lim
n→∞

an = 0, f(x) = x + α · xk +

o
(
xk
)

(x→ 0), Ù¥�êk > 1, α 6= 0�~ê. y²µ lim
n→∞

n · ak−1
n =

1

(1− k)α . (19)
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12. lim
n→∞

( 3
√
n3 + n2 − n). (18)

13. lim
n→∞

(n tan
1

n
)n

2

. (18)

14. lim
x→0

ex sin x − cosx

x2
. (18)

15. lim
x→+∞

(
x
√
a

3
+

2 x
√
b

3
)x, Ù¥a, b ��¢ê (18)

16. lim
x→0

sin2018 x− x2018

x2020
(18)

17. ¦ lim
n→∞

sin2(π
√
n2 + n) (17)

18. ®�an = n sin(2πn!e) ¦4� lim
n→∞

an. (17)

19. �¼êf3:a��,�f(a) 6= 0 ¦4� lim
n→∞

∣∣∣∣f(a+ 1
n
)

f(a)

∣∣∣∣n ,Ù¥n�g,ê.(17)

20. ¦ lim
x→0

 (1 + x)

1

x

e


1

x

.(17)

21. �f(x)k���êëY,�f(0) = f ′(0) = 0, f ′′(0) = 6,Á¦4� lim
x→0

f(sin2 x)

x4
.(17)

22. �{an}´��ê�,λ�~ê.

(1)e lim
n→∞

(an+1 − an) = λ,Ù¥λ�~ê.Áy² lim
n→∞

an
n

= λ.

(2)ep´�u1���ê� lim
n→∞

(an+p − an) = λ.Áy² lim
n→∞

an
n

=
λ

p
. (17)

23. ¦4� lim
x→0

(ex − x)
1

x tan(x) (16)

24. lim
x→1

(
3

x3 − 1
− 5

x5 − 1

)
.(16)

25. lim
x→0

cos(2x)− e2x + 2 sin(x)

x+ ln(1− x) . (16)

26. ek.ê�{an}∞n=1 �{bn}∞n=1 ÷v lim
n→∞

n(an + bn) = 0, ¦4�

lim
n→∞

(
an

√
n2 +

√
n+ bn

√
n2 −

√
n

)
.

(16)

27. b�x1 =
1

9
, xn+1 =

1

2

(
1 +

1

xn

)
. y²: ê�{xn}∞n=1 �Û!óf�Ñ´î�üN�k

.ê�, ¿�§�ÑÂñ�Ó�k��.(16)

28. �f(x) �½Â3R þ�±Ï¼ê, 3x = 0 NCk., ÷v lim
x→+∞

[2f(x)− f(2x)] = 0. ¦

4� lim
x→+∞

f(x)

x
. (16)
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29. ¦4� lim
x→0

sinx− tanx(
3
√
1 + x2 − 1

)
ln(1− x)

(15)

30. ¦4� lim
x→0

(
1

x2
− cotx

x

)
(15)

31. ¦4� lim
n→+∞

[(
1 +

1

n

)−n2

en

]
(15)

32. �f(x)3x = 0k���ê§f(0) = 1, f ′(0) = 0,¦ lim
x→+∞

[
f

(
1√
x

)]x
.(15)

33. �0 < x1 < 3 ,xn+1 =
√
xn(3− xn) y²ê�{xn} �4��3¿¦d4�.(15)

34. ¼êf(x)3x = 0�,��¥kn�ëY�ê§f ′(0) = 1, f ′′(0) = 0, f ′′′(0) = −1,�an+1 =

f(an)÷v lim
n→+∞

an = 0, (an 6= 0, n = 1, 2, · · · ), ¦ lim
n→+∞

na2n.(15)

35. �ê�{xn} �{yn} ÷v lim
n→∞

xnyn = 0 , Ke�äó�(�´

(A)e{xn}uÑ, K{yn} 7uÑ. (B) e{xn} Ã., K{yn}7k..

