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�*þ<�@®k¢ê�Vg: §´���±^5ÿþëYCz�þ�ê�XÚ.

ëYCz�þ�~fkéõ, 'X�m, �m, �þ, §ÝÚØå�. �F1�êÆ[Ò

m©¦^�*�¢êX, ���19­Ve��âî�/½Â¢êX. {¤þêÆ[�ï

Ä�^S, �g��È©, 4�, ¢ê.

31�þ¥·�{�0�
¢ê, §�±À�knêX3,«¿Âe�*¿, Ò�

knê´g,ê�*¿��. Ó�{ü£ã
¢ê�k�ê¶þ:�éA'X.

ù�Ù·�Äk{�0�ò�^��Ü6óä, ¿?ØÃ¡8Ü!knê��ý�

�£. 3dÄ:þ, ?Ø¢ê�únz�E, ¢ê���5, ¢ê¶�ÿÀ�¯K. ��

{�0�Ù§A«¢ê�E�ª.

§14.1 ýýý������£££

14.1.1 þþþccc���555KKK

31�!1�þ¥, ·�®²2�¦^
ü�Ü6þc: �3þc/�30(∃)��
¡þc/?¿0(∀), ùp·�é§��¦^5K2�XÚ/o(Ú0�.

�A, B�L«��·K, K/XJA, @oB0�/A %¹ B£½ö AíÑB¤0´

�d�`{. ò/A�Ä½0P�/� A0, @o/�£� A¤0�/A0´Ó�·K.

·K”A %¹ B” �du§�_Ä·K/� B %¹� A0, �´Ú§�_·K/B íÑ

A0vk7,'X.

Ó�, XJr·K/A¤á½öB¤á0{P�/A ½ B0. y²
/A ½ B0¿Ø

Uw�·�A!Büö¥�.X�ý. r·K/A¤áÚB¤á0{P�/A Ú B0. Ä

·K/(�) (A ½ B)0�du/(� A) Ú(� B)0, Ä·K/� (A Ú B)0�du/(�

A) ½ (� B)0.

ÏLþc, ·��±^k���ó5£ã/Ã�0�¯¢.

~~~ 14.1.1 e��ª

2 + 1 = 1 + 2, 2 + 2 = 2 + 2, 2 + 3 = 3 + 2, 2 + 4 = 4 + 2, · · · · · ·

Ù¥��ÑÒ, %@Û¹
��/Ã�0¯¢. XJ|^�¡þc, §�¤/é?¿��

ê x, x+ 2 = 2 + x0.

¦^�¡þc�·K¡��¡·K, ¦^�3þc�·K¡��3·K.

I�5¿�´, �¡þc¥�/?¿0´�3�½��S�/?¿0, �Ò´�3
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�½��S�/Ú0. 
�3þc�´�3�½��S�/�30, �Ò´�3�½�

�S�/½0.

~~~ 14.1.2 �Ä·Kµê�{an} ± a �4�, =é?¿�u"� ε , �3��ê

N , ¦�� n > N �£½ö`§é?¿�u N ���ê n¤, e�Ø�ª¤á

|an − a| < ε.

ùp, ε ´3�u"�¢ê��S�/?¿0, N ´��ê��S�/�30, 
 n

´3�u N ��ê��S�/?¿0.

���¹e, �Ä�¡·K/é?¿x ∈ U , A(x)0, ùpU´�½�8Ü, A´��

¹Cþx�·K. §�¿g´`/é¤kU¥�x, A(x)¤á0. XJU¥����±ü¤

�� u1, u2, u3, · · · , @o/é?¿x ∈ U , A(x)0Ò�du/A(u1) Ú A(u2) Ú A(u3) Ú

· · ·0. AO, XJU´k�8Ü, @o/é?¿x ∈ U , A(x)0Ò¿�Xk�g�/Ú0.

aq/, �3·K/�3 x ∈ U ¦� A(x)0Ò´`/��k��U¥��� x ¦

�A(x)¤á0. XJU¥����±ü¤��u1, u2, u3, · · · , T·K�du/A(u1) ½

A(u2) ½ · · ·0. Ïd, 3¦^þc�, Cþx, y, · · ·�Cz��Ñ3,�A½�8Üp.

���·K¥Ñyü�±þ�þc, k
�¹´'�{ü. ~X, �ê\{���

Æ`: é?¿�ê x, é?¿�ê y, x + y = y + x. w,ùpü��¡þc�^SÃ'

�Û, Ïd·��±rù�·K{��: é?¿�ê x Ú y, x+ y = y + x. Ó�, ü�±

þ��3þc��Ñy, §��^S�Ø�;, ~X·��±`/�3�ê x Ú y ¦�

x+ y = 2, x+ 2y = 30. ��, �Óa.�þc�±��gS.

�´éuØÓa.�þc5`, ù^5KØ¤á. 3~14.1.2 ¥, ·K�¹U^

S/?¿–�3–?¿0n�þc, XJUCþc�^S§=/�3��ê N , ¦��

n > N �k |an − a| < ε é?¿�u"� ε ¤á/, @o�kaN+1 = aN+2 = · · · = a ,

w,��xê�4���¿��.

UCØÓa.þc�^Sk�$�¬���Ø�(Ø.

~~~ 14.1.3 �Ä·Kµé?¿��êa, �3���êb, ÷vb = a+ 1.

XJUCþc/?¿0Ú/�30�^S, =�·KC�/�3���ê b, ¦�é

?¿��ê a, ÷v b = a+ 1”, w,�·KÒ¬C¤���Ø·K.

e¡?ØXÛÄ½���¹þc�·K.

Ä½���¡·K�I�é����~. �Ò´`, /é?¿x ∈ U , A(x)0�Ä½

�du�3·K/�3 x ∈ U ¦��A(x)0. �´Ä½���3·KKI�`²¤k�

�/ÑØ¤á. u´·K/�3 x ∈ U ¦� A(x)0�Ä½��¡·K/é¤k x ∈ U ,
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�A(x)0. ùÚc¡J��

�(A½B) �du (�A) Ú(�B),

�(A ÚB) �du (�A) ½(�B)

´���.

���·K�¹ØÓa.�þc�, XÛÄ½ù��·Kºùp·�E,±

~14.1.2 ¥ê� {an} ± a �4�ù�·K�~. ·�òT·K{üLã�

(é?¿ε > 0) (�3N) (é?¿n > N) (k|an − a| < ε )

@oéÙÄ½�L§Xe:

(�) (é?¿ε > 0) (�3N) (é?¿n > N) (k|an − a| < ε )

m
(�3ε0 > 0) (�) (�3N) (é?¿n > N) (k|an − a| < ε )

m
(�3ε0 >) (é?¿N) (�)(é?¿n > N) (k|an − a| < ε )

m
(�3ε0 >) (é?¿N) ( �3n > N) (k|an − a| > ε0 ).

¤±Ä½ê� {an} ± a �4��·K��(£ã�µ

�3,� ε0 > 0, é?¿g,ê N , Ñ�3n > N ¦�

|an − a| > ε0.

5¿, é/ê� {an} ± a �4�0�Ä½�¹Â´/ê� {an} Ø± a �4�0.

�N§¬±O�ê�4�, �NuÑ. ù��¹þcU^S/?¿–�3–?¿0¿±

|an − a| < ε ����ã�·K, ÙÄ·K¤����¹þcU^S/�3–?¿–�30

¿±|an − a| > ε0 ��ã�·K.

~~~ 14.1.4 Goldbach ß�µz��u2�óêÑ´ü��ê�Ú.

PE��u2�óê�8Ü, PP��ê�8Ü. �±òdß��U��: é?¿

x ∈ E, �3 p, q ∈ P¦�x = p + q¤á. ùp·�|Ü
ü�����3þc.

�?�Ú, ·���±rp, qw¤E → P�¼êp(x), q(x), KGoldbachß��: �3¼

êp(x), q(x) : E → P ¦�x = p(x) + q(x).

XÛLãGoldbachß��Ä·K?�´|^5Kµ��Ä½�þc�^S¬UCþ

c�a., ·��±ÏLXeÚ½��Goldbach ß��Ä½:

(�) (é?¿x ∈ E) (�3p, q ∈ P ) (x = p+ q)

m
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(�3 x ∈ E) (�) (�3p, q ∈ P ) (x = p+ q)

m
(�3x ∈ E) (é?¿p, q ∈ P ) (�) (x = p+ q).

�Ò´`,

�3x ∈ E¦�é?¿ p, q ∈ P , x 6= p+ q.

ù�, Ä½Goldbach ß��I����~: ��ØUL«¤ü��ê�Ú��u2�ó

ê=�£�,, �8<�E,vky² Goldbach ß�, �vkéÑÄ½ Goldbach ß�

��~¤.

lþ¡ü�~f·�uy, ��Ñ��k�Gþc�·K�Ä½, �I��gUC

þc, ¿Ä½����ã.

¹õ�þc·K�,���/´, UCØÓa.þc� �, ¬��,	��·K.

�U, V´ü�8Ü, �Ä·KI:

�38ÜU¥�,�y¦�é8ÜV¥�?¿x, A(x, y)¤á.

½ö{ü/`: k,�y ¦�A(x, y) ¤á, Ø+x´�o.


UCþc^S��·KII:

é8ÜV¥�?¿x, �38ÜU¥�,�y¦�A(x, y)¤á.

§`�´µ�½x�3�6ux�y¦�A(x, y)¤á. �
ó�, ·KII¿�X�3�

�V → U�éA(¼ê)y = f(x), ¦�A
(
x, f(x)

)
¤á. w,·KI%¹X·KII. I�5

¿�´, éAy = f(x)�UØ��, Ï��U�3,�x, kü�±þ�y¦�A(x, y) ¤

á.

~~~ 14.1.5 'u½Â3«� E þ¼ê� {fn(x)} Å:ÂñÚ��Âñ�¯K.

ù´·�31�þÒ®²Ù��Vg£~X¼ê�´¼ê�?ê�c n �Ü©Ú¤

, üö�½Â©OXe:

·KI: {fn(x)}3 E ¥Å:Âñuf(x). =é?¿� x ∈ E, é?¿� ε > 0, �3�

�ê N , ¦�� n > N �, Ø�ª |fn(x)− f(x)| < ε ¤á.

·KII: {fn(x)}3 E ¥��Âñuf(x). =é?¿� ε > 0, �3��ê N , ¦��

n > N �, Ø�ª |fn(x)− f(x)| < ε é?¿� x ∈ E ¤á.

ü�Vg¥©OÑy
õ�/?¿0þc���/�30þc, �k��^SØ�

�. Å:Âñ¥^S´/?¿–?¿–�30, Ïd�3� N �6uE ¥�: x Ú?¿

��ê ε, �3��Âñ¥�^S´/?¿–�3–?¿0, Ïd N ��35=�6u?

¿��êε, 
��ù�� N �3, @o� n > N �, Ø�ª |fn(x) − f(x)| < ε 7L

éE ¥?¿�: x Ñ¤á. w,, ��Âñ�¹
Å:Âñ.
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3�YÙ!¥¬��¹kNõþc�·K. �Kþ, �E$^þ¡?Ø�5K, ÒU

n)§�¹Â, �Ñ§�Ä½. o�, ØyäkE,þcG�·K�±��¤�� �

Æ�. zg�3þcÑy�´\ÑÃ, zg�¡þcÑy�KÓ�� ÑÃ. 3�3þc

��^��S\¦þÀJÐ�Cþ4¯�CÐ, 
� K�år¯�t<. XJ\k�

�üÑ�}� , @où�·KÒ¤á, ��·K���y²´äN�Ñ���}� 

�üÑ. Ø
��y², ·K�#Nm�y², §ÏL�y{y²ù��üÑ��35.

XJ�U, 3�e5�Ù!·�¦�Uæ^��y², �Ò´`�Ñ��äN�üÑ.

lBun)��Ý5`, Ï~<�LãêÆ·K�rþc�3�c¡, �Ò´`, ·

K�b�AT�3c¡, (Ø�3�¡. �´3y¢­.p, <a��ó#N^õ«�

ªL�Ó��¿g, ùJø
gdu��{/. Öö�±ÏL�EöS, ��uyÛõ

þc�É	å.

14.1.2 ÃÃÃ���888ÜÜÜ

�Ü6Æ��, 8ÜØ�3êÆ¥kXÄ��­�5, ù�!·�?Ø8Ü��


Ä�5�. PÒN, ZÚQ©OL«g,ê!�êÚknê 1.

�A,B�ü�8Ü. A → B���N�(½¡��éA)´���N�, §Q´ü�,

q´÷�. ��N�£éA¤q¡�V�.

|^��N�, ·��±½Âk�8Ü�Ã�8Ü. XJ�3g,ên, ¦�A�8

Ü{1, 2, · · · , n}�mk��éA, ¡A�k�8Ü¶XJù��nØ�3, K¡A�Ã�8

Ü. g,ê8Ü N = {1, 2, 3, · · · }Ú�ê8ÜZ = {0,±1,±2, · · · }´Ù��Ã�8Ü.

g,ê8Ü N k�k��5�, Ò´N�±Ú§�ýf8��éA. 'X, lóê8

ÜE = {2, 4, 6, · · · }�N�����éA, x 7→ x/2. ���/·�kXe½Â:

½½½ÂÂÂ 14.1.1 ¡ü�8ÜA,Bk�Ó�Äê, ´��3A → B���éA. ¡8

ÜA'8ÜBäk���Äê, ´��3A → B�÷�, �Ø�3A,B�m���éA.

���g,ê8Ü Nk�ÓÄê�8Ü¡��ê8Ü.

�
Lã��B, ·�rk�½ö�ê8ÜÚ¡��õ�ê8Ü. Ã�8Ü�UÚ

§�ýf8äk�Ó�Äê, k�8ÜKØU. ���ê8Ü¥����±ü¤���

�: u1, u2, u3, · · · , Ï~ù�ü��´�
�BL«���N ���éA, §�k�^S

¿Ø�N��mk�o'X.

555��� 14.1.2 XJ�3lN�Ã�8ÜU�÷�f , KU��ê8Ü. AO/, N�
Ã�ýf8´�ê8.

yyy²²² Äky²?¿N���f8AÑk���. ¯¢þ, �A���ên, @o§�

1g,ê8Ï~k��ê8½ö��ê8\þ"ü«�½. ��Bå�, ùp·��½g,ê8´��ê8.
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���Ò´k�8Ü A ∩ {1, 2, · · · , n} ����.

e¡·��EU¥¤k�����Ø­Eü�. -

y1 = f(1),

¿Pj1 = 1. Ï�f�÷��U´Ã�8, 8ÜE1 = {n ∈ N | f(n) 6= y1}Ø´�8.

�E1�����j2, -

y2 = f(j2).

d�·�kj2 > j1, y2 6= y1, �ê1, 2, · · · , j23fe���y1½öy2. 2-

y3 = f(j3),

ùpj3´��8Üf
−1(U\{y1, y2})����. w,j3 > j2, y1, y2, y3üüØ�, �

f({j1, j2, j3}) = {y1, y2, y3}. ­Edö�, Ï�U´Ã�8Ü, ù�ö�Ø¬3k�

Úª�, ·�����î�4O�g,ê� j1 < j2 < j3 < · · ·Ú��U¥���Ø­E
ü�y1, y2, y3, · · · . duf´÷�, dü�vk¢¦U¥���, =

U = f(N) = {y1, y2, y3, · · · }.

XJV�N�Ã�f8. �½��V¥���n, ½ÂN�g : N → VXe: �m ∈
V�, g(m) = m; �m /∈ V�, g(m) = n. w,f : N→ V´÷�. dc¡�(Ø��V�

�ê8. �

555��� 14.1.3 �ê��ê8Ü�¿´�ê8. AO, k���ê8Ü�¿´�ê

8Ü.

yyy²²² �A1, A2, · · ·��ê��ê8. PA1����a11, a12, · · · , A2�� a21, a22, · · · ,

��/PAk����ak1, ak2, · · · . @o¿8
∞⋃
k=1

Akp�¤k���±L«�XeÃ¡Ý


,

a11 a12 a13 · · ·
a21 a22 a23 · · ·
a31 a32 a33 · · ·
· · · · · · · · · · · ·

r�¡÷^����^=45◦, ·��±rÝ
w¤���n�/,÷X�Þ·����

����ü�

a11 →

→ a21 → a12 →

→ a31 → a22 → a13 →

· · · · · ·
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§�Ñ
N�¿8���÷�, �Ø�½´ü�, Ï�Ý
¥�U¹k­E���. �

8ÜA,B��ÈA×B(½ö(k�È)½Â�

A×B = {(x, y) : x ∈ A, y ∈ B}.

aq/�±½Âk��8Ü��È, 
�ê�8ÜA1, A2, · · ·��È�½Â�
∞∏
n=1

An = A1 × A2 × · · · = {(x1, x2, · · · ) : xn ∈ An, n ∈ N}.

aqu5�14.1.3 �y², ·����Xe·K

555��� 14.1.4 k���ê8Ü��È�´�ê8.

��g,�¯K´: ´Ä¤k�Ã�8ÜÑk�Ó�Äê?

�Ä��Ã�8ÜA, l¥�����x1, qlA\{x1}¥�����x2, ��UY

ù�ö��� A¥üüØÓ�����x1, x2, · · · , ½ö`����ü�f : N → A. X

JfØ´÷�, @o·��±?
�E��÷�g : A→ NXe: g(x) = f−1(x), x ∈ f(N),

g(x) = 1, x /∈ f(N).

ù`²§éuÃ�8ÜA, �½�3A→ N �÷�. d½Â14.1.1, XJ�3A→ N ��
�éA, @oA�Nk�Ó�Äê; XJØ�3, A�Äê�uN�Äê. o�, A�ÄêØ

�uN�Äê. �é{`,Ø�3Äê'N��Ã�8Ü.

½½½ÂÂÂ 14.1.5 Ã�8Ü¡�Ø�ê, ´�Ø�3§�N�m���éA. �
ó�,

§k'N���Äê.

e¡·�ò�E��Ø�ê8Ü. ����ê8Ü��Æ, ·�I�Ú\��#�

Vgµ8Ü��8. ����8ÜA��82A´§�¤kf8�¤�8Ü, =

2A = {X | X ⊂ A}.

ùp¦^PÒ2A��Ï3u, XJ^P = {f : A → {0, 1}}L«l8ÜA�
8Ü{0, 1}N���N, K8Ü2A�8ÜP��éA. ¯¢þ, �½X ⊂ A, ½ÂN

�fX : A→ {0, 1}�

fX(a) =

{
1 XJ a ∈ X
0 XJ a /∈ X

N´�yéAX → fX´2A�P�V�. ¼êfXq¡�f8ÜX�A�¼ê.

½½½nnn 14.1.6 ( Cantor xxx÷) 2N ´Ø�ê8Ü.
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yyy²²² (�y) b�2N�ê. �U1, U2, · · ·´2N������ü�, =N�¤kf8Ñ
Ñy3p¡. ���gñ, ·�òEÑ��N�f8V , §Ø3ü�¥. ¯¢þ, -

V = {k ∈ N | k /∈ Uk}.

½ö`, ��g,êk ∈ V��=�k /∈ Uk. V�½Â�,�6uþ¡A½�ü��

ªU1, U2, · · · , �´�±uyé?¿�k, V 6= Uk. ù´Ï�éz��k ∈ N, VÚUk¥,

�k���¹k, 
,��Ø�¹k. �

555PPP: Cantor �½n`2N�Äê'N�Äê�, ùÚÑ��g,�¯K, ´Ä�3

��8Ü, §�Äê'N�Äê�, �' 2N�Äê�ºÍ¶�CantorëYÚb�`Ø�

3ù��8Ü. Kurt Gödel � Paul Cohen �ó�`²±þ¯KØ�Uk�Y. ¦�©

O�E
ü�8ÜØ�/�.0, 3ùü��.pÊÏ�8ÜØúnÑ¤á, �´ëY

Úb�3��p¤á, 3,��pØ¤á.

3$�´, 3êÆ©Ûpù
�98ÜØ�
�¯KØ¬Ñy. 3�Öp·���

Älg,êÑuÏLk��Ú½�E�8Ü, 'X·�¬��ê�8Ü�8Ü, ê�8

Ü�8Ü�8Ü, ��.

14.1.3 kkknnnêêêXXX

·�Äk½Â�d'X, §´�~Ä��êÆVg, ´¯õêÆ�E�
�.

�A´����8Ü.

½½½ÂÂÂ 14.1.7 A¥���m�'X∼¡��d'X´�§÷veãn�^�:

ggg���555 XJa ∈ A, Ka ∼ a,

ééé¡¡¡555 XJa ∼ b, K b ∼ a,

DDD444555 XJa ∼ b, ¿�b ∼ c, K a ∼ c.

A�f8Ü[a] = {b ∈ A | a ∼ b}¡�a��da, §´�a�d�¤k���8Ü,

�da¥���¡�§��L�. dg�5��, a ∈ [a]. PA/∼�Aþ��da�N�
8Ü

A/∼ = {[a] | a ∈ A}.

555��� 14.1.8 �a, a′ ∈ A, @o[a]Ú[a′]�oØ�, �o��. l
A/∼´�da�
Ã�¿.

yyy²²² XJ�3b ∈ [a] ∩ [a′], @oa ∼ b�a′ ∼ b, dé¡5ÚD45�� a ∼ a′. é

?¿c ∈ [a], dua ∼ c, dD45Ó�ka′ ∼ c. u´c ∈ [a′], l
[a] ⊆ [a′]. ly²�é

¡5� [a′] ⊆ [a], u´[a] = [a′]. �
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~~~ 14.1.6 3N¥½Â'X∼Xe: �x, y ∈ N,

x ∼ y ��=� (x− y)/2 ∈ Z.

ØJ�y ∼´Nþ��d'X. �da©O´óê8Ü E = {2, 4, 6, · · · } ÚÛê8Ü
O = {1, 3, 5, · · · }, Ïd�da�8Ü�

N/∼ = {E, O}.

~~~ 14.1.7 �A = Z× (Z\{0})2. ½ÂA¥����'XXe

(p, q) ∼ (p′, q′) ��=� pq′ = p′q.

�±�y ∼´Aþ��d'X. §��da/X

[(3, 1)] = {(3, 1), (−3, −1), (6, 2), (−6, −2), · · · },

[(−5, 2)] = {(−5, 2), (5, −2), (−10, 4), (10, −4), · · · },

· · ·

?¿knê�±��p/q, ùpp ∈ Z, q ∈ Z\{0}. p/q�p′/q′L«�Ó�knê��
=�pq′ = p′q. ¤±�da�8ÜA/∼Ò´knê8ÜQ.

knê8ÜQþ��â, Q\{$�/+0Ú¦{$�/·0, ½Â�

p

q
+
p′

q′
=
pq′ + p′q

qq′
,

p

q
· p
′

q′
=
p · p′

q · q′
.

��knê¡�´��, ´�§�±L«�p/q, Ù¥p, q ∈ N. ��knê¡�´K�,

´�§�±L«�p/q, Ù¥p ∈ {−n : n ∈ N}, q ∈ N. ��knê�o��, �o�K½

ö�". XJb− a��, ¡a < b¶XJb− a��½ö�"(�K), K¡a 6 b.

½Âa ∈ Q�ýé�|a|Xe: XJa > 0, |a| = a; XJa 6 0, |a| = −a. �ì½Â�

±y²

nnn���ØØØ���ªªª: é?¿a, b ∈ Q, |a+ b| 6 |a|+ |b|, |a− b| >
∣∣∣|a| − |b|∣∣∣.

Archimedes£££CCCÄÄÄ������¤¤¤úúúnnn: é?¿knê a > 0, �3g,ên¦�a > 1/n.

ùp/ún0�c�¦^==´du{¤��Ï, ¯¢þ§´�^½n, y²3�

öS.

555��� 14.1.9 3ü�ØÓ�knê�m�3Ã�õ�knê, l
vk�u�½

knê���knê.

yyy²²² �a < b�ü�ØÓ�knê, Kknêc = (a+ b)/2÷va < c < b, ­E±þ

Ú½, Ò¬uya, b�mkÃ�õ�knê. �
2PÒ Z\{0} L«Ø�¹"�¤k�ê8Ü.
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½½½ÂÂÂ 14.1.10 �F ´��8Ü. F¡�´���´�§÷v±eúnµ

\{ún: F ¥���äk\{$�/+0, =é?¿� x, y ∈ R , �±½Â x+ y

� x+ y ∈ R .\{$�÷v

1!k"� 0: � x+ 0 = 0 + x = x .

2!kK�µéz� x ∈ R, k −x ∈ R , � x+ (−x) = −x+ x = 0.

3!��Æµx+ y = y + x.

4!(ÜÆµx+ (y + z) = (x+ y) + z .

¦{ún: F ¥���äk¦{$�/·0µé?¿� x, y ∈ R , �±½Â x · y �
x · y ∈ R .¦{$�÷v

1!kü � 1: 1 · x = x · 1 = x.

2!k_�µé?¿� x 6= 0, x ∈ R, k x−1 ∈ R, ¦� x · x−1 = x−1 · x = 1.

3!��Æµx · y = y · z.

4!(ÜÆµx · (y · z) = (x · y) · z .

5!©�Æµ(x+ y) · z = x · z + y · z.

½½½ÂÂÂ 14.1.11 � F ´���. F ¡�´��kS�´�§Äk´���, Ó�÷

ve�Sún:

Sún: F ¥�?¿��x, y �mk'X/60, = x 6 y ½y 6 x, ¿�

1!x 6 x.

2!x 6 y, y 6 x =⇒ x = y; x 6 y, y 6 z =⇒ x 6 z.

3!x 6 y =⇒ x+ z 6 y + z, 0 6 x, 0 6 y =⇒ 0 6 x · y,

�ì½Â, knê8 Q3$�/+0�/·0e´���, Ó��´��kS�. 3

SSSKKK14.1

1. U�Xe�êÆ·K¦�¤k�þcÑ�8
,. ,��Ñ·K�Ä½, �I��

ß�ÑÙ¥�þc. ��r·K�Ä½U��Ú�·Kaq�/ª.

(1) ¤k��êÑk���Ïê©).

(2) 2´���ó�ê.

(3) �ê�¦{÷v(ÜÆ.

(4) ²¡þü:û½�^��.

(5) n�/�n^p��u�:.

3knê��S5gu�êZÚg,êNþ�S, 
�ö�±dPeanoún½Â, ��P.Halmos¤Í/È�8ÜØ0112!.
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(6) XJ&��ê8�u&�ê, @o��k��&�pküµ±þ�&�.

2. e¡z�·KÑ´�¡–�3.·K. �Ñ6�þc��A�·K, ¿)º��o§

´��.

(1) z^�ãÑk¥:.

(2) z��"knêÑk�ê.

(3) g,ê8Ü�z���f8Ñk����.

(4) vk���ê.

3. �ÑXe·K�Ä½.

(1) �3N , ¦�?¿�óêÑUL¤Ø�LN��ê�Ú.

(2) éz���ên, �3��êm, éz���êx, �3�K�êa1, a2, · · · , am÷
v x = an1 + an2 + · · · anm.

4. |^þc5KLã·Kµ E ¥¼ê� {fn(x)}Å:Âñu f(x), �Ø´��Âñ

u f(x) .

5. |^þc5KLã«mþ¼ê���ëY5±9Ä·K.

6. äN�Ñ��üüØÓ�N→ Z���éA.

7. N�k�f8�¤�8Ü´�ê8Ü�´Ø�ê8Ü? y²\��Y.

8. y²knê8ÜQ´�ê8Ü.

J«: Q\{0}��¤8Ü Qk = {±j/k : j ∈ N}(k ∈ N)�¿.

9. y²��Ø�ê8Üp���êf8Ü�{8E´Ø�ê8Ü.

10. y²�ê��ê8Ü��È´Ø�ê8.

J«: k�Äy²�ê��¹ü����8Ü��È´Ø�ê�.
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§14.2 ¢¢¢êêê���½½½ÂÂÂ

�X·�3 §14.1.3 ¥?Ø�@�, knê�¤�êXäk�
éÐ�5�. {


ó�, �´knê3\{!¦{$�±9§��_$�e´µ4�, Ïd´÷v½

Â14.1.10 ¤½Â�ê�; �´knê´��kS�£½Â14.1.11¤; n´knêäk�

«/È�50£5�14.1.9¤.

,
, knêXE,Ø¦�{. �´lAÛ�Ýþw, XJrknêéA�ê¶þ

�:£ù��:¡�kn:¤, �,/È�50L²kn:3ê¶þ´È��, �kn

ê£kn:¤�mE,kéõ/�Y0, ;.�~f´ü ��/é���ÝéAê¶

þ�:Ø´kn:. ½ö`knêéA�kn:3��þØ´/ëY0�, ·�òw�,

ù
�Y�/êþ0$���/õu0kn:.

�´l4��Ýw, �3dknê�¤�ê�£¡�knê�¤, §�4�%Ø´

knê, ½ö`, ê¶þkn:�¿Ø±kn:�Ùà:. ~X·�31�þ¤?Ø�

knê�

en =
(

1 +
1

n

)n
, n = 1, 2, · · · ,

§�4� e Ø´knê. ÏL4íúª

xn+1 =
1

2

(
xn +

2

xn

)
, n = 1, 2, · · ·

� x1 ��u"�knê, �����knê�x1, x2, x3, · · · . §�4�
√

2 �Ø´kn

ê . ù
~fØ´ó,�, §L²knêX34�$�e´Øµ4�.

Ïd, k7�éknê?1*¿, �Xl�ê*¿�knê��. ·�F"*¿

�êX£¡�¢êX¤QUU«knê¤k�â$��5�(÷v½Â14.1.10 Ú½

Â14.1.11¥�5�), qU�¢¶þ�:��éA(äk/ëY50), ½ö`34�$�

e�±µ4( äk/��50).

14.2.1 ¢¢¢êêê���½½½ÂÂÂ

c¡®²J�, Âñ�knê��4��7´knê. �´Ï�ù��Ï, �·�

Jø
|^Âñ�knê���E#�ê��U.

±xn+1 = 1
2

(
xn + 2

xn

)
�~, � x1 = 1, ²L�ES�, Ò�����5�ªC

u
√

2 �knê�. �XJÁãÏLÓ���{, ^knê5/%C0¤k�/¢ê0,

-���Ü6þ�¦É´·��vkî�½Â�o´0¢ê/, ¦+ê¶þJø�*	

�~�*.

�[��ê�Âñ�ê�´Cauchy �£=÷v Cauchy ÂñOK�ê�¤´�d

�. Cauchy ÂñOK�A:´3Ø/Ï	3&E��¹e, =�âê�g�S35�5
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�äê��Âñ5, �,TOK¿ØUw�·�ê�Âñ�Û?.

,
�·��vkî�½Â/¢ê0�c, ù«�d5¿Ø´w,�, §�9�


¢ê�E���. �d·�Û�3knê��S­#£� Cauchy ��½Â.

½½½ÂÂÂ 14.2.1 ��knê�{xn}¡�´knêCauchy�, XJé?¿n ∈ N, �3

�6un���êN = N(n)¦�é¤kk, l > N ,

|xk − xl| <
1

n
.

ùp·�^1/n �O~^�/?¿�êε0, ´Ï�Ü6þ·�Ø
knê, �vk

½ÂÙ§ê. e¡�5�=¦3knê��SE,´¤á�.

555��� 14.2.2 knê Cauchy � {xn} �½´k.�. =�3��knê M , ¦�

|xn| 6M, n = 1, 2, · · ·

yyy²²² � n = 1, K�3 N0, � k > N0 �, k

|xk − xN0| < 1,

= |xk| < 1 + |xN0|, k > N0, P

M = max{|x1|, · · · , |xN0−1|, 1 + |xN0|},

w, M ´knê, K |xk| 6M, k = 1, 2, · · · . �

y3, ·�/Ï/ê¶´ëY�0ù��*, �Ñ��knêCauchy �Âñ���

/ê0��£ã.

�x1, x2, x3, · · ·´��knêCauchy�, �éÑ��/ê0x �Tê��4�. b�

·��3°Ý1/n�S(½x, d Cauchy ��½Â, �3m = m(n)¦�¤kxm±���

*d�m���õ�1/2n. XJr¤kxk, k > mÑ3ê¶þIÑ, @o§�Ñá3��

°Ý�õ�1/n��ãp¡, Ó�¤¦�4��½3ù��ãp¡.

2���'n��g,ên′, �A/�3m′, ¦�1m′�±��ê*d�m���õ

�1/n′. �é{`, XJ·�� ê���?�, ���U�¹�?¤k����ãÒ�

á, Xeã.
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�Ä¤k�n, ·�Ò�����ã{Ln}, �Ý�1/n, �Ln+1 ⊂ Ln(¡��4«m

@), ��é�4�x ∈ Ln. Ïd, x ∈ ∩∞n=1Ln. XJ�8∩∞n=1Ln��, @oÒL«ê¶

pk��”�É”, ù�Ä�AÛún¥�ëYún4gñ. ,��¡, é?¿n, á3�

ãLn¥��xm�x�Ø�31/n �S, Qê�{xn}Âñ�x. �

þã�*/y²0, %¹X��¯¢, ê¶þ�?¿:x, Ñ�±k��kn:�

{xn} 5Ã�%C, ½ö` ê¶þ?�:éA�/ê0Ñ´��knê Cauchy ��4

�. Ïd, ·��½Â�¢ê8Ü, §ATdknêCauchy��4��¤, AO´knê

��±w¤´knê Cauchy ��4�, ~Xéknê r, §´ r, r, · · · , r, · · · �4�. X

JknêCauchy��4�Ø´knê, @où�knêCauchy�Ò½Â
��#ê—-

/Ãnê0.

,
, ØÓ�knêCauchy ��U%CÓ��/ê0, �d·�Ú?e�/�d0

�Vg.

�R´�NknêCauchy��¤�8Ü, 3d8Ü¥½Â�d'Xµ

½½½ÂÂÂ 14.2.3 �{xn}, {yn}´ü�knêCauchy�, XJé?¿n ∈ N, �3N ∈
N¦�é?¿k > N ,

|xk − yk| <
1

n
,

K¡ùü�knê�´�d�, P�{xn} ∼ {yn}.

·�I��y”∼”´�d'X.

ÚÚÚnnn 14.2.4 þã½Â�knêCauchy��d, ÷vg�5, é¡5ÚD45, l


´8ÜRþ��d'X.

yyy²²² g�5Úé¡5´w,�, �Iy²D45. �{xk}, {yk}�{zk}�kn
êCauchy�, �

{xk} ∼ {yk}, {yk} ∼ {zk}.

�y²{xk}�{zk}�d,�Ly: é?¿�1/n (n ∈ N),�3��êN¦�é?¿k > N ,

e�Ø�ª¤á

|xk − zk| <
1

n
.

4ë�ôLº§Á»ÊÈ: F�ËAAÛÄ:, �®�ÆÑ��.
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éu?¿� 1/n:

d{xk} ∼ {yk} ��: �3 N1 ¦�|xk − yk| < 1/2n (∀k > N1);

d {yk} ∼ {zk} ��: �3N2¦�|yk − zk| < 1/2n (∀k > N2).

�N = max(N1, N2), ¿|^n�Ø�ª, é?¿ k > N ,Ñk

|xk − zk| = |(xk − yk) + (yk − zk)| 6 |xk − yk|+ |yk − zk|

<
1

2n
+

1

2n
=

1

n
.

= {xk} ∼ {zk}, ù�·�Òy²
D45. �

½½½ÂÂÂ 14.2.5 � R = R/∼ ´knê Cauchy �8ÜR3þã�d'X�e��N

�da�¤�8Ü. ·�òw�, §÷v¢êúnXÚ£=½Â14.1.10 Ú½Â14.1.11¤

, Ïd¡R�¢ê8Ü, §��� x´,�knê Cauchy �{xn} ��da, ¡�¢

ê. ê�{xn}¡�¢êx��L�, P�x ∼ {xn}. ·��¡�dax¥�?¿kn
êCauchy�Âñux½±x�4�.

¢ê�½Â�,Ä�, ��þ�´�
�óþ��B. �ìÚn14.2.4, ·��±@

���A½�knêCauchy�(½��¢ê, ¿r�d�Cauchy��¤Ó��¢êØ

Ó�L«. �{ü�~f´ ”0” , §´ Cauchy� 0, 0, · · · �4�, 
� 0, 0, · · · �d�
Cauchy � 1, 1

2 , · · · ,
1
n , · · · ´ ”0” �ØÓL«. ü�ØÓ�knê r, s ©O´ Cauchy

� r, r, · · · � s, s, · · · �4�. dArchimedesún, �3n0 ∈ N¦�|r − s| > 1/n0, Ïd

Cauchy � r, r, · · · � s, s, · · · Ø�d.

~~~ 14.2.1 y²: üN4O�k.knê�´knêCauchy�.

yyy²²² �{xn}üN4O�k.knê�, Ø��§�Ï�Ñ�u0. ?¿�½�

�n ∈ N, Kê�nx1, nx2, · · · �´üN4O�k.ê�. �8ÜE´ê�nx1, nx2, · · ·�
¤k��êþ., @oEk����êm0, m0 − 1Ø´�ê��þ., ¤±�3N ∈ N,

nxN > m0 − 1. düN5, k, l > N�,

m0 − 1 < nxk 6 m0, m0 − 1 < nxl 6 m0,

Ïd|xk − xl| <
1

n
.

~~~ 14.2.2 e�ü�knê�

en =
(

1 +
1

n

)n
, n = 1, 2, · · · ,

sn =
n∑
k=0

1

k!
, n = 1, 2, · · ·

´ Cauchy �, 
��p�d, ¤3��daP� e, Ïd�¡�da e ¥?¿knê�,

X {en} Ú {sn}, ÑÂñu e .
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yyy²²² �â1�þ?Ø�(J, {en}, {sn} Ñ´üNOk.ê�� 2 < en < sn < 3,

ÏdÑ´Cauchy �. � n > 3 �, ò en U��ªÐm�

en = 2 +
n∑
k=2

1

k!

(
1− 1

n

)(
1− 2

n

)
· · ·
(

1− k − 1

n

)
Ï� (

1− 1

n

)(
1− 2

n

)
· · ·
(

1− k − 1

n

)
> 1−

k−1∑
j=1

j

n
= 1− k(k − 1)

2n

Ïdk

0 < sn − en 6
1

2n

n∑
k=2

1

(k − 2)!
6

3

2n

é?¿� n, � N > 3
2n, K� k > N �, k

|sk − ek| <
1

n

¤±üöp��d. �

14.2.2 ¢¢¢êêê������âââ

e¡·�I�rQþ��â*¿�½Â14.2.5 ¥½Â�8Ü Rþ, �Ò´��y R
÷v¢êúnXÚ¥�\{ún!¦{únÚSún. äN�{´éknê Cauchy �

�z��©O½Â�A�$�, ¿c[�yù
½ÂÑk¿Â.

ÚÚÚnnn 14.2.6 �x, y ∈ R, �x ∼ {xn}, y ∼ {yn}

1. knê�{xn + yn}Ú{xn · yn}Ñ´Cauchy�;

2. XJknê�{x′n}�{xn}�d, {y′n}�{yn}�d, @o {x′n + y′n}�{xn + yn}�
d, {x′n · y′n}�{xn · yn}�d.

yyy²²² Ï�{xn}Ú{yn}´ Cauchy�, ¤± ∀ n, �3N1¦�é?¿j, k > N1 k|xj −
xk| < 1/2n¶�3N2¦�é?¿ j, k > N2k |yj − yk| < 1/2n.

�N = max(N1, N2),@oé?¿j, k > N , Ñk

|(xj + yj)− (xk + yk)| = |(xj − xk) + (yj − yk)|

6 |xj − xk|+ |yj − yk|

<
1

2n
+

1

2n
=

1

n
,

¤±{xn + yn}´Cauchy�.

2db���d5k, ∀ 1/n, �3N1¦�é?¿ k > N1k |xk − x′k| < 1/2n ¶�

3N2¦�é?¿k > N2k |yk − y′k| < 1/2n.
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�N = max(N1, N2)Ò�±��é?¿k > N ,

|(xk + yk)− (x′k + y′k)| = |(xk − x′k) + (yk − y′k)|

6 |xk − x′k|+ |yk − y′k|

<
1

2n
+

1

2n
=

1

n
,

Ïd{xn + yn} ∼ {x′n + y′n}.

k'¦{$���A(Ø�±aq/y², �I�^� Cauchy ��k.5£=5

�14.2.2¤, �Öög1�¤. �

Ún14.2.6�y
Xe½Â�Ün5.

½½½ÂÂÂ 14.2.7 �¢êx, y��L�©O�knê Cauchy �{xn}�{yn}, @o
¢ê x + y½Â�knê Cauchy �{xn + yn}�L��da, ¢êx · y½Â�kn
êCauchy�{xn · yn}�L��da.

½½½nnn 14.2.8 3þã½Â�\{Ú¦{�e, ¢ê8ÜR¤����.

w,, \{0��´ê�0, 0, 0, · · ·��da, ¦{ü ��1´ê�1, 1, 1, · · ·��d
a. XJ¢êx��L�´{xn}, K§�\{_�−x��L�´{−xn}. Ïdk'��ú
n£½Â14.1.10¤ÑN´�y, Ø
'u_��k'únÿ�y².

·�I�y²µ/z��"¢êxÑk¦{_�x−1, ¦�x−1 · x = 10. �dÄkL

y²

ÚÚÚnnn 14.2.9 �x´�"¢ê. @o�3n0 ∈ N÷v: é�Lx�?¿ Cauchy

�{xn}, Ñ�3N¦�é?¿k > N , |xk| > 1/n0.ùp�N�6u�½� Cauchy �, 


e.1/n0��6ux, Ø�6u�½� Cauchy �.

yyy²²² � {xn} ´�Lx���knêCauchy �.

·K/{xn}�duê�{0, 0, 0, · · · }0�¤þc�/ª�:

∀n, ∃N¦�∀j > NÑk

|xj| <
1

n
.

§�Ä½·K/{xn}Ø�duê�{0, 0, 0, · · · }0�±Lã�:

∃n1¦�∀N ∈ N, ∃ j > N , ÷v

|xj| >
1

n1
.

½ö`, XJknê�{xn}�L�"¢êx, KkÃ��j¦�|xj| > 1/n1¤á. �´,

{xn} ´ Cauchy �, ¤±éØ�1/2n1, �3N ¦�é¤k j, k > N , e�Ø�ª¤á

|xj − xk| <
1

2n1
.
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À½��j > N÷v|xj| > 1/n1, Ké?¿ k > N ,

|xk| > |xj| − |xj − xk| >
1

n1
− 1

2n1
=

1

2n1
>

1

n0
.

ùp n0 = 4n1. � {x′n} ´?¿���{xn}�d� Cauchy �. éØ�1/4n1A^

Cauchy ��d�½Â, �3 N ′(> N) ¦�

|xk − x′k| 6
1

4n0

é¤k k > N ′¤á. Ïd, é?¿ k > N ′,k

|x′j| > |xj| − |xj − x′j| >
1

2n1
− 1

4n1
=

1

4n1
=

1

n0
.

�,é {xn}, �k|xk| > 1/n0, é k > N ′ > N ¤á. �

½½½nnn14.2.8���yyy²²² �{xn}�Lx 6= 0. �âþãÚn, Tê�¥�õk���", r

@
�"��^1�O�����Ú�ê��d� Cauchy �, ò#ê�E,P�{xn}.
ÏLéTê��z���_, ��#�knê�{1/xn}, dÚn���3N , ∀j > N ,

|xj| > 1/n0, ¤±�k, l > N�k∣∣∣ 1

xk
− 1

xl

∣∣∣ =
|xk − xl|
|xk · xl|

6 |xk − xl|n2
0

ddN´wÑ§´ Cauchy �. -x−1�ê�{1/xn}�L�¢ê, @ox−1 · x ����L
�´ê�1, 1, 1, · · · , = x−1 · x = 1. �

e¡·�?Ø¢ê�S. þ�Ù·�ÏL�ê, 3knê�Qþ½ÂS, �
3Rþ
½ÂS, Äk�ÑRþ�ê�½Â.

½½½ÂÂÂ 14.2.10 ��¢ê x ¡�´��, P�x > 0, XJéx����L� {xn},
�3 m, N ∈ N, ¦�é¤k j > NÑk xj > 1/m.

dÚn14.2.9��¢ê´/��0�½Â��L�À�Ã'. XJ −x´��, K¡

¢êx¡�´K�, P� x < 0¶XJx ∈ Q, @o�âknê�Archimedesún, ù
½

Â�knê��A½Â��.

�x´���"¢ê, dÚn14.2.9, �3g,êm, ¦�éx�?¿�L�{xn},
�j¿©��Ñk|xj| > 1/m. �ù
knê�ÎÒØ�U��3C, Ï�zgU

CÎÒ¬E¤§��m���2/m��O, �CauchyOK��. ù¿�Xj¿©�

�xj > 1/m½xj 6 −1/müö��ð¤á. dd��

½½½nnn 14.2.11 ?¿¢ê½��, ½�K, ½�". ü��¢ê�Ú�Èþ´�¢

ê.

yyy²²² �ì½Â, ��knêCauchy~{xn}XJ´�¢ê½öK¢ê��L�, @

o§Ø�~ê�0, 0, · · ·�d. ��,XJ{xn}� 0, 0, · · ·�d,�½Â��,é?¿n ∈ N,
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�3g,êN¦�é?¿k > N , |xk| < 1/n¤á, ù`²{xn}QØ´�¢ê�Ø´K¢
ê��L�. ùÒy²
½n�1��(Ø. ,	, N´�yü��ê�ÚÈþ��, Ï

�ü��e.�Ú�È�Ñ#��e.. �

½½½ÂÂÂ 14.2.12 £S�½Â¤�x, y´ü�¢ê, XJ x − y > 0, ¡x > y, ¿�½

Âx�ýé��

|x| =


x x > 0,

0 x = 0,

− x x < 0.

ÚÚÚnnn 14.2.13 �knê Cauchy �{xn}�{yn}©O½Â
¢êx, y. XJ�3

N ∈ N ¦�é?¿ k > NÑkxk 6 yk, @ox 6 y.

yyy²²² (�y) b�x > y, Kx − y��. d�ê�½Â, �3n ∈ N ¦�k¿©��
xk − yk > 1/n, gñ. �

ùpI�J�5¿�´, =¦Ún¥�^��î��Ø�Ò, ·���U��Øî

�Ø�Ò. 'X, 1/n > 0, �´ Cauchy �1, 1/2, 1/3, · · ·�±04�, �´0 > 0Ø¤á.

e¡·�?Øknê3¢ê¥�È�5, =; é?¿¢êx, 3§�?¿���S,

Ñk��knê.

½½½nnn 14.2.14 £knê�È�5¤é?¿¢êx±9?¿�½�Ø�1/n (n ∈ N),

�3��knêr÷v

|x− r| 6 1

n
.

yyy²²² �knêCauchy�{xn}´¢êx��L�. éu�½�1/n, d Cauchy OK,

�3 N ¦�� j, k > N�|xk − xj| < 1/n. �r = xN , Ké ∀k > N , k

|xk − r| <
1

n
, ½ − 1

n
< xk − r <

1

n
.

w,, knêCauchy � {xn − r} ´ x − r ��L�, �knêCauchy �{yn} ©O�
yn = 1/n Ú yn = −1/n, K§�©O´ 1/n Ú −1/n ��L�. dÚn14.2.13�

− 1

n
6 x− r 6 1

n
.