(C)e{xn} k., K{yn} 7�Ã¡�. (D) e{ 1

xn
}Ã¡�, K{yn} 7�Ã¡�. (15)

36. ��x→ 0�, esin x − (ax2 + bx+ 1)´'x2 p��Ã¡�,K

(A)a =
1

2
, b = 1. (B)a = 1, b = 1. (C)a = −1

2
, b = 1. (D)a = −1, b = 1. (15)

37. ¼êf(x) = x cosx,K( )

(A) �x→∞��Ã¡�þ (B) 3(−∞,+∞)Sk.

(C) 3(−∞,+∞)SÃ. (D) �x→∞�kk�4�.

38. �f(x) = lim
n→∞

(n+ 1) sinx

n sin2 x+ 1
,Kf(x)�mä:� .

39. e lim
x→0

ln(1 + 2x)− (ax+ bx2)

x2
= 3,Ka = , b = .

40. ¦4�

(1) lim
x→0

(ex − 1)(
√
1− tanx− 1)

x ln(1− 2x)
, (2) lim

x→∞
(cos 1

x
)x

2

.

41. �¼êf(x) =


ln(1 + ax3)

x− arcsinx
x < 0,

6 x = 0,

eax + x2 − ax− 1

x sin x
4

x > 0.

¯a�Û��,f(x)3x = 0?ëY,a�Û

��,x = 0´f(x)���mä:.

42. x→ 0�,ex − ax3 − bx2 − cx− d´�x3�dÃ¡�þ,K(a, b, c, d) = ( )

(A) (1, 1
2
, 1, 1) (B) (− 5

6
, 1
2
, 1, 1) (C) ( 1

6
, 1, 1, 1), (D) ( 1

6
, 1
2
, 1, 1)

43. ¦ lim
n→∞

(n+ 1)n+1

nn
sin

1

n
.
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44. ¦ lim
x→0

[
1

x2
− cotx

x

]
.

45. �g(x)3x ≤ 0þëY,?Ø¼êf(x) =


1− cosx√

x
, x > 0,

x2g(x), x ≤ 0.
�ëY59��5.

46. ê�{ n
√
n}, n = 1, 2, · · ·�e(.´ .

47. ¦e�4�

(1) lim
x→0

(1 + sin 2x)
1
x ; (2) lim

x→0

ex sinx− x(1 + x)

ln3(1 + x)
.

48. ê�{an}÷va1 = 3, an+1 =
1

1 + an
, n ≥ 1.

(1) y²f�{a2k−1}Ú{a2k}þ�üNê�,Ù¥k ≥ 1;

(2) y²ê�{an}Âñ,¿¦Ù4�.

49. ¦e�4�

(1) lim
x→0

1−
√
cosx

x sinx
. (2) lim

n→∞

√
n( n
√
n − 1) (3) ®� lim

x→0

f(x) tanx

e2x − 1
=

3,¦ lim
x→0

f(x).

50. ¦e�4�

(1) lim
x→+∞

√
4x2 + x− 1 + x− 1√

x2 + cosx
, (2) lim

x→0
(cosx)

1
ln(1+x2) , (3) lim

x→∞
(x −

x2 ln(1 + 1
x
)),

(4) �¼êf(x) = lim
n→∞

1 + x

1 + x2n
,¦ lim

x→−1
f(x)Ú lim

x→1−1
f(x).

51. (1) ¦4�lim
t→x

(
sin t

sinx

) x

sin t− sinx ,¿Pd4��f(x);

(2) �Ñf(x)�½Â�¿¦Ñf(x)�mä:,¿�Ñmä:�a..

52. �xn ≤ an ≤ yn,� lim
n→∞

(yn − xn) = 0, {xn}, {an}Ú{yn}Ñ´ê�,K lim
n→∞

an( )

(A) �½Ø�3; (B) �3��u0; (C) �3�Ø�½�u0, (D) Ø�½�3.

53. e��ã�(�´( )

(A) Ã.þ7�Ã¡�þ, (B) ¼êf(x)3:x0ëY,K73x0�,��SëY,

(C) x = 0�f(x) =
1

1 + e
1
x

���mä:,

(D) ¼êf(x) = sgnx3[−1, 1]þvk�¼ê.

54. O� lim
x→0

(1−
√
cosx)(e3x − 1)

tanx · ln(cos 2x) .