�

'uÈ�5k����½Â: �B´¢ê8ÜA�f8. ¡B3A¥È�, ´�?

�a ∈ A, ?�Ø�1/n, �3b ∈ B¦�|a− b| < 1/n.

~~~ 14.2.3 �λ´Ãnê, y²8ÜA = {m+ nλ | m,n ∈ Z}3¢ê8RÈ�.

yyy²²² 8ÜAkXe5�: é?¿�ê l Ú?¿�a, b ∈ A, kla ∈ A, a± b ∈ A.
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P nk = −[kλ], ùp [x] L« x ��êÜ©, Ïd xk = nk + kλ ∈ A L« kλ ��

êÜ©.

?�1/n, n ∈ N, �ÄA�f8Ü

B = {xk = nk + kλ | k = 1, 2, · · · , n+ 1.},

du λ´Ãnê, ¤±B¥���üüØ�,
�xk 6= 0. Ïdk0 < xk < 1, k =

1, · · · , n+ 1. ù�ÒíÑ3ù n+ 1 �ê x1, · · · , xn+1 ¥7kü�, P� xi, xj , ÷v

0 < ξ = xj − xi <
1

n
.

òR©)�Xe��«m�¿,

R =
⋃
m∈Z

[mξ, (m+ 1)ξ],

�±wÑ, ∀x ∈ R, �3m ∈ Z, ÷v|x−mξ| 6 1/n. w, mξ ∈ A, ù�Òy²
 A 3

R ¥�È�5.

�

��·�?Ø�
¢ê�Ø�ª. �Ä��Ø�ª´

½½½nnn 14.2.15 £n�Ø�ª¤é?¿¢ê x Ú yÑk

|x+ y| 6 |x|+ |y|.

yyy²²² Äk5¿��¯¢, XJknêCauchy�{xn}´¢êx��L�, Kdknê

�n�Ø�ª��{|xn|}�´knêCauchy�. ·�Äky², {|xn|}´¢ê|x| ��L
�. XJx > 0, (Øw,¤á; XJx = 0, K{xn} ∼ 0��{|xn|} ∼ 0; XJx < 0, dÚ

n14.2.9, �n¿©��xn < 0, Ïd{|xn|}´−x = |x|��L�.

�{xn}�{yn}©O´�Lx�y�knê Cauchy �. Cauchy �{|xn + yn|}�{|xn|+
|yn|}©O�L|x + y|�|x| + |y|. |^Qþ�n�Ø�ª, |xk + yk| 6 |xk| + |yk|, 2dÚ
n14.2.13, ½n�y. �

½½½nnn 14.2.16 £Archimedesún¤é?¿�¢ê x, �3g,êN÷v x > 1/N .

yyy²²² d½Â, é�L�êx� Cauchy �{xn}, �3N, m ∈ N¦�xj > 1/N é?

¿ j > m¤á. dÚn14.2.13�x > 1/N . �

þãArchimedesún¯¢þ�duXe(Ø, XJ¢êx÷vµé?¿n ∈ N,

|x| < 1/n, Kx = 0.

eãA�~f, Ñ´©Û¥~��Ø�ª.
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~~~ 14.2.4 �aj , bj ∈ R, bj > 0, j = 1, 2, · · · , n. K

min
j
{aj
bj
} 6 a1 + a2 + · · ·+ an

b1 + b2 + · · ·+ bn
6 max

j
{aj
bj
}.

yyy²²² � n = 2�, Ø��a1/b1 6 a2/b2, KØ�ª

a1

b1
6
a1 + a2

b1 + b2
6
a2

b2

�du

a1(b1 + b2)b2 6 (a1 + a2)b1b2 6 a2b1(b1 + b2),

ù�±���y.

�n = k�·K¤á, n = k + 1�, -

A = a1 + · · ·+ ak, B = b1 + · · ·+ bk,

K

min{A
B
,
ak+1

bk+1
} 6 A+ ak+1

B + bk+1
6 max{A

B
,
ak+1

bk+1
}.

|^8Bb�, k
A

B
6 max{a1

b1
· · · , ak

bk
},

¤±

max{A
B
,
ak+1

bk+1
} 6 max{a1

b1
, · · · , ak

bk
,
ak+1

bk+1
},

ùy²
mýØ�ª. ,�ýØ�ª�±Óny².

~~~ 14.2.5 �a, b > 0, 0 < λ, µ < 1�λ+ µ = 1, K

aλ bµ 6 λa+ µb.

yyy²²² Ï�¼êf(x) = − log x´à¼ê, ¤±df(λa + µb) 6 λf(a) + µf(b)N´í

Ñ(Ø.

þãØ�ª�±í2�õ�Ïf��/. ~Xéu

a, b, c > 0, 0 < α, β, γ < 1, α + β + γ = 1,

k

aαbβcγ = aα
(
bβ/(β+γ)cγ/(β+γ)

)β+γ

6 αa+ (β + γ)bβ/(β+γ)cγ/(β+γ)

6 αa+ (β + γ)
( β

β + γ
b+

γ

β + γ
c
)

= αa+ βb+ γc.
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|^8B{, �±y²Xe����Ø�ª,

aλ11 a
λ2
2 · · · aλnn 6 λ1 a1 + λ2 a2 + · · ·+ λn an,

Ù¥ai > 0, 0 < λi < 1 (1 6 i 6 n)�
n∑
i=1

λi = 1.

XJp1, p2, · · · , pn´n��ê, -λi =
pi

p1 + · · ·+ pn
, Ò��

(
ap11 a

p2
2 · · · apnn

) 1
p1+···+pn 6

p1a1 + p2a2 + · · ·+ pnan
p1 + p2 + · · ·+ pn

.

AO, �p1 = · · · = pn = 1�, Ò´Ù��AÛ-�â²þØ�ª(
a1a2 · · · an

) 1
n
6
a1 + a2 + · · · an

n
.

~~~ 14.2.6 £HölderØ�ª¤�ai > 0, bi > 0(i = 1, 2, · · · , n), p, q > 1�

1

p
+

1

q
= 1,

K
n∑
i=1

ai bi 6
( n∑
i=1

api

) 1
p
( n∑
i=1

bqi

) 1
q
.

yyy²²² XJ
∑
api =

∑
bqi = 1, dþ�~�(Ø, kai bi 6 1

pa
p
i + 1

q b
q
i , éi¦Ú��

n∑
i=1

ai bi 6 1.

éu���/, -

a′i =
ai(∑
api

) 1
p

, b′i =
bi(∑
bqi

) 1
q

Òk
∑
a′i b
′
i 6 1, ùíÑHölderØ�ª.

�p = q = 2�, HölderØ�ªÒ´Ù��Cauchy-SchwarzØ�ª(
n∑
i=1

ai bi

)2

6

(
n∑
i=1

a2
i

)(
n∑
i=1

b2i

)
.

~~~ 14.2.7 £MinkowskiØ�ª¤�ai > 0, bi > 0 (1 6 i 6 n), p > 1, K

( n∑
i=1

(ai + bi)
p
) 1
p
6
( n∑
i=1

api

) 1
p

+
( n∑
i=1

bpi

) 1
p
.
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yyy²²² -q = p
p−1 , K1

p + 1
q = 1, |^HölderØ�ª, ��

n∑
i=1

(ai + bi)
p =

n∑
i=1

ai(ai + bi)
p−1 +

n∑
i=1

bi(ai + bi)
p−1

6
( n∑
i=1

api

) 1
p
( n∑
i=1

(ai + bi)
(p−1)q

) 1
q

+
( n∑
i=1

bpi

) 1
p
( n∑
i=1

(ai + bi)
(p−1)q

) 1
q

=
[( n∑

i=1

api

) 1
p

+
( n∑
i=1

bpi

) 1
p
]( n∑

i=1

(ai + bi)
p
) 1
q
.

þªü>ÓØ
( n∑
i=1

(ai + bi)
p
) 1
q
, Ò��MinkowskiØ�ª.

SSSKKK14.2

1. y²: XJx1, x2, · · ·�knê Cauchy �, K�3��êN¦�é?¿j, |xj| 6 N .

2. y²?¿¢êÑ�±^knê Cauchy �r1, r2, · · ·L«, Ù¥r1, r2, · · ·ÑØ´�
ê.

3. U��ê Cauchy �L«�¢ê´�o?

4. �x1, x2, · · ·Úy1, y2, · · ·´ü�knê Cauchy �. ½Â·Üê��x1, y1, x2, y2, · · · .
y²T·Üê�� Cauchy ��¿©7�^�´ x1, x2, · · ·�duy1, y2, · · · .

5. y²UC�� Cauchy ��k������´���d� Cauchy �.

6. ���knê Cauchy �U���Kknê Cauchy ��dí?

7. y²�L��¢ê�knê Cauchy ��8Ü´Ø�ê8Ü.

8. y²: XJknê Cauchy�x′1, x
′
2, · · ·�x1, x2, x3, · · ·�d, y′1, y

′
2, · · ·�y1, y2, y3, · · ·�

d, @ox′1y
′
1, x
′
2y
′
2, x
′
3y
′
3, · · ·� x1y1, x2y2, x3y3, · · ·��d� Cauchy �.

9. ��Lü�¢êx, y�knê Cauchy ��8Ü©O�A, B. y²A, Bäk�Ó�

Äê.

10. �x�¢ê, y²�3���Lx�knê Cauchy �x1, x2, x3, · · ·¦�é¤kn,

xn < x.

11. �x�¢ê, y²�3���Lx�knê Cauchy �x1, x2, x3, · · ·¦�é¤kn,
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xn < xn+1.

12. y²3ü�ØÓ�¢ê�m�3Ã�õ�knê.

13. �x��¢ê, y²�3���Lx�knê Cauchy �, §�z���±L«

�p2/q2, Ù¥p, q��ê.

14. y²é?¿¢êx, y, |x− y| > |x| − |y|.

15. |^kS��úny²: é?¿¢êx, y, ¤áe�Ø�ª:

(1) (x2 + y2)/x2 > 1, x 6= 0.

(2) 2xy 6 x2 + y2.

16. �aj > 0, j = 1, 2, · · · , ½Â

An =
a1 + a2 + · · ·+ an

n
, n = 1, 2, · · · .

y²p > 1�
m∑
n=1

Apn 6
p

p− 1

m∑
n=1

Ap−1
n an.

17. y²Hardy-LandauØ�ªµ�p > 1, aj > 0, j = 1, 2, · · · , y²
m∑
n=1

(a1 + · · ·+ an
n

)p
6
( p

p− 1

)p m∑
n=1

apn.
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§14.3 ¢¢¢êêê���������555

þ�!·��Ñ
¢ê�î�½Â£½ö`�E
��¢ê�.¤, ¿?Ø
§�

Ä�5�. ù�!Úe�!, �7/��50, ·�ò?Ø�¢ê4��'�SN.

14.3.1 ¢¢¢êêê������444���

Ï�R´kS�,·�kXe�½Â:

½½½ÂÂÂ 14.3.1 �{xn}�¢ê�, x ∈ R. XJé?¿¢ê ε > 0, ∃N ∈ N¦�

|x− xk| < ε

é?¿k > N¤á, @o¡¢êx´{xn}�4�, ½öê�{xn}Âñ�¢êx, P�

x = lim
n→∞

xn.

·�Q3½Â14.2.5J�, ��knêCauchy�´��¢ê�L«, �¡Tê�Â

ñ�T¢ê. ù�þã½Â¿Øgñ. ¯¢þ, XJknê Cauchy �{xn} ´¢êx �
�L�, @oé?¿� 1

n < ε, ��¡�3 N¦� k, j > N �Ñk |xj − xk| < 1/n. ?

¿�½j > N , K

xk −
1

n
< xj < xk +

1

n

é¤k k > N¤á. ,��¡,knêCauchy�xN+ 1
n , xN+1+ 1

n , · · · ,´¢êx+ 1
n���

L«,
knê Cauchy� xj , xj , · · · ,´ xj ���L«,dÚn14.2.13Ò��xj 6 x+ 1
n ,

Ón��x− 1
n 6 xj . =

|xj − x| 6
1

n
< ε.

Ï�j > N´?¿�, ¤±x �?¿knêCauchy ��L�÷v½Â14.3.1¥�Ñ�4

� x = lim
k→∞

xk.

555PPPµµµ3½Â14.3.1¥·�^/?¿�¢êε0L«Ø�, ��±^?¿1/n (n ∈
N)L«Ø�. dArchimedesún��ùüö½Â�Âñ5�d, 3�Ö�{eÜ©·�

�âI�Ø\«O/¦^ùüö.

�d, ·��E
¢ê8Ü R, /Ï¢ê��L�knê Cauchy ��Ñ
 R ¥�
�âÚS, Ïd R ´kS�. 3�!�m©, ·�q½Â
¢ê��4�, ¿`²
¢ê

x �knê Cauchy ��L�3ù�½Âe�´Âñ�x. �e5·�ò8¥°å?Ø

R ���5, ±9��5��«�d/ª.

½½½ÂÂÂ 14.3.2 ¡¢ê�{xn}÷vCauchy ÂñOK´�: é?¿�ε > 0, �3N ∈
N ¦�é?¿� j, k > N Ñk

|xj − xk| < ε.
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÷vCauchy ÂñOK�¢ê�¡� Cauchy �.

ü�Cauchy � {xn} Ú {yn} ¡��p�d�´�é?¿�ε > 0, �3N ∈ N ¦
�é?¿� n > N , Ñk

|xn − yn| < ε.

aqknêCauchy ���d5, þã�d'X÷vg�5!é¡5ÚD45.

�
Qã��, ·��Ñeãk'4��Ä�5�, §�Q31�þÑyL.

½½½nnn 14.3.3 � lim
k→∞

xk = x, lim
k→∞

yk = y.

1. lim
k→∞

(xk · yk) = x · y;

2. XJ y 6= 0, K�3 N ¦� k > N�kyk 6= 0 ,¿�k lim
k→∞

(xk/yk) = x/y;

3. ��3N¦�é¤k k > N , xk > yk¤á, K x > y¶

4. XJx > y, K�3N¦�, k > N�xk > yk;

5. �ê�{zn}÷v�k¿©��xk 6 zk 6 yk, � lim
k→∞

xk = lim
k→∞

yk, K

lim
k→∞

zk = lim
k→∞

xk = lim
k→∞

yk.

14.3.2 ������555

·��E�¢ê�´dknêÚknêCauchy���da�¤. 3½Â
4��,

¢ê�Ò´3knê�¥V\knê��4����8Ü. ¤¢¢ê��5´�, ¢

êCauchy��½Âñ�¢ê, 
ØI��E#�¯Ô��¢ê Cauchy ��4�.

½½½nnn 14.3.4 ��¢ê�{xn}k4�x ∈ R��=�§´ Cauchy �.

yyy²²² w,4���35%¹Tê�´ Cauchy �. ��, �{xn}´ Cauchy �, �

é���¢êx�§�4�, ·��I��E��knê Cauchy �{x′n}, §¤�L�¢
ê x, �´{xn} �4�.

�âknê�È�5, �3x′k ∈ Q¦� |xk − x′k| < 1/k é¤k k ∈ N¤á. {x′n}´
knê�, ·�Äky²§´ Cauchy �. ¯¢þ, ∀n, ∃N ¦�é¤kj, k > N¤

á|xj − xk| < 1/2n. 7��O\N��¦�÷vN > 4n, Kj, k > N �,

|x′j − x′k| 6 |x′j − xj|+ |xj − xk|+ |x′k − xk|

<
1

j
+

1

2n
+

1

k
6

1

2n
+

2

4n
=

1

n
.

�x� Cauchy �{x′n}½Â�¢ê. @od½Âx = lim
k→∞

x′k, qÏ�

|x− xk| 6 |x− x′k|+ |x′k − xk| < |x− x′k|+
1

k
,
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ddíÑx = lim
k→∞

xk. �

eã~fy²
�¢ê²����35, y²��{±�¬õg^�.

~~~ 14.3.1 �a´�¢ê. @o�3����¢êb¦�b2 = a, P�b =
√
a.

yyy²²² (��5) XJ�êc�÷vc2 = a, @o

b2 − c2 = (b− c)(b+ c) = 0.

Ï�b, cÑ´�ê, ¤±b+ c > 0. �ªü>¦±(b+ c)−1, ��b− c = 0, =b = c.

(�35) XJa = 1, �b = 1=�. XJa > 1��/¤á, @oé0 < a < 1, ·�

�b = 1/
√
a−1=�. ¤±·��Iéa > 1��/y²(Ø. e¡æ^�y²�{¡��

©{.

Ú½1: éü��¢êb1, c1, ¦�b21 6 a 6 c2
1. Ï�a > 1, ¤±�b1 = 1, c1 = a.

Ú½2 : �Ä«m[b1, c1]�¥:m1 = (b1 + c1)/2. XJm2
1 = a, y²�.. Ø,,

�m2
1 < a��b2 = m1, c2 = c1, �m2

1 > a�-b2 = b1, c2 = m1, Ò���¢êb2, c2÷

vb22 6 x 6 c2
2.

Ú½ 3: ­E±þL§, �¥:m2 = (b2 + c2)/2, ·��±lb2, c2��b3, c3 , ÷

vb23 6 x 6 c2
3.

�gaí, XJk�g£ng¤����¥:mn = a2, Ky²�.. Ø,, �±Ã

�g­Eù�L§, ����4Oê�{bn}Ú��4~ê�{cn}, éu¤k�n, §�÷

vb2n 6 a 6 c2
n, ¿�

cn − bn =
c1 − b1
2n−1

.

N´uy{bn}Ú{cn}´�d� Cauchy ê�. ¯¢þ, é?¿ε > 0, �3N¦

�(c1 − b1)/2N−1 < ε¤á, =

0 < cN − bN < ε.

dê���E��, �k > N�¤k�bk, ckÑá3«m[bN , cN ] p. @o, é¤kk, j >

NÑk

|bj − bk| < ε, |cj − ck| < ε, |bj − ck| < ε.

w,, �p�d�ü�Cauchy ��½k�Ó4�, Ïdê� {bn} Ú {cn} k�Ó4�,

�§���Ó4�´b, @ob > 0, �dÚn14.2.13, b2 6 a 6 b2, ¤±b2 = a. �

~~~ 14.3.2 y²µKepler�§

x = q sinx+ a

�)�3��, ùpa, q´~ê, 0 < q < 1.
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yyy²²² ?�x1 ∈ R, ½Âê�

xn+1 = q sinxn + a, (n = 1, 2, · · · ),

§÷v

xn+1 − xn = q(sinxn − sinxn−1),

¤±

|xn+1 − xn| 6 q|xn − xn−1| 6 · · · 6 qn−1|x2 − x1|.

é?¿k > 0,

|xn+k − xn| 6 |xn+k − xn+k−1|+ |xn+k−1 − xn+k−2|+ · · ·+ |xn+1 − xn|

6 (qn+k−1 + qn+k−2 + · · ·+ qn−1)|x2 − x1|

6
qn−1

1− q
|x2 − x1|,

¤±l0 < q < 1N´íÑ{xn}´Cauchy�. �ê�{xn}�4�´x, 3�ªxn+1 =

q sinxn + a¥-n→∞, Òk

x = q sinx+ a,

ù`²x´Kepler�§���).

XJx′�´Kepler�§�), Qx′ = q sinx′ + a, K

|x− x′| = q| sinx− sinx′| 6 q|x− x′|.

d0 < q < 1��x = x′. �

14.3.3 (((...���444���:::

·�ò?Ø¢ê��5��
íØ. �
Qã���5, ·�¬Û�1�þ®²Ñ

yL�(ØX(.�n!�;5½n�.

ê�Ø�½k4�, �´XJ�3K4��½��. �?�Ú?Øê�, I��Äê

�4��±∞��/. �{xn}´¢ê�, eé?¿��êm, �3N¦�é¤kj > N¤

áxj > m(xj < −m), Ò¡ê�{xn} uÑ�+∞(−∞), ½¡§±+∞(−∞)�4�.

¡

R∞ = R ∪ {+∞, −∞}

�*¿�¢êX. 3*¿�¢êXþ�±k�3/½Â�â: Xx + (+∞) = +∞£
x ∈ R¤��, � +∞+ (−∞)Ú0 · ∞Ã½Â. Öö�±g1Ö¿½ÂÙ¦k¿Â��â

5K.
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I��Ñ�´, ��Ø±¢ê�4��ê�Ø�½Ò¬±+∞½−∞ �4�, 'X

ê�0, 1, 0, 1, · · ·Ò´��{ü��~. e¡·�ò?Ø�(., ´��'4��2��

Vg.

��ê�±±∞�4�, `²§Ã.. ���/, ����¢ê8ÜE ¡�kþ

£e¤., ´��3¢êa÷vµé?¿x ∈ E, x 6 a (x > a), a¡�8ÜE���þ

£e¤..

w,kþ£e¤.8Ü�þ£e¤.Ø´���, Ù¥��£�¤�þ£e¤.¡

�8Ü�þ£e¤(., P�supE (inf E). eã½n�y
þe(.��35.

½½½nnn 14.3.5 �E´kþ.��¢ê8Ü, K§k���þ(. supE. ¢ê

supE ÷v

1. supE´E�þ.;

2. XJb´E�þ., @ob > supE.

Ón, éke.�8Ü E, �3���e(. inf E, =: inf E´E�e., Ó�, e

b´E���e., Kb 6 inf E.

yyy²²² P

E′ = {y ∈ R
∣∣ y > x, ∀x ∈ E}

´Eþ.�8Ü, Ï�E´kþ.8Ü, ¤±E′ ��. ·�|^�©{y²supE ��3.

�x1 ∈ E, y1 ∈ E′,Kx1 6 y1, �Ä¥:(x1 + y1)/2.

(i): e(x1 + y1)/2 ´E�þ., K� x2 = x1, y2 = (x1 + y1)/2;

(ii): e (x1 + y1)/2 Ø´E�þ., K� x2 ∈ E÷v x2 > (x1 + y1)/2, y2 = y1.

ù�, x1, x2 ∈ E, y1, y2 ∈ E′, �|x2 − y2| 6 |x1 − y1|/2. ��­Eù�ö�, ·��

�E¥���4Oê� {xn}, E�þ.8ÜE′¥���4~ê�{yn}, §�÷v

|xk − yk| 6
|x1 − y1|

2k−1
.

dd�±íÑ

0 6 xn+k − xn 6 yn+k − xn 6 yn − xn 6
|x1 − y1|

2n−1
,

0 6 yn − yn+k 6 yn − xn+k 6 yn − xn 6
|x1 − y1|

2n−1
.

þãn�Ø�ª`², {xn}Ú{yn}´�d� Cauchy �, �§��Ó�4�´y.

duy´ê�{yn}�4�, �∀k, yk ∈ E′, dÚn14.2.13��yE,´E�þ.. X

Jy′�´E�þ., Ï�xj 6 y′(∀j), ¤±y = lim
j→∞

xj 6 y′.

Ó���{�±y²e(.��35. �
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XJ��8ÜEÃþ., K½ÂsupE = +∞. XJ��8ÜEÃe., K½

Âinf E = −∞. N´uy, ±þe(.��mà:�«m£m½ö4¤´�¹8

ÜE���«m.

555��� 14.3.6 ��üN4Oê�±§�þ(.�4�, ��üN4~ê�±§�

e(.�4�.

yyy²²² ·��éüN4Oê�y²½n. �{xn}´üN4Oê�. XJ§kþ.,

�¢êa´§�þ(., u´xk 6 a (∀k). qÏa´��þ., ?�ε > 0, a − εÑØ´þ
., u´�3xN¦�xN > a− ε, l
düN5, é?¿ n > NÑk

a− ε < xn 6 a,

Ïd lim
n→∞

xn = a.

XJ{xn}vkþ., Ksup{xn} = +∞, é?¿m ∈ N, ∃N ∈ N, xN > m. düN5,

∀k > m, xk > m, ùÓ�y²
 lim
n→∞

xn = +∞. �

~~~ 14.3.3 �a1 > b1 > 0, ½Âê�

an+1 =
an + bn

2
, bn+1 =

√
an bn, n = 1, 2, · · · .

y²§�k�Ó�4�.

yyy²²² w,é?¿n, an, bn�u0, �an > bn. Ïd

an+1 − an =
bn − an

2
6 0,

bn+1

bn
=

√
an
bn
> 1.

¤±{an}´üN4~ê�, ke.b1, {bn}´üN4Oê�, kþ.a1. ¤±§�ÑÂñ.

�a = lim an, b = lim bn, Kd

a = lim an+1 = lim
an + bn

2
=
a+ b

2

íÑa = b. ,	, N´wÑ

an+1 − bn+1 <
an − bn

2
< · · · < a1 − b1

2n
,

ù`²ê�{an}Ú{bn}��êÂñ.

Pù��Ó�4��P (a1, b1), �±^§5¦eãý�È©,

I(a1, b1) =

ˆ π
2

0

dx√
a2

1 cos2 x+ b21 sin2 x
, (a1 > b1 > 0).

�ëêC�

sinx =
2a1 sin t

(a1 + b1) + (a1 − b1) sin2 t
.
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�±¦�±en�'Xª

cosx =
cos t

√
(a1 + b1)2 − (a1 − b1)2 sin2 t

(a1 + b1) + (a1 − b1) sin2 t
,

cosxdx =
2a1 cos t[(a1 + b1)− (a1 − b1) sin2 t]

[(a1 + b1) + (a1 − b1) sin2 t]2
dt,√

a1 cos2 x+ b1 sin2 x = a1
(a1 + b1)− (a1 − b1) sin2 t

(a1 + b1) + (a1 − b1) sin2 t
.

dd�±íÑ
dx√

a2
1 cos2 x+ b21 sin2 x

=
dt√

a2
2 cos2 t+ b22 sin2 t

,

Ù¥a2 = (a1 + b1)/2, b2 =
√
a1 b1. ¤±

I(a1, b1) =

ˆ π
2

0

dt√
a2

2 cos2 t+ b22 sin2 t
.

�E¦^ù�C�, ��

I(a1, b1) =

ˆ π
2

0

dx√
a2
n cos2 x+ b2n sin2 x

,

Ù¥an, bnXcã. -n→∞��

I(a1, b1) =
π

2P (a1, b1)
.

�

��ê�Ø�½k4�, �´dê����¤�ê8, �½ke(.Úþ(.. þ

e(.Jø�'uê�Cz�&Eéo÷. 'X, Âñê�0, 3, 1, 1, 1, · · · , éA�ê8
ke(.0, þ(.3. �´0, 3Ú4�1vkjÎ'X.

e¡�½Â�Vgµ4�:, ��O(/£ã
ê�3�:NCà8��/.

½½½ÂÂÂ 14.3.7 �{xn}�¢ê�, x�¢ê. ·�¡x�Tê��4�:, ´�é?¿

�ε > 0, �3ê� {xn}�Ã�õ�÷v

|x− xn| < ε.

XJ{xn}Ãþ(e)., ·�¡+∞(−∞)´§�4�:.

�ê�4�:���'�Vg´f�. ��ê�{xn}�f£ê¤�´d�K§�¥
��
�(�±´Ã�õ�), �±�e��9^S
���#ê�. §�½ÂXe: ��

¼ên : N → N £= n : k 7−→ nk¤¡�f�ÀJ¼ê, ´�§÷vnk+1 > nk, (∀k). X

J�3f�ÀJ¼ên, ¦�yk = xnk : k = 1, 2, 3, · · · , @oê� {yk}¡�{xn}�f�,

k��P�yk = xnk .
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XJ��ê�{xn}Ãþ., @oé?¿g,ên, @oê�¥�½�3��xnk > n.

·��±ÀJ{nk}î�üN, Ò�� {xn}���f�ªu+∞. éuÃe.ê�, �k

Ó��(Ø. ���/, ·�k

555��� 14.3.8 �{xn}´��¢ê�, x ∈ R∞. @ox�{xn}�4�:�¿©7�^
�´, �3��f�{xnk} ¦� lim

k→∞
xnk = x.

yyy²²² �Iy²7�5. �x ∈ R´{xn}�4�:. ·���E��f�{xnk}Âñ
�x. Ï��3Ã�õ�xn¦�|xn − x| < 1, ·�l¥�xn1 , |xn1 − x| < 1. qÏ��3

Ã�õ�xn¦�|xn − x| < 1/2, ·�l¥���xn2 (n2 > n1), |xn2 − x| < 1/2. ­ET

Ú½, ����f�{xnk}, é?¿kÑk |xnk − x| < 1/k . fê�{xnk}÷v�¦. �

½½½nnn 14.3.9 £�;5¤��k.ê��½kk�4�:, ½ö`��k.ê�

�½kÂñf�.

yyy²²² ·�æ^�©{y²½n. �ê�{xn}�¹34«m[a, b]S, Ïd7k

§�Ã�õ�á3ü�«m[a, (a + b)/2], [(a + b)/2, b]��. Ø��Ã�õ�á3«

m[a1, b1] = [a, (a + b)/2]¥, �Ù¥��y1 = xk1 . ò«m[a1, b1]�©, ����f«

m[a2, b2]�¹ê��Ã�õ�, 3Ù¥���y2 = xk2 , k2 > k1, K|y2 − y1| 6 (b− a)/2.

­EdL§, ·��±��{xn}���fê�{yk = xnk}÷v

|yn − yn−1| 6
b− a
2n−1

, n = 2, 3, · · · ,

N´�y§´��Cauchy�. �

?¿k.ê��½k��Âñf�. ���/, ?¿ê��½k��f�k4�,

�4�áu*¿¢êXR∞.

~~~ 14.3.4 ê�{xn}k4�x = lim
n→∞

xn��=�§�k��4�:x.

yyy²²² XJlimxn = x, K§�?¿f��ªux, ¤±x´§���4�:. �

�, XJê�{xn}�k��4�:x ∈ R, �5�14.3.8, {xn}k., �§�?¿Âñf�

±x�4�, ù`² lim
n→∞

xn = x.

ê�uÑ�±∞��/�aqy². �

��
ó, ��ê��4�:�UéE,. ��{ü�~f´, �Äü�ê

�{xn}Ú{yn},§�kØÓ�4�xÚy. ·�r§�·Üå5��#ê� x1, y1, x2, y2, · · · ,
·Üê�vk4�, §�4�:´xÚy. e¡·�ò�E��knê�, §�4�:8

´R∞.

~~~ 14.3.5 �E��knê�, §�4�:8Ü´ R ∪ {+∞, −∞}.

): duknê8Q´�ê8Ü, ·��±r¤kknêü¤��r1, r2, r3, · · · . ò
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§lþ�e­Eü�, Xeã,

p¡z�1´knê�N�Ó�ü�. U�é��ª�gü�ù
ê, ·��E��ê

�{xn} = r1, r1, r2, r1, r2, r3, · · · .

z�knê3ê�{xn}pÑyÃ�g, Ïd?¿knê�Ñ´§�f�. knê�

È�5`²§�4�:8´R∞. �

�d·�®²l¢ê��5½n14.3.4Ñu, ��
(.�n!�;5½n!üN

k.ê�k4��(Ø. ù
(ØÚe�!ò�y²�;�8Ük�CX½n!«m@

½n�, Ñ´¢ê��5½n��d·K, Öö�±g1y².

555PPPµµµ3�Ö1�þ§1.1.3¥, ·�Ú?e�¢ê���5únµ

�X, Y´¢ê�R�ü���f8Ü, ÷v^�: ∀x ∈ X, ∀y ∈ Y, x 6 y. K�

3a ∈ R, ¦�é?¿�x ∈ X, y ∈ Y , x 6 a 6 y.

¿±d��Ñu:, ©Oy²
(.�n!�;5!Cauchy ÂñOKÚ«m@½

n�·K. ¯¢þ, þãún�´¢ê��5����d·K, �±^�©{y².

~~~ 14.3.6 ¦y: Ãnê�N´Ø�ê8Ü.

yyy²²² duknê8Q´�ê8Ü, ·��Iy²¢êRØ�ê, ½öy²k

nêCauchy���da�NØ�ê. �y. �knêCauchy��da�N�ê, P

�x(1), x(2), · · · . �gÀ½��§��knCauchy��L�, ¿�Xeü�:

x(1) =
(
x

(1)
1 , x

(1)
2 , · · ·

)
x(2) =

(
x

(2)
1 , x

(2)
2 , · · ·

)
· · ·

e¡·�ò�E��#�knêCauchy�{xn}, §Úz�x(i)ÑØ�d, Ïdgñ.

éz�n ∈ N, -

Jn =
n⋃
k=1

[x(k)
n − 1/2k+1, x(k)

n + 1/2k+1],

§´�
4«m�¿, ù
4«m��Ý�ÚØ�L
n∑
k=1

1

2k
< 1. �xn÷v

xn ∈ Q ∩
(
[−1, 1] \ Jn

)
.
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Kê�{xn}÷v: é?¿�½� i ∈ N,

|xn − x(i)
n | >

1

2i+1
, (n > i),

¤±knê�{xn}Ú?¿�x(i) = {x(i)
n }ÑØ�d. �,{xn}�UØ´Cauchy�, �§´

k.ê�,�½k��Âñf�,ù�f��´���¤kknêCauchy�x(1), x(2), · · · .
Ø�d�Cauchy�. gñ. �

14.3.4 þþþ444������eee444���

é��ê�{xn}
ó, XJ§k., @o§káuR�4�:, XJ§Ã., K§k

4�:+∞½−∞. Ïd§�4�:8E´*¿¢êXR∞�����f8. ïÄ{xn} �
4�:8E�þ!e(.éê�{xn} g�
ókAÏ�¿Â.

½½½ÂÂÂ 14.3.10 �E´ê�{xn}�4�:�8Ü, @oE´*¿�¢êXR∞ �
f8. ÏL3R∞ Ú?g,�S'X, �±½ÂE �þ(.�e(., E,©OP�

supE�inf E. ¡supE´ê�{xn}�þ4�, P�

supE = lim
n→∞

xn, ½ limxn,

inf E´ê�{xn}�e4�, P�

inf E = lim
n→∞

xn, ½ limxn.

éuÃþ.�ê�
ó, §�þ(.Úþ4�þ�+∞, éuÃe.�ê�, §�e

(.Úe4�þ�−∞. �I�5¿�´, ��
ó, ��ê��þ£e¤4�ØÓu§

éAê8�þ£e¤(.. 'Xê�2, 1, 1, 1, · · · , þ(.´2, �=k�4�:�1, Ïd

§�þ!e4�Ñ´1.

�ê�{xn}kþ., �ÄXeê�

yn = sup
j>n
{xj} = sup{xn+1, xn+2, · · · }, n = 1, 2, · · · ,

w,, yn > yn+1. u´{yn}�üN~ê�, §3*¿�¢êX R∞ ¥�34�£�U
�−∞¤. Ón, XJéuke.� {xn}, �½Â

yn = inf
j>n
{xj} = inf{xn+1, xn+2, · · · }, n = 1, 2, · · · ,

@o {yn} K´üNOê� yn 6 yn+1, ¿�3 R∞ ¥�34�£�U�+∞¤.

½½½nnn 14.3.11 � {xn}¢ê�´��¢ê�.

1. XJ{xn}kþ., �yn = sup
j>n
{xj}, ¿P§3 R∞ ¥�4�� y = lim

n→∞
yn, @o

y ´ê�{xn} �4�:� y = lim
n→∞

xn¶
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2. XJ{xn}ke., � yn = inf
j>n
{xj}, ¿P§3 R∞ ¥�4�� y = lim

n→∞
yn, @o

y ´ê�{xn}�4�:� y = lim
n→∞

xn.

yyy²²² ·��y²1�«�¹, ¿b� y ∈ R, y = −∞ ��/3�öS.

� lim
n→∞

yn = y ∈ R, Ïdéu?¿� ε > 0, �3N , ¦�é¤kk > N , k

|y − yk| = |y − sup
j>k
{xj}| <

ε

2
.

,��¡, dþ(.�½Â, é?¿� k �3 ` > k ¦�

0 6 yk − x` = sup
j>k
{xj} − x` <

ε

2
,

u´|y−x`| < ε. dk�?¿5,�±y²«m(y− ε, y+ ε)¥kê�{xn}�Ã�õ�,~

Xék = N , kxn1 ∈ (y − ε, y + ε), n1 > N , ék = n1, kxn2 ∈ (y − ε, y + ε) (n2 > n1),

¿�gaí. �d·�®²y²
é?¿ε > 0, 3ê�{xn}¥�3Ã�õ�ù��x`÷
v |x` − y| < ε, ùL²y´ê��4�:.

��·�y²y = lim
n→∞

xn, �Iy²y´ê�{xn}���4�:. XJx���4�

:, @o�3Âñux�f�{xkn}. Ï�kn+1 > n, ¤±

xkn+1 6 sup
j>n
{xj} = yn,

- n→∞ Ò��x 6 y. �

555��� 14.3.12 � {xn}, {yn} ´ü�¢ê�.

1. lim
n→∞

xn 6 lim
n→∞

xn, �limxn = x ��=� lim
n→∞

xn = lim
n→∞

xn = x¶

2. XJn¿©��kxn 6 yn, K lim
n→∞

xn 6 lim
n→∞

yn, lim
n→∞

xn 6 lim
n→∞

yn.

yyy²²² �â½n14.3.11, lim
n→∞

xn 6 lim
n→∞

xn´w,�.

XJ{xn}´Âñux���ê�, @o§�k��4�:x, ù`² x = lim
n→∞

xn%

¹ lim
n→∞

xn = lim
n→∞

xn = x. ��, � lim
n→∞

xn = lim
n→∞

xn = x, dþ!e4��½Â�ê

�{xn} �k��4�:x. d~14.3.4��1��(Ø¤á.

�y²1��(Ø, Ø��� n > n0 �, xn 6 yn, Ïd

inf
j>n
{xj} 6 inf

j>n
{yj}, n > n0,

sup
j>n
{xj} 6 sup

j>n
{yj}, n > n0,

- n→∞, Òy²
(Ø2. �

eã·K£ã
þe4��ê�$��'X, ù
(ØgÄüØ
+∞ + (−∞)!

0 · ∞�Ã¿Â��/. §�y²3�SK.
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555��� 14.3.13 �{xn}Ú{yn}´ü�¢ê�.

1. lim
n→∞

(xn + yn) 6 lim
n→∞

xn + lim
n→∞

yn;

2. lim
n→∞

xn + lim
n→∞

yn 6 lim
n→∞

(xn + yn) 6 lim
n→∞

xn + lim
n→∞

yn;

3. exn > 0, yn > 0, K lim
n→∞

(xn · yn) 6 lim
n→∞

xn · lim
n→∞

yn.

þ!e4�3?Øê�Âñ5¯K�, kÕA�B|5. §��?3u, ØØÂñ

�Ä, ê��þe4�Ñ�3, �±?1ü�ín. ±e·�^ü�~f\±`².

~~~ 14.3.7 � lim
n→∞

an = a ∈ R, y²

lim
n→∞

a1 + a2 + · · ·+ an
n

= a.

yyy²²² é?¿n, �3N¦�k > N�¤áa− 1/n < ak < a+ 1/n. P

bk =
a1 + a2 + · · ·+ ak

k
,

Kk > N�¤á

a1 + a2 + · · ·+ aN
k

+
k −N
k

(
a− 1

n

)
< bk <

a1 + a2 + · · ·+ aN
k

+
k −N
k

(
a+

1

n

)
.

|^þª�ý�Ø�ªO�ê�{bn}�e4�, Òk

lim
k→∞

bk > lim
k→∞

a1 + a2 + · · ·+ aN
k

+ lim
k→∞

k −N
k

(a− 1

n
) = a− 1

n
.

Ón�±y², lim
k→∞

bk 6 a+
1

n
. Ïd·�k, é?¿n,

a− 1

n
6 lim

k→∞
bk 6 lim

k→∞
bk 6 a+

1

n
,

-n→ +∞, Ò�� lim
k→∞

bk = lim
k→∞

bk = a.

~~~ 14.3.8 ��Kê�{xn}÷v

xk+n 6 xk + xn (∀k, n ∈ N),

y²ê�{xn
n
}Âñ.

yyy²²² dK���, xn 6 nx1,¤±{xn
n
}´��k.ê�. �½k ∈ N,é?¿n > k,

�3��êm÷vn = mk + r, Ù¥�êr ∈ {0, 1, 2, · · · , k − 1}, ·�k

xn = xmk+r 6 mxk + xr,
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ùíÑ
xn
n
6
mxk
n

+
xr
n

=
xk

k + r/m
+
xr
n
.

-n→∞, ù�dum→∞, 5¿�xr 6 max{x1, x2, · · · , xk−1}, ·�k

lim
n→∞

xn
n
6 lim

m→∞

xk
k + r/m

+ lim
n→∞

xr
n

=
xk
k
.

þãØ�ª��ý´��~ê, O�ê�{xk/k}�e4�, Òk

lim
n→∞

xn
n
6 lim

k→∞

xk
k
.

ù`²ê�{xn/n}�þe4���.

e¡�(Ø, £�
�Ö1�þ1ÔÙ1�!JÑ���¯K, 3��?ê�O{

¥, �´^D’Alembert�O{U�OÂñ5�, Ñ�±^Cauchy�O{�O.

~~~ 14.3.9 �{an}´�ê�, K

lim
n→∞

an+1

an
6 lim

n→∞
n
√
an 6 lim

n→∞
n
√
an 6 lim

n→∞

an+1

an
.

yyy²²² ·��y²1��Ø�ª¤á, 1n�Ø�ª�±aqy².

�a = lim
n→∞

an+1

an
∈ R, Ké?¿ε > 0, �3N ∈ N, �n > N�¤á

an+1

an
> a− ε.

é?¿m ∈ N,

aN+m =
aN+m

aN+m−1

aN+m−1

aN+m−2
· · · aN+1

aN
· aN > aN · (a− ε)m,

¤± (
aN+m

) 1
N+m > (a− ε)

m
N+m · a

1
N+m

N ,

-m→∞, Ò��

lim
n→∞

n
√
an > a− ε,

dε�?¿5, 1��Ø�ª¤á.

a = +∞��/�±Óny². �

SSSKKK14.3

1. y²z�¢êk���¢á��.

2. �x1, x2, x3, · · ·´÷v|xn| 6 1/2n�¢ê�, �yn = x1 + x2 + · · · xn. y²ê

�y1, y2, y3, · · ·Âñ.
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3. �{xn}´�Kê�, lim xn = x, y²: lim
√
xn =

√
x.

4. y²Ãnê8Ü3R¥È�.

5. O�e�ê��þ(.!e(.!þ4�!e4�Ú¤k4�::

(1) xn = (−1)n + 1
n ,

(2) xn = 1 + (−1)n

n ,

(3) xn = (−1)n + 1
n + 2 sin(nπ/2),

(4)∗. xn = sinn.

6. ���k.ê�{xn}´��üNOê�{yn}�üN~ê�{zk}�Ú, =xn = yn +

zn. ¯{xn}Âñí? XJ2b�{yn}, {zn}k.Q?

7. �E´R���f8, �y´ü�ê�{xn}, {yn}��Ó4�, Ù¥xn ∈ E, yn´E�

þ.. y²y = supE.

8. �E��ê�¦�§�¢ê4�:8TÐ��ê8Ü.

9. ´Ä�3��ê�, §�4�:TÐ�1, 1/2, 1/3, · · · ?

10. �½�8�sup�−∞, �A, B�R���f8. y²sup(A ∪ B) > supA, sup(A ∩
B) 6 supA.

11. y² lim
n→∞

xn = − lim
n→∞

(−xn).

12. y²½n14.3.13, ¿Þ~`²(Ø¥��Ò�±Ø¤á.

13. �ê�{xn}, {yn}´ü�¢ê�, lim xn = x ∈ R, y²µ

(1) lim
n→∞

(xn + yn) = x+ lim
n→∞

(yn);

(2) lim
n→∞

(xn + yn) = x+ lim
n→∞

(yn)

14. y² lim
n→∞
{xn} = a ∈ R��=�, é?¿ε > 0, 1) �3Ã�õn÷vxn > a− ε¶2)

�n¿©��, xn < a+ ε.

15. (1) y²: XJê�{xj}÷v lim
n→∞

xn = lim
k→∞

sup
j>k
{xj} = −∞, @o lim

j→∞
xj = −∞.

(2) y²: XJê�{xj}3*¿�¢êX¥�k��4�:, ¿�T4�:�+∞,

@o lim
j→∞

xj = +∞.

16. ?�¤kknê���ü�r1, r2, r3, · · · , y²dê��4�:8Ü´*¿�¢ê
X.

17. y²ê�{xj}, {yj}�·Üê�x1, y1, x2, y2, · · · �4�:8Ü´ {xj}�{yj}�4�
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:8Ü�¿.

18. �Ä��÷XeÃ�Ý


a11 a12 a13 · · ·

a21 a22 a23 · · ·

a31 a32 a33 · · ·

· · · · · · · · · · · ·

��é��1?���ê�a11, a21, a12, a31, a22, a13, · · · . y²Ý
¥z�1½��
¤�ê��4�:Ñ´±þê��4�:. ´ÄU
ÏLù«�ª��dê��¤

k4�:?

19. �c ∈ R, ½Âê�

x1 =
c

2
, xn+1 =

c

2
+
x2
n

2
, n = 1, 2, · · · .

?Øê�{xn}�ñÑ5.

20. � lim
n→∞

xn = x, lim
n→∞

yn = y, x, y ∈ R, ¦

lim
n→∞

x1yn + x2yn−1 + · · ·+ xny1

n
.

21. �{xn}´üN4~��ê�,
∞∑
n=1

xn Âñ. �PL«l?ê
∞∑
n=1

xn¥?¿Ä�k�½

Ã��¦Ú¤�ê��N. y²P´��«m��=�é?¿nk

xn 6
∞∑

j=n+1

xj .

22. y²

lim
n→∞

√√√√
1 + 2

√
1 + 3

√
1 + · · ·

√
1 + (n− 1)

√
1 + n = 3.

23. �0 < x1 < 1, xn+1 = xn(1− xn) (n = 1, 2, · · · ). y² lim
n→∞

nxn = 1.

24. ��Kê�{xn}÷vxm+n 6 xmxn(∀m,n), y²ê�{ n
√
xn}Âñ.

25. �a0, a1, a2, · · ·��ê�, Ù¥a1, a2, · · ·���ê. ½Âknêê�x0, x1, x2, · · ·�

x0 = a0, x1 = a0 +
1

a1
, x2 = a0 +

1

a1 + 1
a2

, x3 = a0 +
1

a1 + 1
a2+ 1

a3

, · · · .

y²x0, x1, x2, · · ·� Cauchy �, �4��,�Ãnêx. ¡�ê�a0, a1, a2, · · ·�Ã
nêx�ë©êÐm, P�x = [a0, a1, a2, · · · ]. y²?¿ÃnêÑkë©êÐm.
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§14.4 ¢¢¢���������ÿÿÿÀÀÀ

�X§14.2!m©J�, AÛþr¢êXéA�ê¶, ¢ê���5�y
éA´�

�N�. 3�!¥·�ïÄ¢ê3AÛþ½5�5�, ùÒ´ÿÀ�c�¿g. ù�!

�NõVg8�¬3êÆ�2����p­#Ñy, Ïd/Ï¢ê, Äkïáåéù


Vg��*@£, ±Bò53�����Æpn)§�.

14.4.1 mmm888���444888

3¢ê�R¥, Ø�ªa < b¡�î�Ø�ª, a 6 b¡�Øî�Ø�ª. 3þãk'

¢ê�EÚ4��?Ø¥, �õê�ÿØ\«©î�Ø�ªÚØî�Ø�ª, Ø¬E¤

���«O. 'X34��½Âp, ·��±�¦|xk − x| < ε, ��±�¦|xk − x| 6 ε.

�´, 3,�
�/§��«O´��5�, 'X�4��±Øî�Ø�ª, �Ø�±î

�Ø�ª.

�½ü�¢êa < b, dî��Ø�ªa < x < bû½�8Ü´m«m (a, b)¶

dØî��Ø�ªa 6 x 6 bû½�8Ü´4«m[a, b]. éum«m, ·��#

Na = −∞½b = +∞. m«m�4«m���ØÓ3um«m¥�z�:Ñ�m«m

¥�Ù¦:��, 
4«m�à:Øäkù�5�. m«mÚ4«m�ØÓ:§3R�
�f8Üþ��N, Ò´e¡�0��Vgµm8�48.

½½½ÂÂÂ 14.4.1 ¢êR¥���f8ÜA¡�´m8,XJA÷vXe5�µ ∀x ∈ A,

�3m«m (a, b) ¦�x ∈ (a, b) ⊂ A.

m«m´m8, 4«m[a, b]Ø´m8, Ï�aØ3?Û�¹u4«m�m«m¥. �

8´m8, Ï�§p¡vk?Û:. k�½öÃ��m«m�¿8�´m8, Ï�¿8

p�?¿:Ñáu,�m«m. ¤±ém8
ó, 38Ü�/¿0Ú/�0ü�Ä�$

�ek

555��� 14.4.2

1. ?¿�m8�¿8´m8, l
Ã��m8�¿�´m8.

2. ü�m8��8´m8, l
k��m8��8´m8.

yyy²²² �ìm8�½Â, 5�1´w,�.

�A, B�m8, �A ∩ B 6= ∅. �½x ∈ A ∩ B, �3¹x�m«m(a, b), (a′, b′), §�

©O�¹uA, B. @ox3m«m(a, b) ∩ (a′, b′) p, d«m�¹uA ∩B. �

I�5¿�´, Ã�õ�m8���±Ø´m8, ~X

∞⋂
n=1

(
− 1

n
,

1

n

)
= {0},

∞⋂
n=1

(
0,

1

n

)
= ∅.
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·��±y²z�m8Ñ�±�¤�xm«m�¿8. ¯¢þXJA´m8, @o

?¿x ∈ A, �3��m«mIx¦�x ∈ Ix ⊂ A, l


A =
⋃
x∈A

Ix.

eã½n£ã
¢ê�m8�(�.

½½½nnn 14.4.3 £m8�(�½n¤ R�z�m8Ñ�±L«¤�õ�ê�üüØ
��m«m�¿, 
��¤Tm8�ù
m«m, 3Ø�ÄgS�¿Âe��.

yyy²²² Äk5¿��¯¢, ü�k��m«m, §��¿8�´m«m. �A´m

8, ��m«m(a, b)¡�´A�4�«m´�: (a, b) ⊂ A, Ó�, ?Û�¹uA¥�m«

m, XJ�(a, b)k�, @o�½�¹u(a, b). ½ö`(a, b)´4�m«m��=�Ø�

3±§�ýf8�m«m�¹uA.

é?¿x ∈ A, �3m«mIx ⊂ A�x ∈ Ix, ù��m«mIxØ��. ò�¹uA¥!

��¹:x�m«m�NÜ¿, §��¿8P�

Jx =
⋃

x∈Ix⊂A
Ix.

�±y² Jx´��«m(SK), ¿�´A��¹:x�4�m«m. 
�, �x 6= y�,

Jx�Jy�o��!�oÃ�. Ï�?¿ü�4�m«mvk�, ¤±A �±L«��x

üüØ��m«m�¿.

üüØ�m«m�U´k��, ½�U´Ã��. 'X8Ü(1/2, 1) ∪ (1/4, 1/2) ∪
(1/8, 1/4) ∪ · · · . �´üüØ��m«m�¤8Ü�Äê�õ��êÃ�. Ï�lz�

m«m¥�±���knê, Ò��
��T8Ü�Q��f8���éA. �

�¹:x�m8¡�:x���. :x��{ü���´ (x− ε, x+ ε). |^��, �

±­#½Âê�4�Xe.

½½½ÂÂÂ 14.4.4 ¡ê�{xn}Âñ�¢êx, XJéx�?¿��A, �3��êN¦�

é?¿n > N , xn ∈ A.

N´�y, T½ÂÚ�54��½Â´�d�, ù´Ï�

lim
j→∞

xj = x

�du é?¿ε > 0, �3��êN¦�éj > N , xj ∈ (x− ε, x+ ε). �­��´, ^m

8½Â4�ØI�¢êål�Vg, §äk�ÊH�¿Â. ��·��ò^m8½Â¼

ê�ëY5.

e¡·�?Ø48�Vg. 48�”4”i¿�Xù�8Üäk,«µ45. �*�

`, 48¥Âñê��4��,3T8Ü¥. ��Ð/n)48, ·�kÚ?8Üà:

�Vg, §�ê��4�:kX�©�ØÓ.
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½½½ÂÂÂ 14.4.5 �B´��R�f8. ¢êx¡�B�à:, ´�z�x���¥¹

kB¥Ã�õ�:.

ùp·�Ø�Ä±∞��8Ü�à:. eã·K, �Ñ
à:��
�d£ã.

555��� 14.4.6 �B ⊂ R, x ∈ R, Ke�^��dµ

1. x´B�à:;

2. x�?¿m��Ñ�¹kB�ØÓux�:;

3. 8ÜB¥k��ê�{xn}, xn 6= x (∀n), � lim
n→∞

xn = x.

yyy²²² �ìà:�½Â, 1⇒ 2Ú3⇒ 1w,, ·��Iy²2⇒ 3.

�x1 ∈ B´�� (x− 1, x+ 1)¥Éux�:, x2 ∈ B´��(x− δ2, x+ δ2)¥Éux�

:, Ù¥δ2 = min{1
2 , |x− x1|}, n > 3�, 8B½Â:xn, xn ∈ B´��(x− δn, x+ δn) ¥

Éux�:, Ù¥

δn = min{ 1

n
, |x− xn−1|}.

Kê� {xn}÷v: xn 6= x , �

|x− xn| <
1

n

é?Û n ¤á, ¤± lim
n→∞

xn = x. �

��8Ü�à:, �±´g��:, ��±Ø´g��:. ~Xk�m«m(a, b),

§�à:8Ü´4«m[a, b]; 8Ü{1, 1/2, 1/3, · · · } �kà:0. �ê8ÜZ vkà:.

�Ä��ê�{xn}Ú§�Ná8Ü{x1, x2, · · · }. ê��4�:��ØÓuNá
8Ü�à:. �{ü�~f´~ê�, §k��4�:, �´§�Ná8Ü´Õ:

8, vkà:; �´Ná8Ü�à:�½´�ê��4�:, ù´Ï�, XJx´8

Ü{x1, x2, · · · }�à:, @oé?¿k ∈ N, ��(x− 1/k, x+ 1/k)¥�3�:xnk , dd�

±��ê�{xn}���f�Âñ�x.

½½½ÂÂÂ 14.4.7 ¡��8Ü�48, ´�§¹kg�¤k�à:.

vkà:�8Ü, X�8∅½k�8Ü, gÄ¤�48. 4«m[a, b]´48, ���

m«m(a, b)�a½b�¢ê�Ø´48, Ï�à:´à:. �´, ¢��R = (−∞, +∞),

±9(−∞, a]Ú[b, +∞)Ñ´48.

XJB�R�f8, PBc = {x ∈ R : x /∈ B}�B�{8. �õê¢ê�f8, '

X[0, 1)Ú{0} ∪ (1, 2), QØ´m8�Ø´48. m8�48�'X�Xe½n.

½½½nnn 14.4.8 ��8ÜB�48��=�§�{8Bc�m8.

yyy²²² d5�14.4.6��, x ∈ RØ´8ÜB�à:��=��3x���m�
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�Ax÷v (
Ax \ {x}

)⋂
B = ∅.

XJB´48, ∀x ∈ Bc, �3§�m��Ax�BÃ�, =Ax ⊂ Bc, ù`²Bc´m8.

��, XJBc´m8, ∀x ∈ Bc, �3§���m��Ax ⊂ Bc, dAx�BÃ���,

xØ´B�à:, ù`²B�¤kà:ÑáuB, ¤±B´48. �

555��� 14.4.9 k��48�¿8´48; ?¿�48��8´48.

yyy²²² ù´8Ü$��de Morgan½Æ

⋂
i∈I

Aci =

(⋃
i∈I

Ai

)c
,
⋃
i∈I

Ac =

(⋂
i∈I

Ai

)c
���íØ. �

~~~ 14.4.1 �A, B´ü�¢ê8Ü, ½Â8Ü��

B\A = {x ∈ B | x /∈ A}.

y²µXJB´48, A´m8, KB\A´48.

yyy²²² �x´B\A�à:, K§�½´B�à:, ¤±x ∈ B. XJx ∈ A, K�3§

�����Ax ⊂ A, ùíÑAx ∩ (B\A) = ∅, �x´B\A�à:gñ. ù`²x /∈ A, Ï

dx ∈ B\A.

m8�48g,ÚÑXeü�Vg.

:x¡�8ÜA�S:, ´�A�¹��x���. AS:�8Ü¡�A� SÜ, P

�A◦. 8ÜA�4�½Â�A�§�à:8�¿, P�A. ~X, A = [a, b) (a, b ∈ R),

KA◦ = (a, b), A = [a, b].

555��� 14.4.10 �A´R�f8Ü.

1. A◦´m8, 
�´�¹uA���m8;

2. A´48, 
�´�¹A���48.

yyy²²² 1. ¯¢þ, ∀x ∈ A◦, �3 x�m�� Ux ⊂ A. ù�Uxp�z:Ñäk�x�

Ó�5�, =Ux ⊂ A◦. ¤±

A◦ =
⋃
x∈A◦

Ux,

ù`²A◦´m8. qÏ�m8�SÜ´§g�, ¤±?¿�¹uA�m8Ñ´A◦�f8.

2. �y²A´48, ·��I�y², rA�à:V?A��, Ø¬�)#�à:.

�x´A�à:, �y²§�´A�à:. A¥�3:�{xn} (xn 6= x, ∀n)Âñ�x, Ï

dεn = |xn − x|ªu0.
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·��E��A¥�ê�{x′n}XeµXJxn ∈ A, -x′n = xn¶XJxn ∈ A\A, Ï�

��(xn − εn, xn + εn)¥�½kA�Ã�õ:, ¤±��x′n ∈ A∩ (xn − εn, xn + εn). #

ê�{x′n}÷v

|x′n − x| 6 |x′n − xn|+ |xn − x| < 2εn,

ù`²A¥�ê�{x′n}(x′n 6= x)Âñ�x, ¤±§�´A�à:.

XJB´�¹A�48, KB�¹
A�¤kà:, ¤±B�¹A, ù`²A´�¹A�

��48. �

�ê8ZÚknê8QØ�¹?Û«m, ¤±§��S:8Q◦ = Z◦ = ∅; qÏ�Q´
R�È�f8, ¤±(Qc)◦ = ∅. |^4�, ·���±­#£ãÈ��Vg. �8ÜB´

8ÜA�f8, ¡B3A¥È�, ´�A ⊂ B, ½ö`, Ap�:½¹uB, ½´B�à:.

~X, Q = R; A = (0, 1), B = (0, 1) ∩Q, B = [0, 1] ⊃ A.

~~~ 14.4.2 ¦y: XJA�f8ÜB´È�f8, KsupA = supB.

yyy²²² ·��y²supA < +∞��/. w,supB 6 supA. �a = supA, é?

¿ε > 0, �3aε ∈ A, aε > a − ε/2. db�^�, aε½ö´B¥�:!½ö´B�à:,

¤±��(aε − ε/2, aε + ε/2)7¥kB�:bε. K

bε > aε −
ε

2
> a− ε,

¤±supB = a. �

~~~ 14.4.3 ·�5�E��'�E,�48, ¡�Cantor8, §´Nõ���8Ü

��..

Cantor8�E�{´l4«m[0, 1]m©, Åg�K4«m¥m�1/3�Ý�m«m.

1�Ú, ·��K(1
3 ,

2
3), 3e�´[0, 1/3] Ú [2/3, 3/3]. 1�Ú, ·�2©O�Kz�4

«m�¥m1/3�Ý�m«m(1
9 ,

2
9)�(7

9 ,
8
9),�eo�4«m [0, 1

9 ]∪[2
9 ,

1
3 ]∪[2

3 ,
7
9 ]∪[8

9 , 1],

Xeã¤«.

Xd­E, 1nÚ�, 3{e�2n−1��Ý�1/3n−1�«m¥, �K¥Ü�Ý�

1/3n�m«m. Ã�g­Ee�, Ò�� Cantor 8C.

P1nÚ�K�k��m«m�¿�Jn, J1 = (1
2 ,

2
3), J2 = (1

9 ,
2
9) ∪ (7

9 ,
8
9), · · · , �
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�. -

J =
∞⋃
n=1

Jn

8ÜC = [0, 1]\J¡�Cantor8, §´l«m[0, 1]�K�ê�m«m, Ïd§´48. 


�, N´uyC¥Ø�¹?Û«m, ù`²é?¿x ∈ C, x�?Û���m8Jk�, ¤

±J3«m[0, 1]È�.

14.4.2 ;;;���888ÜÜÜ

3¢¶�f8Üp, k.4«mkAÏ�5�, 'X4«mS�?¿:��½kf

�Âñ�«m¥�:!4«mþ�ëY¼ê��ëY, ��. e¡·��0��;�8

Ü, �kXaq�5�.

¢ê8ÜB���mCXA´�µA´�xm8�8Ü, §¤k���¿8�¹B,

=

B ⊂
⋃
A∈A

A.

A���fCXA′´�: A′´A �f8, ¿�A′�´B���mCX. XJA�k�ê�
��, ¡§´�êCX, XJ§�kk����, K¡�k�CX.

~X,

A = {
(

1

n+ 1
,

2

n+ 1

)
| n = 2, 3, · · · }

´«m(0, 1/2]�mCX, §vkk�fCX; XJ3AV\���¹:0�?¿m8, Ò

��4«m[0, 1/2]���mCX, �±y²§kk�fCX.

½½½ÂÂÂ 14.4.11 ��¢ê8ÜB¡�;�8£{¡/;80¤, XJ§�?¿mC

Xkk�fCX.

Ï~, ?¿mCXkk�fCX�¡�Heine-Borel5�. eã½n�Ñ
;���

d£ã.

½½½nnn 14.4.12 �B´��¢ê8Ü, Ke�n�^��dµ

1. B´;�8Ü;

2. B´k.48;

3. B¥?¿:�kf�Âñ�B¥�:.

{
ó�, 8Ü B ´;��!k.4�!�;�n�^�*d�d.

yyy²²² ·�òU±e^Sy²½n, 1⇒ 2⇒ 3⇒ 1.

�8ÜB´;�8Ü, ·�y²§´k.48. m«mx{(−n, n) : n ∈ N}CX�
�R, �CX
8ÜB, Ù¥�k��m«mUCXB, ù`²Bk.. �y´B�à:. �
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yy ∈ B. b�Ø¤á, ·��±�E��B�mCX, §vkk�fCX. ¯¢þ, �

A = {
(
−∞, y − 1

n

)
∪
(
y +

1

n
, ∞

)
| n ∈ N}.

KACXR\{y}, �CXB. �b�§kk�fCX, @o�3��üÕ�m8, ��(
−∞, y − 1

n0

)⋃(
y +

1

n0
, ∞

)
,

§�¹B. u´, y��� (
y − 1

n0
, y +

1

n0

)
Ø¹kB�?Û:, ù�y´B�à:�gñ.

XJB´k.48, @o��B¥�?¿:�´k.�, �â½n14.3.9§kÂñf

�. XJÂñf�,���´~ê�, §�4�3B¥, ÄK, Tf��4�´B�à:,

�½áuB. Ïd(Ø3¤á.

��·�I�y²�^� 3 ¤á�, B´;�8Ü. �A´B���mCX, |^k

nê�È�5, ·�Äky²Ak�êfCXA′.

òà:Ñ´knê�m«mP�I1, I2, · · · , -

Ak = {A ∈ A | A ⊃ Ik}, k ∈ N.

�,,
Ak�U´�8, �duz�m8�½�¹��knêà:�m«m, ¤±⋃
k

Ak = A.

lz�Ak£XJ��¤¥À���m8Ak, �¤A��êf8A′ = {Ak | k ∈ N}, §
´B�mCX. ¯¢þ, ?� B¥�:x, A¥�3��m8Ax�¹§. |^knê�È

�5��, �3��knà:�m«mIx÷vx ∈ Ix ⊂ Ax. ÏddA′��E�{��,

A′¥k��m8�¹Ix.

�e5·��y²A′kk�fCX, ù�AÒkk�fCX. XJA′´k�8
Ü, (Ø¤á. � A′ = {A1, A2, · · · }´�êÃ�8Ü, e(ØØ¤á, Ké?¿n,

A1 ∪ A2 ∪ · · · ∪ AnÑØCXB, À�

xn ∈ B\
n⋃
k=1

Ak, n = 1, 2, · · · ,

Ò��B¥���:�x1, x2, x3, · · · , §k4�:x ∈ B. :x�½�¹uA′¥�,�m
8AN , �d:��ÀJ�ª�� xN+1, xN+2, · · ·ÑØáum8AN , gñ. �

�âþã½n, k�:8Úk.4«m´;8�ü�{ü~f. ���/�±y²:

XJB´;8, K�3k�4«m[a, b]Úm8 A¦�B = [a, b]\A(SK).
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��8ÜA1, A2, · · ·¡�i@�´�An+1 ⊂ An é?¿n¤á. ·��±r�

8
⋂∞
n=1Anw¤i@8Ü��4�. �´=¦AnØ��8, �8��U´�8. ~X

∞⋂
n=1

(
0,

1

n

)
= ∅;

∞⋂
n=1

[n, ∞) = ∅.

eã·K, ´4«m@½n�í2.

555��� 14.4.13 ��i@���;8�k����8.

yyy²²² �A1, A2, · · ·�i@���;�8Ü�, é?¿ n�xn ∈ An. Ï�A1;�,

A1¥�ê�x1, x2, x3, · · ·3A1pk4�:x. 
é?¿n, xq´An¥�ê�xn, xn+1, · · ·�
4�:, l
x ∈ An (∀n), u´xáuTi@8Ü���8. �

SSSKKK14.4

1. �A�m8, �B´A�k�f8. y²A\B := {x ∈ A : x /∈ B}´m8. ¯: X

JB´�ê8Ü, Ó��(Ø´Ä�¤á?

2. �{Iλ | λ ∈ Γ}´�xm«m, �§���
⋂
λ∈Γ

Iλ��. y²: §��¿8
⋃
λ∈Γ

Iλ´�

�m«m.

3. �A´ê�x1, x2, x3, · · ·�Ná8Ü.

(1) y²: A�à:´ê��4�:;

(2) y²: XJ A¥�z:Ñ3ê�¥�Ñyk�g, @oê��¢ê4�:´8

Ü�à:.

4. �A´48, x ∈ A, B = A\{x}. ¯Û�BE´48?

5. a) y²: XJB´A�È�f8, @oA�Bäk�Ó�4�:8.

b) y²R�z�Ã�f8Ñ�3���ê�È�f8. Þ~`²�38ÜA¦�§

�Q��8Ø3A¥È�.

6. y²��ê��¢ê4�:8Ü�48.

7. ¡��48´��8, ´�§¥�:Ñ´à:. y² Cantor 8´Ø¹?Ûm«m

���8, �§´Ø�ê8Ü.

8. �o8ÜQ´m8, q´48?

9. y²: k��;8�¿´;8, ?¿�;8��´;8.
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10. y²¢ê�8ÜA;��du§äkXe�k��5� : XJB´?¿48x, �

Ù¥?¿k��48��Ñ¹kA¥�:, @oB¥¤k48��Ñ¹kA¥�:.

J«: �ÄB¥48�{8.

11. éuü����¢ê�8ÜA, B, ½ÂA + B�/Xa + b�ê�8Ü, ùpa ∈
A, b ∈ B.

(1) y²: XJA´m8, @oA+B´m8.

(2) y²: XJA, Bþ�;8, @oA+B�;8.

(3) �Ñ��A, B�48, �´A+BØ´48�~f.

12. y²: XJA���;8, @osup AÚinf AÑáuA. �Ñ���;8A, �

´sup AÚinf AÑáuA.

13. y²z�Ã�;8Ñk��à:. Ó��(Øé48¤áí?

14. XJB´;8, K�3k�4«m[a, b]Úm8A¦�B = [a, b]\A

15. XJA ⊂ B1 ∪ B2, ùpB1, B2�Ø��m8, �A �;8, y²A ∩ B1�;8.

eB1�B2��, (ØE¤áí?

16. �A´R�Ø�êf8. y²A¹kØ�ê�A�à:.
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§14.5 ¢¢¢êêêXXX���ÙÙÙ§§§���ddd///ªªª∗

�Ù��·�{�0�ü�¢êX��d½Â/ª: Ã��?�êÐm� D-

edekind ©�.

14.5.1 ÃÃÃ������???���êêê

·�k�Ä¢ê�Ã��?�êÐm, {¡Ã��êÐm.

�ê´/X

a = a0.a1a2 · · · an · · ·

= a0 +
a1

10
+

a2

102
+ · · ·+ an

10n
+ · · ·

�ê, Ù¥a0 ∈ Z, ai ∈ {0, 1, 2, · · · , 9} (i > 1). XJ�3N ∈ N¦�i > N�ai = 0,

¡a´k��ê. �ê�À�AÏ�knêCauchy�

xn =
n∑
k=0

ak
10k

, n = 0, 1, 2 · · · ,

¤±§�L
��¢ê, �¡�´¢ê�£Ã�¤�êL«. ¯¢þ, z�¢êÑkÃ

��êL«.

½½½nnn 14.5.1 �x ∈ R, K�3½Âx�knêCauchy�

xn =
n∑
k=0

ak
10k

, n = 0, 1, 2 · · · ,

Ù¥a0 ∈ Z, ai ∈ {0, 1, 2, · · · , 9} (i > 1).

yyy²²² ·��éx > 0y², XJx < 0, d½Â−x(> 0)��?��êCauchy��±

��½Âx��?��êCauchy�.

¼ê[x]½Â�Ø�ux��ê8Ü¥���ê, ¡�x��êÜ©. |^Archimedes

únN´y²[x]�3��. {x} = x− [x]¡�x��êÜ©, §÷v0 6 {x} < 1.

éu?¿�¢êx, ½Â

xn =
[10nx]

10n
, n = 0, 1, 2, · · · .

�n > 1�, Ï�

0 6 10nx− [10nx] < 1,

¤±

0 6 10n+1x− 10 [10nx] < 10,

ù¿�X

0 6 [10n+1x]− 10 [10nx] < 10.
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Ïd�êan+1 = [10n+1x]− 10 [10nx] ∈ {0, 1, · · · , 9}. dd��

xn+1 = xn +
[10n+1x]− 10 [10nx]

10n+1
= xn +

an+1

10n+1
.

dþã4í'X�

xn =
[10nx]

10n
= x0 +

a1

10
+ · · ·+ an

10n
, n = 0, 1, · · · ,

w,

|xn+p − xn| 6
1

10n+1

0 6 x− xn <
1

10n
,

Ïd {xn}´Cauchy�, ¿� {xn}�4�´x. �

·�®²y², ?¿¢êÑk�êL«. ¯¢þ?¿knê�±L«�k��ê½

öÃ�Ì��ê£öS¤, Ãnê´�Ã�ØÌ��ê. ^Ã��ê½Â¢ê�Ã?´

��*��, ´un). §�(J�?3uXÛ3Ã��êXÚþ½Â�âÚS, Ï�

I�?nÃ��5�(J. Öö�±rù
��öSc[ïÄ.

,	, ��±òk��êL«�Ã��ê, ~Xµ1 = 0.99 · · · , 0.315 = 0.31499 · · · .
�±y², 3þã½ny²¥�E�ê�, Ø¬Ñy,����ai�Ü�u9��/.

14.5.2 Dedekind ©©©���

Dedekind©�´DedekindJÑ�¢ê½Â��{. §^knê8�©�½Â¢ê.

Dedekind ©����6uknêþ�^S. §�Ì�g�´��¢êxrknê©¤ü

Ü©: �ux�Ü©Ú�ux�Ü©, ^�ux�Ü©5½Â¢êx.

½½½ÂÂÂ 14.5.2 ¡knê8α´��©�, XJ§÷v

1. α��, ¿�α 6= Q;

2. eknêa ∈ α, knêb < a, Kb ∈ α;

3. αSvk���knê, QµXJa ∈ α, K�3knêb > a, b ∈ α.

ü�©�¡���, XJéA�knê8��. XJa´��knê, §�±½Â�

�©� a∗ = {b ∈ Q | b < a}, ù��©�q¡�kn©�.

555PPP ���knêp /∈ α, XJknêq > p, Kq /∈ α. ©�α{8αc = Q\α¥�k
nê�¡�©�α �þê. ù´Ï�e p ∈ αc, Kp > a, ∀a ∈ α.

ò©���NP�R, ·��3§þ¡½Â�âÚS, ¿`²§Ú¢êXR��.

eá·K½Â
©��\{, y²3�öS.

555��� 14.5.3 �α, β´ü�©�,
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1. knê8{a+ b | a ∈ α, b ∈ β}´��©�, ½Â�α�β�Ú, P� α + β;

2. 0∗´©�\{�0�, Qα + 0∗ = α;

3. ©��\{÷v(ÜÆ.

�αÚβ´ü�©�, XJα´β�f8, ¡©�β�u½�uα, P� α 6 β¶X

Jα´β�ýf8, ¡β�uα, P�α < β. ©�α¡���£�K�¤, XJα > 0∗( α >

0∗).

555��� 14.5.4 �α, β´ü�©�, Kα < β, α > β, α = β nö��¤á.

yyy²²² α = β�duµ∀a ∈ α, a ∈ β, Ó�∀b ∈ β, b ∈ α. Ïd, eα 6= β, �3α¥

�knêaØáuβ, ½öβ¥�knêbØáu α, ù�duα > β, ½öβ > α.

eá·K½Â
©��\{_�.

555��� 14.5.5 �α´��©�, ½Âβ = {−b | �3c ∈ αc = Q\α, b > c}, Kβ´�
�©�, �α + β = 0∗. Pβ = −α.

yyy²²² Äk, α´Q�ýf8íÑβ��!�´Q�ýf8. dβ�½Â�±wÑ, X

Jb ∈ β, b1 < b, K−b1 > −b ∈ αc, ù`²b ∈ β. βSvk��knê��±Ó��y.

e¡�yα + β = 0∗. �c = a + b ∈ α + β, Ù¥a ∈ α, b ∈ β. 5¿� αc = {x ∈
Q | x > a, ∀a ∈ α}, Ï�−b ∈ αc, ¤±c = a + b < 0. ùíÑα + β 6 0∗. d	, ?

���d ∈ 0∗, K−d > 0. �a ∈ α, ê�a, a − d, a − 2d, · · ·¥, 7k��a − Nd÷
vµa − Nd ∈ α, a − (N + 1)d ∈ αc. ÏdØ��a − d ∈ αc, 2�a′ ∈ α, a′ > a,

Ka′ − d > a− d, ¤±−(a′ − d) ∈ β, dd��

a′ + [−(a′ − d)] = d ∈ α + β,

ù¿�X0∗ 6 α + β. ¤±α + β = 0∗. �

½½½ÂÂÂ 14.5.6 ©�α�ýé�|α|½Â�

|α| =
{

α, eα > 0;

−α, eα < 0.

w,|α| > 0, ¿�|α| = 0��=�α = 0.

·��X?Ø©��¦{$�.

555��� 14.5.7 �©�α > 0, β > 0, ½Âknê8

γ = {r ∈ Q | r < 0, ½ö�3a ∈ α, b ∈ β, a, b > 0 � r = ab}.

Kγ´��©�, P�γ = αβ.
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·K�y²3�SK. dd�±½Â?¿ü�©��¦{.

½½½ÂÂÂ 14.5.8 �α, β´ü�©�, §��Èαβ½Â�µ

αβ =


−|α||β|, e α > 0, β 6 0,

−|α||β|, e α 6 0, β > 0,

|α||β|, e α < 0, β < 0.

eã·K½Â
¦{�_�.

555��� 14.5.9 �©�α > 0, ½Âknê8

β = {b ∈ Q | b 6 0, ½ö�3 c ∈ αc, 1

b
> c},

Kβ´��©�, β > 0�αβ = 1∗. β¡�α �_, P�β = α−1.

XJα < 0, §�_½Â�−(−α)−1. �d, ·�®²3©�8ÜRþ½Â
S!\
{Ú¦{$�, ½Â
0�Ú_�. �±�y, 1∗´¦{�ü �, R÷vk'�½Â�¤
kún, §´��kS�.

±e·�?ØR�|^knCauchy��da½Â�¢êXR���5. éuα ∈ R,

éA

α→ xα = sup{a | a ∈ α} = supα

´R�R�ü�, §k_N�

R 3 x→ αx = {a ∈ Q | a < x} ∈ R.

ùp�I��y, αx´��©�.

þã��éA, �±��ún£½¡���Ó�¤. ·��y²Xeü^Ä�5�,

{e�3�öS.

½½½nnn 14.5.10 �α, β´ü�©�, K

1. sup(α + β) = supα + sup β,

2. sup(αβ) = supα sup β.

yyy²²² 1. d©�\{�½ÂN´wÑ, sup(α+ β) 6 supα+ sup β. ?¿�½b ∈ β,

K

sup(α + β) > sup{a+ b |a ∈ α} = sup(α + b) = supα + b.

db�?¿5��sup(α + β) = supα + sup β.

2. �â©�¦{�½Â, �Iéα, β > 0y²(Ø. w,

sup(αβ) = sup{ab | a ∈ α, b ∈ β� a > 0, b > 0}.
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Ïdsup(αβ) 6 supα sup β. �½b ∈ β, b > 0, K

sup(αβ) > sup{ab | a ∈ α, a > 0} = b sup{a ∈ α | a > 0} = b supα.

db�?¿5��, sup(αβ) > supα sup β. �

Dedekind ©��Ñ
¢êX�1n«�d/ª. §�`:3u^��8ÜnØ'

��, §��9�knê8ÜÚ§�f8. �'�
ó, knêCauchy ��z��{�

?nCauchy ���da�8Ü, �
½Â��¢êÒ�^�knê�8Ü�8Ü. ^

Cauchy ��z��ª½Â¢êX, `:3u§äkÊH5, 3?�ÚÆS©ÛÆ�L§

¥, ù«`�5ò¬ÅÚwy.

SSSKKK14.5

1. ���knêaØUL«�k��ê, y²§�Ã��êL«�½´Ì��, =

a = a.a1 · · · aNaN+1 · · · aN+kaN+1 · · · aN+k · · · .

2. y²5�14.5.3.

3. y²5�14.5.7.

4. y²5�14.5.9.

5. y²µé?¿©�α, α1∗ = α.

6. �A´R�f8, αx´A¥z���xéA� Dedekind ©�. y²ù
αx�¿8´

�� Dedekind ©�½ö´��knê8ÜQ.

7. �x, y´�¢ê. y²αxy´¤k��knêÚ¤k/Xab�ê�8Ü, Ù¥

0 < a ∈ αx, 0 < b ∈ αy.
8. �x, y´¢ê. y²x 6 y��=�αx ⊂ αy.

9. ¡¢êx´�êê, ´�§´,��Xêõ�ª�§�). e¢êyØ´�êê, K

¡����ê. y²Xe·K.

a. �x0´��Ãnê�êê, ¿�P (x)´÷vP (x0) = 0, �äk�$gê��Xê

õ�ª, �Ùgê�n. �3�êA, éu«m[x0 − 1, x0 + 1]¥�?¿knêp/q, Ù

¥p ��ê, q���ê, ¤á Louville Ø�ª∣∣∣∣pq − x0

∣∣∣∣ > A

qn
.

b. y²
∞∑
k=1

1

10k!
´��ê.

c. y²¤k��êê�¤�ê8Ü, l
¤k��ê�8ÜØ�ê.
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�'ucüþ?Ø�ëY¼êÚ?ê, 3�Ù¥, ·�òl#��Ý­#"À½Â

3��8Üþ, AO´;�8Üþ¼ê�ëY5!��ëY5ÚëY¼ê*Ü, ±9¼

ê����Âñ5�SN. ù
SN¬�9�þ�Ù?ØL�¢¶�ÿÀ. ÏL�Ù�

?Ø, \�éëY5ÚÂñ5�?�Ún).

§15.1 ëëëYYY¼¼¼êêê

31�þ¥, ·�XÚ?Ø
½Â3«mþ�ëY¼ê. �ïÄ½Â3��8Üþ

�ëY¼ê, ·�{�£�¼ê�½Â.

��¼ê fd½Â� D, �� R (R, DÑ�R���f8), Ú��éA x 7→ f(x)|

¤, x�HD¥¤k�:�, f(x) ∈ R. ¡

f(D) = {f(x) | x ∈ D}

�¼ê��, §´���f8. ¡¼êf�÷�, ´�f(D) = R; ¡¼êf�ü�, ´�é

?¿x1, x2 ∈ D, x1 6= x2�kf(x1) 6= f(x2).

��Bå�, Ï~·�������¢ê�R. ·�Ø«©==��ØÓ�¼

ê. 'X, ½Â��R, ���R �¼ê f(x) = x2 Ú½Â��R, ���[0, ∞)�¼

êg(x) = x2w¤�Ó�¼ê. �´·�7L«©éA5K�Ó�´½Â�ØÓ�¼ê.

'X, ½Â�� R�¼êf(x) = x2Ú½Â��[0, 1]�¼êg(x) = x2´ØÓ�¼ê.

½½½ÂÂÂ 15.1.1 �D´R���f8, f´½Â3Dþ�¼ê, x0 ∈ D. ¡f3:x0ë

Y, ´�é?¿ε > 0, �3δ > 0, ¦�éD¥÷v|x− x0| < δ�?¿x, Ñk

|f(x)− f(x0)| < ε.

¡f 3 D ¥ëY£½{¡ëY¤, ´�f3D¥�z:ëY.

l½Â�±wÑ, f3:x0ëY, x0NC�x�¼ê�f(x)�±?¿%Cf(x0). ùL

²¼ê�ëY5�4��m�3��'X.

½½½ÂÂÂ 15.1.2 �f´Dþ�¼ê, x0´D�à:. ¡f3x0?k4�, ´��3��

¢êa, é?¿ε > 0, �3δ, ¦�éD¥÷v0 < |x− x0| < δ �?¿x, Ñk

|f(x)− a| < ε.

d�¡a�f3x0?�4�, P� lim
x→x0

f(x) = a.
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�½Â, XJx0 ∈ D´8ÜD�à:, K f3:x0ëY��=� lim
x→x0

f(x) = f(x0).

XJx0 ∈ DØ´8ÜD�à:, @o�3x0�����A0 = (x0 − ε0, x0 + ε0)÷

vD ∩ A0 = {x0}, ù��:¡�8ÜD��á:. ¼ê3�á:gÄëY.

15.1.1 ëëëYYY������ddd^̂̂���

·�Äk?ØëY5�ê�4��'X.

555��� 15.1.3 �x0�¼êf�½Â�D�à:. 4� lim
x→x0

f(x)�3�¿©7�^�

´éD¥Âñux0�?¿:�{xn} £xn 6= x0,∀n¤, ê�{f(xn)}Âñ.

yyy²²² d¼ê4�½Â, 7�5w,.

�y²¿©5, ·�Äky²µ ¤kê�{f(xn)}äk�Ó�4�, ¿�d4��a.

�{xn}�{yn}´D¥Âñux0�ü�ê�, {f(xn)}Âñua, {f(yn)}Âñub. du
·Üê�x1, y1, x2, y2, · · ·E,k4�x0, §3fe���¤�ê�

f(x1), f(y1), f(x2), f(y2), · · ·

�Âñ, ¤±a = b.

b� lim
x→x0

f(x) = aØ¤á. @o�â4�½Â�Ä·KÒk: �3ε0 > 0, ¦�é?

¿ 1/n, �3�:zn ∈ D, 0 < |zn − x0| < 1/n �

|f(zn)− a| > ε0.

ù¿�Xê�{zn}Âñux, �ê�{f(zn)}ØÂñua, gñ. �

½½½nnn 15.1.4 �f´Dþ�¼ê. @ofëY��=�éD¥�?¿Âñê�{xn},
�4� lim

n→∞
xn = x ∈ D, ê�{f(xn)}�Âñ.

yyy²²² ½n�7�5w,, ù´Ï�XJx0 ∈ D´8ÜD���à:, @o¼

êf3x0ëY�du lim
x→x0

f(x) = f(x0).

�y²¿©5, 3D¥��:x0, �â·Üê��y{, ·�U��éu¤kÂ

ñux0�ê�{xn}, ê�{f(xn)}k�Ó�4�; qÏ�~ê�f(x0), f(x0), · · ·�4�
´f(x0), ¤±ú��4�´f(x0). XJx0Ø´D�à:, ØL?ÛØy. ex0´à:, d

þ��5�� lim
x→x0

f(x)�3��uú�4�f(x0). �

e¡·�lÿÀ��Ý�	¼ê�ëY5.

�f´½Â3Dþ�¼ê, ���R, �M ⊂ D!N ⊂ R©O´½Â�Ú���f8

Ü. ½ÂN'u¼êf���Xeµ

f−1(N) = {x ∈ D | f(x) ∈ N}.
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XJé∀x ∈ M , f(x) ∈ N , Ò¡frMN�N . ¼êfrMN�N�duM ⊂ f−1(N). ~

X¼ê f : R→ R, f(x) = sinx, K

f−1
(
(0, +∞)

)
=
⋃
n∈Z

(2n�, (2n+ 1)�),

f−1
(
[1, +∞)

)
= {2n�+

�

2
| n ∈ Z}.

XJ¼êf´½Â3��¢��Rþ, f3:x0ëY�duµé?¿ ε > 0,�3δ > 0

¦�

f((x0 − δ, x0 + δ)) ⊂
(
f(x0)− ε, f(x0 + ε)

)
.

^���Vg, ù�du éuf(x0)�z���V , �3��x0���U , ¦�f(U) ⊂ V .

½ö`, ¼êf3:x0ëY�duf(x0)�?¿������¹x0 �����.

�´��5`x0���3ëY¼êe��Ø¬�¹f(x0)���. ~X, ~�¼ê´

ëY¼ê, �§���k��:. éu½Â3m8þ�¼ê, ·�kXe��{'�ë

Y5£ã.

½½½nnn 15.1.5 �f´½Â3m8Dþ�¼ê. @ofëY��=�z�m8���

´m8.

yyy²²² �fëY, A´m8, Lyf−1(A)´m8. �x0 ∈ f−1(A), ù¿�X x0 ∈ D,

�f(x0) ∈ A. Ï�A´m8, ∃ ε > 0 ¦�(
f(x0)− ε, f(x0) + ε

)
⊂ A.

df�ëY5, ∃ δ÷v

f
(
(x0 − δ, x0 + δ) ∩D

)
⊂
(
f(x0)− ε, f(x0) + ε

)
⊂ A.

Ï�D´m8, �±�δ¿©��±¦(x0 − δ, x0 + δ) ⊂ D, l


(x0 − δ, x0 + δ) ⊂ f−1(A),

¤±f−1(A)´m8.

��, �éuz�m8A, f−1(A)´m8. �x0 ∈ D, é∀ε > 0, �

A =
(
f(x0)− ε, f(x0) + ε

)
.

Ï�f−1(A)´�¹x0 �m8, ¤±�3x0���(x0 − δ, x0 + δ) ⊂ f−1(A). ù¿�X

|x− x0| < δíÑ f(x) ∈ A. �

5Pµ½n15.1.5¿�X½ÂëY�I�m8, ØI�^�ål. ù3�Y�§/ÿ

ÀÆ0¥¬c[?Ø.
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�?ØØëY¼ê�mä5, ·�Äk£�¼ê�m4��Vg.

�x0´D�à:. ¡f3x0 k�4� (m4�)´��3¢êa÷vµé?¿ε > 0, �

3δ > 0 ¦�é?¿x ∈ D, � x0 − δ < x < x0 (x0 < x < x0 + δ) �

|f(x)− a| < ε.

d�¡a�f3x0 ?��(m)4�, ©OP�

a = f(x0 − 0) = lim
x→x−0

f(x), a = f(x0 + 0) = lim
x→x+0

f(x).

w,, f3x0k4�a��=�f3x0��m4�þ�a.

aq/, ¡f3x0 �ëY (mëY) ´�éu?¿ε > 0, �3δ > 0¦�éu?

¿x ∈ D ∩ (x0 − δ, x0] (x ∈ D ∩ [x0, x0 + δ)), ¤á

|f(x)− f(x0)| < ε.

f3x0ëYy��=�f3x0Q�ëYqmëY.

|^�m4�, ·��±©Û½Â3��8Üþ¼ê�ØëY5. �1�þaq,

�±½Â¼ê���mä:!1�amä:Ú1�amä:�, ùpØ2­E.

~~~ 15.1.1 Dirichlet¼ê

D(x) =

{
1, ex ´knê,

0, ex´Ãnê.

òD(x)À�Rþ�¼ê, dknê�È�5�±uy, §3?¿�:��m4�ÑØ�

3, ¤±½Â��z�:Ñ´Dirichlet¼ê�1�amä:. �´, XJD(x)��3kn

ê8Qþ, §´~�¼ê, �,´ëY¼ê.

¼ê3�:�ëY��±k�°(�½þ�x. �f´½Â38ÜDþ�¼ê, éu

?¿�δ > 0, ½Âωf (x0, δ)Xeµ

ωf (x0, δ) = sup{|f(x)− f(y)|
∣∣∣ x, y ∈ D, |x− x0| < δ, |y − x0| < δ}.

l½Â�±wÑ, ωf (x0, δ)´¼êf38ÜD∩(x0−δ, x0+δ)��Ì.
�,� δ2 > δ1 > 0

�, Ï�

D ∩ (x0 − δ1, x0 + δ1) ⊂ D ∩ (x0 − δ2, x0 + δ2),

¤±lþ(.�½ÂÒíÑ

ωf (x0, δ2) > ωf (x0, δ1),

½ö` ωf (x0, δ)'uδüNO\, düN5��, 4�

ωf (x0) = lim
δ→0+

ωf (x0, δ)

�3. ωf (x0)Ýþ
3x0NCf�¼ê��CzÌÝ, ¡�¼êf3:x0��Ì.
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555��� 15.1.6 ¼ê f 3�: x0 ëY, ��=� f 3 x0 ��Ì�"

ωf (x0) = lim
δ→0+

ωf (x0, δ) = 0.

yyy²²² ¼êf3:x0ëY�du

lim
δ→0+

sup{|f(x)− f(x0)|
∣∣∣ |x− x0| < δ} = 0.

XJωf (x0) = 0, Ø�ª

sup{|f(x)− f(x0)|
∣∣∣ |x− x0| < δ} 6 ωf (x0, δ)

á=íÑf3x0ëY.

��, XJf3x0ëY, é?¿δ > 0, �x, y ∈ D, �|x− x0| < δ, |y − x0| < δ, d

|f(x)− f(y)| 6 |f(x)− f(x0)|+ |f(y)− f(x0)|

��

ωf (x0, δ) 6 2 sup{|f(x)− f(x0)|
∣∣∣ |x− x0| < δ}.

þª¥-δ → 0, Òy²
ωf (x0) = 0. �

~~~ 15.1.2 �¼ê

f(x) =

cos 1
x , x 6= 0,

0, x = 0,

§3x = 0?ØëY.ê�{1/2nπ}Úê�{1/(2n+1)π}Ñªu0§� f(1/2nπ)−f(1/(2n+

1)π = 2, dd�±íÑωf (0, δ) = 2, ∀δ > 0, ¤±ωf (0) = 2.

15.1.2 ¼¼¼êêê���������ëëëYYY555

k'ëY5�,��­�Vg´��ëY.

½½½ÂÂÂ 15.1.7 �f´½Â38ÜDþ�¼ê, ¡f��ëY´�µé?¿ε > 0, �

3��δ = δ(ε) > 0, é?¿x, y ∈ D, � |x− y| < δ�

|f(x)− f(y)| < ε.

��ëY¼ê�½´ëY�, ���Ø�½¤á. Ù��~ff(x) = 1/x (x ∈
(0, 1))Ò´ëY�Ø��ëY�.

c¡(½n15.1.4)·�®²y²
, ëY¼êr½Â��Âñê�N����Âñ

ê�. 'u¼ê���ëY5�kaq�(Ø, §�±^Cauchy��x.
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½½½nnn 15.1.8 �f´½Â38ÜDþ���ëY¼ê, XJ {xn} ⊂ D´Cauchy�,

@o {f(xn)}�´Cauchy�. ��, � f ´½Â3k.8ÜDþ�¼ê, XJ f

rCauchy�N�Cauchy�, @o f 3 D þ��ëY.

yyy²²² Äk, �f3Dþ��ëY, {xn}´DS�Cauchy�. Ïd, é?¿ε > 0, �

3δ > 0, �x, y ∈ D�|x− y| < δ�,

|f(x)− f(y)| < ε.

éu�êδ, �3N , �k, j > N�|xk − xj| < δ, Ïd

|f(xk)− f(xj)| < ε,

ù`² {f(xn)}´Cauchy�.

Ùg, �¼êf rk.8ÜDS�?¿Cauchy� {xn} N�Cauchy� {f(xn)}. b�
f 3DþØ��ëY,K�3ε0 > 0,éu?¿�n ∈ N,Ñkxn, yn ∈ D, |xn−yn| < 1/n,

�

|f(xn)− f(yn)| > ε0.

Ï� D k., ¤±ê�{xn} ⊂ D kÂñf�{xnk}, PTf�Âñ��:x0(Ø�½á

uD). w,, �A�f�{ynk}�Âñ�x0. ùü�f��·Üê�

xn1 , yn1 , xn2 , yn2 , · · ·

Âñ, ¤±´Cauchy�. ��b�, ê�

f(xn1), f(yn1), f(xn2), f(yn2), · · ·

Ø´Cauchy�, Ï�|f(xnk)− f(ynk)| > ε0, �½n^��gñ. �

e¡0��ü�Vg, ½þ£ã
¼ê���ëY5.

�f´½Â38ÜDþ�¼ê, ¡¼êf÷vLipschitz ^�, ´��3�~êM , é

¤k½Â�p�x, yk

|f(x)− f(y)| 6M |x− y|.

�0 < α < 1, ¡¼êf÷vα�� Hölder ^�, ´��3�~êM , é¤k½Â�p

�x, yk

|f(x)− f(y)| 6M |x− y|α.

ëY¼ê���é2. �±`, ÷v?ÛÜn^��ëY¼êÑ�±�EÑ5.

~~~ 15.1.3 �E��¢��þ�ëY¼êf(x), §TÐ3�½�48Aþ�u0.
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Ï�½Â3Rþ!÷vf(x) = 0�x�N´48, ¤±7L�¦8ÜA´48. A�{

8Ac´m8. �âm8�(�½n(½n14.4.3), Ac´�õ�ê�üüØ��m«m�¿

8. dd�±{ü/�E��¼ê÷v�¦.

¼êf3Aþ�u0, `²f3Ac�z�m«mà:�u0. 3z�k�m«mþ·�

�±���7i©/¼ê(ëweã ),

a                              b

§l�à±�Ç1þ,�¥:�3±�Ç−1eü�,�à. éuÃ��m«m(º

õkü�, (−∞, a)Ú(b, +∞)), ·�©O©ª�±�Ç−1Ú+1. ��ã/�eã. d�

E�{����¼êfTÐ3Aþ�0.

 

�±y², f÷v Lipschitz ^�

|f(x)− f(y)| 6 |x− y|.

ù%¹ëY5.

15.1.3 ëëëYYY¼¼¼êêê���555���

¼ê�mk\{!ê¦�$�. 5¿�¼êëY5�durÂñê�N�Âñê

�(½n15.1.4), ddN´y²µXJf, g�Dþ�ëY¼ê, a ∈ R �~ê, KDþ�¼

êf±g, a·fÚf ·gÑëY.¿�,3g 6= 0�/�,·�U½Âf/g,§3D\{x | g(x) = 0}þ
ëY.

éu¼ê�EÜ, ·�k
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½½½nnn 15.1.9 �g�Eþ�ëY¼ê, f�Dþ�ëY¼ê, �f(D) ⊂ E. @oEÜ

¼ê

(g ◦ f)(x) := g
(
f(x)

)
�Dþ�ëY¼ê.

yyy²²² �?¿D¥�:�x1, x2, x3, · · · ,�§Âñux ∈ D. �â½n15.1.4,dufë

Y, E¥�:�f(x1), f(x2), · · ·Âñu f(x) ∈ E. qdugëY,

lim
n→∞

g
(
f(xn)

)
= g
(
f(x)

)
= g ◦ f(x).

2d½n15.1.4�f ◦ g ëY. �

~~~ 15.1.4 �f, g�Dþ�ëY¼ê. ½ÂDþ�¼êmax (f, g)�: �f(x) >

g(x)���f(x), ÄK��g(x). aq½Âmin (f, g). @omax (f, g)Úmin (f, g)ëY.

yyy²²² ¼ê|f |(x) := |f(x)|3DþëY, Ï�§´ýé�¼ê�f�EÜ. A^e¡

��ª

max (f, g) =
f + g + |f − g|

2
,

min (f, g) =
f + g − |f − g|

2
,

±9ýé�¼ê�ëY5, =�(Ø¤á. �

1�þ·�Q²?ØLk.4«mþëY¼ê�5�, Ù¥0�½nÚ�����

½n`², ½Â34«mþ�ëY¼ê, Ù���´4«m, ½ö`ëY¼êr4«mN

�4«m. ùpò·�?Ø½Â3;�8ÜþëY¼ê�aq5�.

555��� 15.1.10 �f´½Â3;�8ÜEþ�ëY¼ê, K§���f(E)�´;�

8Ü.

yyy²²² �â;�8Ü��d^�£�½n14.4.12¤, ·���y²f(E)´k.48

=�. df�ëY5, éuε = 1, x ∈ E, �3x���m��Ux¦�é?¿ x′ ∈ E ∩ Ux,
Ñk|f(x′)− f(x)| < 1, Ïd|f(x′)| < |f(x)|+ 1, ½ö`|f |3E ∩ UxSkþ.|f(x)|+ 1.

m8x{Ux | x ∈ E}�¤
E���mCX, §kk�fCX{Ux1 , · · · , UxN}, K M =

1 + max{|f(x1)|, · · · , |f(xn)|}´|f |�þ..

�y²E´48, �a´f(E)�à:, K�3ê�{yn} ⊂ f(E), lim yn = a. �yn =

f(xn), xn ∈ E, n = 1, 2, · · · , Kê�{xn}kÂñf�{xnk}Âñ�E¥�:x0. df�ë

Y5,

a = lim
k→∞

ynk = lim
k→∞

f(xnk) = f(x0).

¤±a ∈ f(E). �

íííØØØ 15.1.11 �f´;�8ÜEþ�ëY¼ê, Kf3E�����Ú���.
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yyy²²² �a = sup f(E), Ï�f(E)´;8, �,´k.48, Kak��a ∈ f(E), ù

`²�3 x0 ∈ E, ¦� f(x0) = a, = f 3 E þ�����a. �

�,;�8Üþ�ëY¼ê�±�������, �0�½nØ�½¤á, Ï�½

Â�EØ�½´ëÏ8Ü. éuëÏ�;�8Ü, X4«mþëY¼ê, 0�5´¤á�.

½½½nnn 15.1.12 (0�½n) �f�½Â3«m[a, b]þ�ëY¼ê, �÷v

f(a) < f(b),

@oéu?¿c ∈
(
f(a), f(b)

)
, Ñ�3x0 ∈ (a, b)¦�f(x0) = y.

T½n®3�Ö1�þ^�©{�Ñ
y², ùp·�|^(.�n�Ñ,��y

².

yyy²²² �

E = {x ∈ [a, b]
∣∣∣ f(x) < c},

d½n^�§´4«m[a, b]���f8. �x0 = supE, Kx0 ∈ (a, b). e¡y

²f(x0) = c.

�3E¥�:�{xn}Âñux0, ¤±d f(xn) < c��f(x0) 6 c. XJf(x0) < c,

df�ëY5,�3δ > 0,¼êf3«m(x0− δ, x0 + δ)S��þ�uc,@ox0 + δ/2 ∈ E,

ù�x0 = supEgñ. ¤±f(x0) = c. �

eã��ëY5½n, ´½Â3k.4«mþëY¼ê��ëY5�í2.

½½½nnn 15.1.13 £��ëY5½n¤�f�;8Eþ�ëY¼ê. @o§��ëY.

yyy²²² ½n�±^�y{½öHeine-Borel5�5y². ùp·�Ú\Lebesgue ê

�Vg5y²½n.

dufëY, é?¿ε > 0±9?¿�x ∈ E, o�3�¹x�m��Ux, ¦�

|f(y)− f(z)| < ε

é¤ky, z ∈ Ux ∩ E¤á, l
{Ux : x ∈ E}´E���mCX.

·�òy²�3����εk'��êδ, ¦�é?¿y, z ∈ E, �|y − z| < δ�Ò�

3þã,�Ux�¹y, z. Ïd, �|y − z| < δ�,

|f(y)− f(z)| 6 |f(y)− f(x)|+ |f(x)− f(z)| < 2ε,

ù`²f��ëY.

�ê δ ¡�E �mCX{Ux : x ∈ E} � Lebesgue ê. b�Ø�3ù�� Lebesgue

ê δ > 0, @o, é?¿ 1/n, �3 xn, yn ∈ E, ÷v |xn− yn| < 1/n�þãmCX¥vk

?Û��m8Ó��¹ xn Ú yn. duE´;8, �3{xk}��f�{x′k}Âñux ∈ E,
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l
{yk}��Af�{y′k}�Âñux. 3mCX¥����¹x ∈ E�m8U , �k¿©�

�, x′k, y
′
k Ñá3U¥. gñ. �

����ëYVg���A^, ·�òy²Xe*Ü½n. §L², ����ëY

¼ê, �±g,*¿�½Â��4�þ, ¿��±��ëY5.

½½½nnn 15.1.14 £ëY*Ü½n¤�f´½Â38ÜDþ���ëY¼ê, K3D�

4�Dþ�3�����ëY¼ê F÷vF (x) = f(x) (∀x ∈ D). F¡�f�ëY*Ü¼

ê.

yyy²²² �x ´8ÜD�à:, K�3DS�ê�{xn} (xn 6= x)Âñ�x, XJ*Ü¼

êF�3, K F (x) = limF (xn) = lim f(xn). �±wÑ, F (x)´Âñê�{f(xn)}�4�.

Ïd�±ÏL4�½Â*Ü¼êF , ¿�ù��¼ê��.

�x ∈ D\D, ê�{xn} ⊂ DÂñ�x, �ì½n15.1.8, {f(xn)}´Cauchy�, Ïd½

Â

F (x) = lim
n→∞

f(xn).

��y½Â�Ün5, �I`², XJDS�3,��ê�{x′n}�Âñ�x, Ó

n{f(x′n)} �´Cauchy�, ù�·���y²

lim f(xn) = lim f(x′n)

Ò`²
 F (x) ½Â�Ün5.

�â f���ëY5, é?¿ε > 0, �3δ > 0, �x, y ∈ D�|x − y| < δ�,

|f(x)− f(y)| < ε; duê�{xn}Ú{x′n}ÑÂñ�x, ¤±�n¿©��|xn− x′n| < δ, ùí

Ñ

|f(xn)− f(x′n)| < ε,

Ïdü�Cauchy�k�Ó4�. ù�Òy²
F (x) ½Â�Ün5.

e¡y²¼êF3D þ��ëY.

?� ε > 0, �3δ1 > 0, �x′, y′ ∈ D�|x′ − y′| < δ1�,

|f(x′)− f(y′)| < ε

3
.

� δ = δ1/3, Ké?¿� x, y ∈ D, � |x − y| < δ �, �â F �½Â, �3x′ ∈
D, |x− x′| < δ, ¦�

|F (x)− f(x′)| < ε

3
.

Ó��3 y′ ∈ D, |y − y′| < δ, ¦�

|F (y)− f(y′)| < ε

3
.
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d

|x′ − y′| 6 |x′ − x|+ |x− y|+ |y − y′| < 3δ = δ1,

�� |f(x′)− f(y′)| < ε/3, ¤±

|F (x)− F (y)| 6 |F (x)− f(x′)|+ |f(x′)− f(y′)|+ |F (y)− f(y′)| < ε.

ùÒy²
F���ëY5. �

ëY*Ü½n���{üA^´e¡�ê¼ê½Â�~f.

~~~ 15.1.5 �a > 0, �x ∈ Q�, �ê¼ê

f(x) = ax

�±^Ð��{½Â.

�I´?¿��k.4«m, N´�y, f(x)3I ∩ Q��ëY, ¤±§3Iþk��

�ëY*Ü, ù�Ò½Â
f(x) = ax 3 I þ��.

éu?¿x ∈ R, ���«mI�¹x¦Ù¤�S:, Ò�Ñ
�ê¼êf(x) = ax

3R þ�½Â, 
�T½Â�«mÀ�Ã'.

15.1.4 üüüNNN¼¼¼êêê

¡Dþ�¼êfüNO(~)´�é?¿x, y ∈ D, �x < y�, kf(x) 6 f(y) (f(x) >

f(y)). üNOÚüN~¼êÚ¡�üN¼ê. e¡·�r?Ø��3¼ê�½Â��«

m��/.

·���üN¼êØ�½ëY, �´üN¼ê��m4��½�3, l
k.�ü

N¼ê�õ�k1�amä:£a�:¤.

½½½nnn 15.1.15 �f�«mþ�üNO¼ê. x0´«m�S:,Km4� f(x0+0) =

lim
x→x+0

f(x)Ú�4�f(x0 − 0) = lim
x→x−0

f(x)Ñ�3, ¿�

f(x0 − 0) 6 f(x0) 6 f(x0 + 0).

é«mþüN~¼ê�kaq(J. äNy²��Ö1�þ §1.3.

ùp,l�Ì��Ý, ·��±wÑüN¼ê f 3:x��Ì ωf (x) �u f 3T:�

m4���ýé�. XJ: x0 ´a�:, @o�ÌÒ´/a�Ý0.

íííØØØ 15.1.16 �f´½Â3m«m(a, b)þ�üN¼ê, é?¿x0 ∈ (a, b),

ωf (x0) = |f(x0 + 0)− f(x0 − 0)|.

e¡�½n, £ã
üN¼êmä:��ê.
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½½½nnn 15.1.17 �f�m«mIþ�üN¼ê. @oØ�«m¥��õ�ê�:,

f3Ù§�:ëY. ½ö`m«mþüN¼ê�ØëY:�õ�k�ê�.

yyy²²² Ø�� f üNO, ·�^ü«�{y².

y{�: dum«mI´�ê�;�«m�¿8. 'X� a < b�¢ê�,

(a, b) =
⋃

n>2/(b−a)

[a+ 1/n, b− 1/n].

�Ly²f��3I�z�;f«m[c, d]þ·K¤á. ·�òy²é?¿m ∈ N, ¼êf

3[c, d] þ�Ì�L1/m�:��êk�, ù� f�ØëY:8Ü�±L«��ê��¹

k��ØëY:8Ü�¿

{x ∈ [c, d] : ωf (x) > 0} =
∞⋃
m=1

{
x ∈ [c, d] : ωf (x) >

1

m

}
,

¤±§´���õ�ê8Ü.

�x1, x2, · · · , xk ∈ [c, d]´�Ì�u1/m�:, x1 < x2 < · · · < xk. ·�k

f(xi + 0)− f(xi − 0) >
1

m
, i = 1, 2, · · · , k.

éþª¦Ú, |^f(xi + 0)− f(xi+1 − 0) 6 0��

f(d)− f(c) > f(xk + 0)− f(x0 − 0) >
k

m
.

ù`²�Ì�u1/m�:��êkk�.

y{�: PD(f)�f�ØëY:8Ü. éu?¿x ∈ D(f), ½Â��m«mXe

Jx =
(
f(x− 0), f(x+ 0)

)
.

éuD(f) ¥?¿Ø��ü: x, y, Ø��x < y, @oéu?¿z ∈ (x, y), k

f(x+ 0) 6 f(z) 6 f(y − 0). Ïd Jx ∩ Jy = ∅.

éuz�� x ∈ D(f), �âknê�È�5, �±lm«mJx¥�Ñ��knêrx,

@oD(f)�Q�f8 {rx : x ∈ D(f)} k��éA, l
D(f)��õ�ê8Ü. �

SSSKKK15.1

1. �f�½Â3��48þ�¼ê. y²: fëY��=�z�48����48.

2. �f1, · · · , fn�Rþ�ëY¼ê, A´dØ�ªf1(x) > 0, · · · , fn(x) > 0½Â�8Ü

A = {x ∈ R : f1(x) > 0, f2(x) > 0, · · · , fn(x) > 0},
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y²A´48, �df1(x) > 0, · · · , fn(x) > 0½Â�8Ü

B = {x ∈ R : f1(x) > 0, f2(x) > 0, · · · , fn(x) > 0}

´m8.

3. �Ñ lim
x→+∞

f(x) = y�½Â, ¿y²: §¤á��=�éu��3f�½Â�¥¿�

uÑ� +∞�?¿ê�{xn}, Ñk lim
n→∞

f(xn) = y.

4. �x0:´¼êf�a�mä:. y²: XJ{xn}½Â�¥Âñux0�:�, @oê

�{f(xn)} �õkn�4�:.

5. � f(x, y) ´½Â3R2þ�¼ê, §©Oé x Ú y ëY, �f(x, y) 'uCþ y ´ü

N�. y² f(x, y) ´ R2 þ���ëY¼ê.

6. �Ñ��Rþ�ëY¼êf , ¦�3fe48���±Ø´48.

7. (1) ¯Rþ�¼êf(x) = x2´Ä��ëY?

(2) y²÷v Lipschitz ^��¼ê��ëY.

8. �f3RþëY. ¯e��ª´Ä¤áº

f( lim
n→∞

xn) = lim
n→∞

f(xn).

9. �[0, 1]þ�¼êf(x) = xβ, β�«m(0, 1)¥�ê. y²: XJ0 < α 6 β, @

of´α� Hölder ëY; XJα > β, (ØØ¤á.

10. y²é?¿¼ê f , e�¤á¤á

f−1(A ∪B) = f−1(A) ∪ f−1(B), f−1(A ∩B) = f−1(A) ∩ f−1(B).

XJ�Ä¼ê��£���éá¡¤, ¯þ¡��ª´Äé¼ê��¤á?

11. �f´½Â3k.m«m(a, b)þ�ëY¼ê, y²f��ëY��=�f3a:�m

4�Úb:��4�Ñ�3.

12. �f�«m[a, b]þ�ëY¼ê, g�«m[b, c]þ�ëY¼ê, �f(b) = g(b). y²

h(x) =

{
f(x), a 6 x 6 b,

g(x), b 6 x 6 c.

3[a, c]þëY. ù«�E�{¡�ëY¼ê�ÊÜ .

13. �y~15.1.3¥¼êf÷v Lipschitz ^� |f(x)− f(y)| 6 |x− y|.

14. �f3(a, b)þ´C1¼ê, �f ′3à:aÚb�ü>4��3. y²f3à:�ü>4�

��3, �f�±*¿� [a, b]þ�C1¼ê.
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15. �f´«mþ�üNO¼ê, �T«m�S:x0´f�ØëY:. y²: éu?¿«

mp÷v x1 < x0 < x2�ü:x1, x2, f3x0�a�Ø�Lf(x2)− f(x1).

16. �f�«mIþ�üNO¼ê, T«m��mà:©O�a, b, à:�±3½Ø3«

mIp. y² lim
x→a+

f(x)Ú lim
x→b−

f(x)�3, cö�±�−∞, �ö�±�+∞.

17. �f�Dþ�¼ê. �½x0�D�à:, é?¿δ > 0, ½Â

M(δ) = sup {f(x) | x ∈ D and 0 < |x− x0| < δ},

m(δ) = inf {f(x) | x ∈ D and 0 < |x− x0| < δ}.

y²±e·K:

(1) M(δ)Úm(δ)3(0, ∞)þ©OüNOÚüN~.

(2) e�ü�4�

lim
δ→0

M(δ), lim
δ→0

m(δ)

©O�3(�U�±∞). §�¡�¼êf3x0?�þ4�Úe4�, ©OP�

lim
x→x0

f(x), lim
x→x0

f(x).

(3) f3x0?k4� lim
x→x0

f(x)��=�

lim
x→x0

f(x) = lim
x→x0

f(x).

18. Ú^þK�â�. �f�Dþ�¼ê, ¡fþ(e)�ëY, ´�éD�Ùà:8���

?¿:x0, Ñ¤á

f(x0) > lim
x→x0

f(x) (f(x0) 6 lim
x→x0

f(x)).

y²: ef´m8Dþ�¼ê, @ofþ�ëY��=�é?¿a ∈ R, {x ∈ D :

f(x) < a} ´m8.

19. y²: XJ«mþ�ëY¼êf��k���, @of´~�¼ê.

20. �f´½Â34«m[a, b]þ�¼ê, é?¿δ > 0, y²¼êf�Ì�u½�uδ�:

Dδ = {x ∈ [a, b] | ω(x, f) > δ}

´48.

21. �f´«mþ�üN¼ê. y²: XJ§��8´��«m, §´ëY¼ê. ÞÑ�

�½Â3«mþ�¼ê, §QØ´üN¼ê, �Ø´ëY¼ê, �´§��8´�

�«m.
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22. �f, g´Dþ���ëY¼ê, ¿�§�k.. y²f · g��ëY. Þ�~`²k.

�b�´7��.

23. ÞÑ��Rþ�ØëY¼êf , §3z�;8þÑ����, ���.

24. �f´Rþ�ëY¼ê, � lim
x→+∞

f(x)Ú lim
x→−∞

f(x)�3k�. y²f3Rþ��ëY.

25. ¢êRþ� Riemann ¼êR(x)½Â�:

R(x) =

0, x ´Ãnê;

1
q , x = p

q ´knê,

ùpp, q´�ê�q > 0, (|p|, q) = 1. y²µ3?¿:x, T¼ê�4�Ñ´0, l


Riemann ¼êR3¤kÃn:?ëY, �3?¿kn:?ÑØëY.

26. y²RþëY�±Ï¼ê��ëY.

27. �¼êf3«m[a, b]þüNO, x1 < x2 < · · ·´f�mä:, ½Â [a, b] þ�¼

êh(x)Xeµh(a) = 0, �x > a�,

h(x) =[f(a+ 0)− f(a)] +
∑
xk<x

(f(xk + 0)− f(xk − 0))

+ [f(x)− f(x− 0)].

y²µ

(1) h(x)´üNO¼ê¶

(2) g(x) = f(x)− h(x)ëY.

28. �f´½Â3«mIþ�î�üN¼ê, E = f(I)´¼êf���. ¦y: f−1 : E →
I´ëY¼ê.
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§15.2 ???êêê���ÂÂÂñññ555

ù�!·�ïÄ¼ê�Ú¼ê�?ê�Âñ59Ù5�. �
�y��5, é�1

�þk­E�Ü©SN�{üÛ�½í2, ­:�3�\[��\�?Øþ.

15.2.1 ÂÂÂñññ���ýýýéééÂÂÂñññ

�ÄÃ¡?ê
∞∑
n=1

an , ùp·�b� an, n = 1, · · · þ´¢ê . §�c n �Ü©Ú

£{¡/Ü©Ú0¤�Sn =
n∑
k=1

ak. ¡
∞∑
n=1

an Âñu¢êS, ´�ê�{Sn}ÂñuS, P

�
∞∑
n=1

an = S.

'uÂñ?ê, ±e5�´Ù��. XJ
∞∑
n=1

an �
∞∑
n=1

bn Âñ,�α ∈ R, @

o
∞∑
n=1

(an + bn)�
∞∑
n=1

α · an ÑÂñ. XJ
∞∑
n=1

an �
∞∑
n=1

bn Âñ�an > bn (∀k), @o

∞∑
n=1

an >
∞∑
n=1

bn. |^ê��CauchyÂñOK�±��

½½½nnn 15.2.1 £Cauchy ÂñOK¤?ê
∞∑
n=1

an Âñ��=�é?¿�ε > 0, �

3N ∈ N, ¦� ∣∣∣ q∑
k=p

ak

∣∣∣ < ε

é?¿ q > p > N¤á.

¡?ê
∞∑
n=1

an ýéÂñ, ´�?ê
∞∑
n=1

|an| Âñ. d CauchyÂñOK�n�Ø�ª

��, ýéÂñ%¹Âñ, ù`²â�/ýéÂñ0´Ün�. XJ��Âñ?êØ´

ýéÂñ�, K¡§�^�Âñ?ê. ^�Âñ���~f´
∞∑
n=1

(−1)n+1

n
= 1− 1

2
+

1

3
− 1

4
+ · · · .

ýéÂñ3Âñ5��½�{¥��2�A^. ~X~^�'��O{, §´Ù§

NõÂñ�O{�
�.

½½½nnn 15.2.2 �
∞∑
n=1

an �
∞∑
n=1

bn �Ã¡?ê�bn > 0, |an| 6 bn (∀k). XJ
∞∑
n=1

bn

Âñ, @o
∞∑
n=1

an ýéÂñ.
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eãíØ´1�þ��?êÂñ� Cauchy �O{Ú D’Alambert �O{�í2,

üöÑ´ÏL�AÛ?ê�'����, äNy²3�SK. üörf�'�®3

~14.3.9 ¥?Ø.

íííØØØ 15.2.3 �½?ê
∞∑
n=1

an.

1. �c = lim
n→∞

n
√
|an|, e c < 1, K?êýéÂñ, e c > 1, K?êuÑ¶

2. e lim
n→∞

∣∣∣an+1

an

∣∣∣ < 1, K?êýéÂñ, e n ¿©��
∣∣∣an+1

an

∣∣∣ > 1, K?êuÑ.

UC?ê¥�k��ØK�Âñ5. ¯¢þ,XJ=UC,
ak, 1 6 k 6 n,ù¿�

XÜ©Úê��1n����¤k�SkC� Sk + c, ùpc ´��~ê. Ïd, ØUC�

?ê�Âñ5. AO/, r?ê�k��^S­#ü�, ��#�?êéA�~êc = 0,

XJ�?êÂñ, @o#?ê�4�ØC.

�´, é?ê�Ã�õ��^S?1­#ü�, UC
?ê�Ü©Úê�, ùk�U

UC?ê�4�½Âñ5. ·�òX­ïÄ­ü�5�¯K, l¥?�ÚaÉýéÂñ

�^�Âñ�ã��O.

½½½ÂÂÂ 15.2.4 ¡?ê
∞∑
n=1

bn �?ê
∞∑
n=1

an���­ü, ´��3����N

�σ : N→ N, ÷vbn = aσ(n), n = 1, 2, · · · .

{ü/`, ?ê
∞∑
n=1

bn´?ê
∞∑
n=1

an���­ü´�üö¹k�Ó��, �¦Ú�^

SØÓ. P
∞∑
n=1

a+
n �?ê

∞∑
n=1

an ¥�K��g­#?Ò|¤�?ê,

∞∑
n=1

a−n´K��

ýé��g­#?Ò|¤�?ê. K

½½½nnn 15.2.5 ?ê
∞∑
n=1

an ýéÂñ�¿©7�^�´?ê
∞∑
n=1

a+
n Ú

∞∑
n=1

a−n ÑÂ

ñ. �´, XJ?ê
∞∑
n=1

an ´^�Âñ�, @o
∞∑
n=1

a+
n Ú

∞∑
n=1

a−n ÑuÑ� +∞.

T½n�y²®31�þ¥�Ñ. �´I��Ñ�´ùp a±n �½Â�1�þ¥�

½Âk¤ØÓ. 3@p a±n =
|an| ± an

2
, ÏdÃØ´ a+

n �´a
−
n ÑO\
�
�u 0 �

�£~X, e an < 0, KéA �� a+
n = 0¤. ü«½Âéþã½n�y²vk��«

O, �3ò�?Ø�­ü¯K�, 8c�½Â�\�B²(.

éuýéÂñ?ê, ·�kXe½n.

½½½nnn 15.2.6 �Ã¡?ê
∞∑
n=1

an = a Âñ. XJ
∞∑
n=1

an ýéÂñ. @o§�?¿

­üÑýéÂñ, 
�Âñ��Ó��;
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yyy²²² T½n�y²�®²31�þ¥�Ñ, ùp·�l?êÂñ�½ÂÑu, �

Ñ�����y².

�
∞∑
n=1

bn�?¿��­ü. Äky§�Âñua =
∞∑
n=1

an.

éu?¿�ε > 0, ·��y²�k¿©��∣∣∣∣∣
k∑

n=1

bn −
∞∑
n=1

an

∣∣∣∣∣ 6 ε.

�â^�, �3�� N , ¦�
∞∑

n=N+1

|an| 6 ε. w,, �3 K, ¦� a1, · · · , aN�½Ñy

3b1, · · · , bK�¥, @o� k > K �, a1, · · · , aN �,��½Ñy3b1, · · · , bk�¥ . ù

�, � k > K �, k�Ú
k∑

n=1

bn −
N∑
n=1

an ¥�z�ÑÑy3aN+1, aN+2, · · · �¥, ¤±

∣∣∣∣∣
k∑

n=1

bn −
∞∑
n=1

an

∣∣∣∣∣ =

∣∣∣∣∣
(

k∑
n=1

bn −
N∑
n=1

an

)
−

∞∑
n=N+1

an

∣∣∣∣∣
6

∞∑
n=N+1

|an| 6 ε.

'u
∞∑
n=1

bn�ýéÂñ5�±d
∞∑
n=1

|bn|´
∞∑
n=1

|an|�­ü��. �

þã½n`², éuýéÂñ?ê, ?Û/ª�­üØK�Âñ5Ú¦Ú��. �

´, éu^�Âñ?ê, (J%�,ØÓ

½½½nnn 15.2.7 (Riemann ­ü½n) �
∞∑
n=1

an ^�Âñ, K�3§���­ü, ¦Ù

Âñ�?¿��¯k�½�¢ê A ½uÑ� ±∞.

yyy²²² Ï�
∞∑
n=1

an ^�Âñ, ¤±

an → 0, a±n → 0,
∞∑
n=1

a±n = +∞.

±e©ü«�/?Ø.

£1¤A ´��¢ê. Ø�� A > 0, l {a+
n } ¥^SÀ� a+

1 , · · · , a
+
k1

, ¦�

k1−1∑
j=1

a+
j 6 A <

k1∑
j=1

a+
j
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Ï�
∞∑
n=1

a+
n = +∞, ù��À�o´�±���. P A+

1 =
k1∑
j=1

a+
j , @oØ�÷v

0 < A+
1 − A =

k1∑
j=1

a+
j − A 6 a+

k1

3 {a−n } ¥^SÀ� a−1 , · · · , a
−
l1

, ¦�

A+
1 −

l1∑
j=1

a−j < A 6 A+
1 −

l1−1∑
j=1

a−j

Ón, ù��À��´U
���. P A−1 =
l1∑
j=1

a−j , KØ��

0 < A− (A+
1 − A

−
1 ) 6 a−l1 .

�
?�Ú~�Ø�, ­EþãL§, 2l {a+
n } ¥^SÀ� a+

k1+1, · · · , a
+
k2

, ¦�

A+
1 − A

−
1 +

k2−1∑
j=k1+1

a+
j 6 A < A+

1 − A
−
1 +

k2∑
j=k1+1

a+
j .

P A+
2 =

k2∑
j=k1+1

a+
j , K

0 < A+
1 − A

−
1 + A+

2 − A 6 a+
k2
.

Xde�, ��e¡?ê

A+
1 − A

−
1 + A+

2 − A
−
2 + · · ·

§´�?ê
∞∑
n=1

an���­ü, ÙÜ©Ú÷v

0 < A+
1 − A

−
1 + A+

2 − A
−
2 + · · ·+ A+

n − A 6 a+
kn
,

0 < A− (A+
1 − A

−
1 + A+

2 − A
−
2 + · · ·+ A+

n − A−n ) 6 a−ln .

|^ a±n → 0 ��, ­ü�?ê�Ü©Úê�{Sn}, k��f�{Snk}ÂñuA. 
�, c

¡©Û¥Ñy�A+
n , A

−
nÑ´d�?ê�ÓÎÒ��¦Ú��, ¿�

lim
n→∞

A+
n = lim

n→∞
A−n = 0.

Ïd, é?¿�n, XJnk 6 n 6 nk+1, @o|Sn − Snk |�u½ö�u,�A+
k½A

−
k , ¤±

lim
n→∞

Sn = A.
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£2¤éu A = +∞ �/, ¿©|^
∞∑
n=1

a±n = +∞, Äkl {a+
n } ¥^SÀ�

a+
1 , · · · , a

+
k1
Ú a−1 , ¦�

a+
1 + · · ·+ a+

k1
− a−1 > 1

2\\a+
k1+1, · · · , a

+
k2
Ú a−2 , ¦�

a+
1 + · · ·+ a+

k1
− a−1 + a+

k1+1 + · · ·+ a+
k2
− a−2 > 2

ÏL�Ó�{, r {a−n } Å�l?
∞∑
n=1

a+
n ¥, ù����«�?ê�­ü, 
�

1nÚ¤�Ü©Ú�u n, ¤±­ü?êuÑ�+∞ . éu −∞ �/�aqy². �

íííØØØ 15.2.8 �Ã¡?ê
∞∑
n=1

an = a Âñ. XJ
∞∑
n=1

an ?¿­üÑÂñ, @o

∞∑
n=1

an ýéÂñ.

ù´Riemann ­ü½n���íØ, XJ
∞∑
n=1

|an| uÑ£=
∞∑
n=1

an ^�Âñ¤, K

�½�3��uÑ�­ü, Ïd�^�gñ.

~~~ 15.2.1 �?ê
∞∑
n=1

anÚ
∞∑
n=1

bnþýéÂñ, ÙÚ©O�AÚB. @or8

Ü{akbl : k, l = 1, 2, 3, · · · }¥�¤kêU?¿^S�\¤��?êþýéÂñ, �

Ú�AB.

yyy²²² �
∞∑
s=1

ak(s)bl(s)´8Ü{akbl}¥ê���ü��¤�Ú. é?¿n, -

N = max
(
k(1), · · · , k(n), l(1), · · · , l(n)

)
,

·�k ∣∣ak(1)bl(1)

∣∣+ · · ·+
∣∣ak(n)bl(n)

∣∣ 6 (
|a1|+ · · ·+ |aN |

)(
|b1|+ · · ·+ |bN |

)
6

( ∞∑
k=1

|ak|

)( ∞∑
l=1

|bl|

)
< +∞.

l

∞∑
s=1

ak(s)bl(s)ýéÂñ. d½n15.2.8, 8Ü{akb`}¥ê�?¿ü��¤�?êÑÂñ

uÓ��Úê. XJæ^

∑
k, l6N

ak bl =

( N∑
k=1

ak

)( N∑
l=1

bl

)
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�¦Ú�ª, ���Ú�u

lim
N→∞

∑
k, l6N

ak bl = AB.

�,, XJæ^
∞∑
n=1

an Ú
∞∑
nl=1

bn � Cauchy ¦{, ���?ê

∞∑
n=1

cn, cn = a1bn + · · ·+ anb1

�Âñu AB. 31�þ¥, �éü�?ê�Cauchy ¦{, ���¦�ü�?ê¥k�

�ýéÂñ, þã(JE,¤á. 3dÒØ2­E. �

~~~ 15.2.2 ?Ø?ê
∞∑
n=1

(−1)n+1

n
�­ü.

�Äê�

an = 1 +
1

2
+ · · ·+ 1

n− 1
− lnn,

bn = 1 +
1

2
+ · · ·+ 1

n
− lnn.

é¼êlnxA^Lagrange�©¥�úª, N´��Ø�ª

1

n+ 1
< ln

n+ 1

n
<

1

n
,

dd�±y²{an}üNO, {bn}üN~. Ï�bn − an = 1/n, ¤±§�k�Ó�4�, P

�γ. ~êγ = 0.5772156 · · ·¡�Euler ~ê.

PNÚ?ê
∞∑
n=1

1

n
�Ü©Úê��Hn, Kê�

rn := Hn − lnn− γ = bn − γ → 0 (n→∞).

|^

1 +
1

3
+ · · ·+ 1

2n− 1
= H2n − (

1

2
+ · · ·+ 1

2n
) = H2n −

1

2
Hn,

�±ò?ê
∞∑
n=1

(−1)n+1

n
�Ü©Ú��

S2n =
(

1 +
1

3
+ · · ·+ 1

2n− 1
)−

(1

2
+

1

4
· · ·+ 1

2n

)
= H2n −Hn = (γ + ln 2n+ r2n)− (γ + lnn+ rn)

= ln 2 + r2n − rn,

¤±S2n → ln 2 (n→∞). qÏ�S2n+1 − S2n = −1/(2n+ 1)→ 0, ¤±

∞∑
n=1

(−1)n+1

n
= ln 2.
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�p, q > 1, ò
∞∑
n=1

(−1)n+1

n
�Xe­üµk�c¡p ���, 2�c¡q�K�, �

�2�gp���, �X�gq�K�, XdUY, ���?êP�
∞∑
n=1

an, §�Ü©ÚP

�An. Ké?¿m,

Amp+mq =
(

1 +
1

3
+ · · ·+ 1

2mp− 1

)
−
(1

2
+

1

4
+ · · ·+ 1

2mq

)
= H2mp −

1

2
Hmp −

1

2
Hmq

= γ + ln 2mp+ r2mp −
1

2

(
2γ + lnmp+ lnmq + rmp + rmq

)
,

¤±� m→∞ �,

Amp+mq → ln 2 +
1

2
ln
p

q
.

é?¿n, �m(p+ q) 6 n < (m+ 1)(p+ q), K∣∣∣An − Amp+mq∣∣∣ 6 1

2mp+ 1
+ · · ·+ 1

2(m+ 1)p− 1

+
1

2mq + 2
+ · · ·+ 1

2(m+ 1)q
.

�n→∞�, m→∞, ·�k ∣∣∣An − Amp+mq∣∣∣→ 0,

¤±
∞∑
n=1

an = ln 2 +
1

2
ln
p

q
.

15.2.2 ������ÂÂÂñññ

�e5·�?Ø¼ê�Ú¼ê�?ê�Âñ5.

½½½ÂÂÂ 15.2.9 �f1(x), f2(x), · · · ´½Â3ú�½Â�Dþ�¼ê�. ¡T¼ê�

Âñu¼ê f(x)´� ∀x0 ∈ D,

lim
n→∞

fn(x0) = f(x0),

P� lim
n→∞

fn = f . TÂñÏ~�¡�Å:Âñ .

aq/, ¡¼ê�?ê
∞∑
n=1

un(x)3½Â�DÅ:Âñ´�µÜ©Ú�¤�¼ê

�Sn(x) =
n∑
k=1

uk(x) 3½Â�DÅ:Âñ. �Å:Âñ�éA�´��Âñ�Vg.



76 1 15 Ù ëY5�Âñ5

½½½ÂÂÂ 15.2.10 ¡½Â38ÜDþ�¼ê�f1(x), f2(x), · · ·��ÂñuDþ�¼
êf(x)´�: é?¿ε > 0, �3��εk'���êN¦�n > N�

|fn(x)− f(x)| < ε

é¤kx ∈ D¤á. ù�, ½¡f(x)´fn(x)���4�. ¼ê�?ê���Âñ�±a

q½Â.

��Âñ�½Å:Âñ, ���Ø�½¤á. ~X
∞∑
n=1

xn 3(−1, 1)Å:Âñ, Ø�

�Âñ. �´éu�½�r ∈ (0, 1), §3���½Â�þ[−r, r]þ´��Âñ�.

555��� 15.2.11 ½Â3Dþ�¼ê�fn��Âñuf��=�

lim
n→∞

sup
x∈D
{|fn(x)− f(x)|} = 0.

ùpsup
x∈D
{|fn(x)− f(x)|}�±w¤f�fn�,«”ål”, ·�±�¬UY?Ø.

~~~ 15.2.3 ïÄRþ�¼ê� {fn} �Âñ5, Ù¥fn½Â�

fn(x) =


0, x 6 0

nx, 0 < x < 1/n

1, x > 1/n.

w,fn3RþëY, �´fn�4�¼ê

f(x) =

{
0 x 6 0

1 x > 0.

x = 0´§�1�amä:. Ó��ØJwÑ

sup {|fn(x)− f(x)| : x ∈ R} = sup
x∈(0, 1/n)

(1− nx) = 1,

l
fnØ��Âñuf .

l¼ê���Âñ�½ÂN´��XeCauchyÂñOK.

½½½nnn 15.2.12 ( CauchyÂñOK) ½Â3Dþ�¼ê�{fn(x)}��Âñ��=�
é?¿ε > 0, �3��6uε���êN , ¦� k, n > N�

|fn(x)− fk(x)| < ε

é¤kx ∈ D¤á.

yyy²²² N´�y����Âñ�¼ê�÷vCauchyÂñOK. ��§XJ¼ê

�{fn(x)}(x ∈ D)÷vCauchyÂñOK, @oé?¿�½�x ∈ D, {fn(x)}´ Cauchyê

�, Ïd�±½ÂDþ�¼êf(x) = lim
n→∞

fn(x), ±e�y{fn(x)}��Âñ�f(x).
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é?¿ε > 0, �3N = N(ε) ∈ N, k, n > N�

|fn(x)− fk(x)| < ε

2

é?¿x ∈ D¤á, -k →∞, Ò��

|fn(x)− f(x)| < ε, ∀x ∈ D.

�

XJ¼ê�?ê�Ü©Ú¼ê���Âñ, Ò¡T?ê��Âñ. ¼ê�?ê��

Âñkéõ�O{, �{ü
k���O{´Weierstrass�O{, ¦�±dCauchy Âñ

OK��íÑ.

½½½nnn 15.2.13 ( Weierstrass �O{) ���?ê
∞∑
n=1

an Âñ, �½Â3Dþ�¼

ê�?ê
∞∑
n=1

un(x) ÷v: éu?¿n �?¿x ∈ DÑk|un(x)| 6 an £= an ´ |un(x)|

3 D ¥���þ.¤, K
∞∑
n=1

un(x)��Âñ.

��Âñ�­�53u, ¼ê�ëY5!�È5�3��Âñe�±�±.

½½½nnn 15.2.14 �{fn}´½Â3«m[a, b]þ��È¼ê�, {fn}��Âñ�¼êf .

Kf´[a, b]þ��È¼ê§�
ˆ b

a

f(x)dx = lim
n→∞

ˆ b

a

fn(x)dx.

yyy²²² �an =

ˆ b

a

fn(x)dx, Äky²ê�{an}Âñ. ∀ε > 0, d��Âñb�,
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∃N ∈ N, é?¿ m,n > N ,

sup
x∈[a, b]

∣∣fm(x)− fn(x)
∣∣ < ε

b− a
,

K

|am − an| =
∣∣∣ ˆ b

a

(
fm(x)− fn(x)

)
dx
∣∣∣

6
ˆ b

a

∣∣fm(x)− fn(x)
∣∣dx < ε.

¤±{an}´Cauchy�. �A = lim
n→∞

an, e¡·�y²f�È�

ˆ b

a

f(x)dx = A.

é?¿ε > 0, �3N , �n > N�,

sup
x∈[a, b]

|fn(x)− f(x)| < ε

b− a
.

�T : a = x0 < x1 < · · · < xk = b´«m[a, b]���©�, �Ä¼êf�RiemannÚ

k∑
i=1

f(ξi)∆xi, ∀ξi ∈ [xi−1, xi], i = 1, 2, · · · , k.

�½��n > N , Ó�÷v|an − A| < ε. ·��±òéf�RiemannÚ�O=�¤

éfn�RiemannÚ�O,=∣∣∣∣∣
k∑
i=1

f(ξi)∆xi − A

∣∣∣∣∣ 6
∣∣∣∣∣
k∑
i=1

(
f(ξi)− fn(ξi)

)
∆xi

∣∣∣∣∣
+

∣∣∣∣∣
k∑
i=1

fn(ξi)∆xi − an

∣∣∣∣∣+ |an − A|,

dfn�ÈíÑ, �3δ > 0, �‖T‖ < δ�,

∣∣∣ k∑
i=1

fn(ξi)∆xi − an
∣∣∣ < ε, ∀ξi ∈ [xi−1, xi], 1 6 i 6 k.

¤± ∣∣∣ k∑
i=1

f(ξi)∆xi − A
∣∣∣ < sup

x∈[a, b]

∣∣f(x)− fn(x)
∣∣ k∑
i=1

∆xi + ε+ ε < 3ε,

ùÒy²
f�È�

ˆ b

a

f(x)dx = a. �

½½½nnn 15.2.15 �fn3½Â�Dþ��Âñuf , XJ¤k�fnÑ3D¥�:x0?

ëY, K f½3x0?ëY(l
XJ¤kfn3DþëY, @of½3DþëY). XJ¤k

fnÑ3Dþ��ëY, @of½3Dþ��ëY.
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yyy²²² é?¿ε > 0, �3¿©�� n ¦�

|f(x)− fn(x)| < ε

3

é¤kx ∈ D¤á. �|^XeØ�ª�Of(x)− f(y):

|f(x)− f(y)| 6 |f(x)− fn(x)|+ |fn(x)− fn(y)|+ |fn(y)− f(y)|

<
2ε

3
+ |fn(x)− fn(y)|.

é?¿� x0 ∈ D, � n ¿©��, Ï�fn3x0ëY, ¤±�3x0���|x− x0| < δ, 3�

�S|fn(x)− fn(x0)| < ε/3¤á. u´, éd��p�:x,

|f(x)− f(x0)| < 2ε

3
+ |fn(x)− fn(x0)| < 2ε

3
+
ε

3
= ε,

Ïdf3x0ëY.

� fn (∀n) 3 D þ��ëY�. é�½�n�3δ > 0¦�, |x− y| < δ�

|fn(x)− fn(y)| < ε

3
(∀x, y ∈ D),

¤±

|f(x)− f(y)| < 2ε

3
+ |fn(x)− fn(y)| < ε.

�

5P ù�½n´�rVAê. §��¡w«Ñ��Âñ�^?, ,��¡·�UÏ

L§�½Ø��Âñ. ~X·�F"ØëY¼ê�k Fourier ?ê, �´ÂñuØëY

¼ê� Fourier ?ê�½Ø¬��Âñ, Ï��u, {u¼ê´ëY¼ê.

|^��Âñ5, �±?ØNõk��¢~.

~~~ 15.2.4 üN¼ê�ã��U�~E,. e¡�E��Rþ�üNO¼êf , §

TÐ3?¿�½��ê8ÜAþØëY.

��ê8Ü A ���ü�´ a1, a2, · · · . -

fk(x) =

0 x 6 ak,

1 x > ak,
k = 1, 2, · · ·

@o¼ê

f(x) =
∞∑
k=1

2−k fk(x)

3Rþk½Â, �3RþüNO. w, |2−k fk(x)| 6 2−k, ¤±d Weierstrass �O{, ½

Âf �¼ê�?ê3Rþ��Âñ. e¡y²fTÐ38ÜA = {a1, a2, · · · }þØëY.



80 1 15 Ù ëY5�Âñ5

?�x0 /∈ A, dufkÑ3x0ëY, d��Âñ5��f3x0ëY. éu?¿ai ∈ A,

f − 2−ifi =
∑
k 6=i

2−k fk(x),

aqþ¡y²§ØJ�� f − 2−ifi 3ai ëY, l
f3:ai?�2−ifik�Ó�a�,

i = 1, 2, · · · .

AO, � A = Q �knê8, §3��¢¶þ´È��. @o·��±��ù��

�3È��knê8þØëY�üN¼ê.

~~~ 15.2.5 y²�?ê
∞∑
n=0

anx
n�Âñ�»Rdeª�Ñµ

1

R
= lim

n→∞
n
√
|an|.

yyy²²² ���u½�u0�êR ∈ R∞¡�´�?ê
∞∑
n=0

anx
n�Âñ�»´�µ

�|r| < R��?ê3x = r?Âñ, �|r| > R��?ê3x = r?uÑ.

·�Äky²

lim
n→∞

n
√
|an| 6

1

R
.

eR = 0(Øw,, e¡�R > 0. ?�0 < r < R, du
∞∑
n=1

anr
nÂñ, �3�~êM¦

�|anrn| 6M é?¿n¤á. u´ |an|1/n 6M
1
n/r,

lim
n→∞

n
√
|an| 6

1

r
lim
n→∞

M1/n =
1

r
.

dur ∈ (0, R)´?¿�, ¤±(Ø¤á.

P

lim
n→∞

n
√
|an| =

1

R0
,

ùpR0 = 0, +∞ ½�"�k�ê. ·�®y² R0 > R, �
y²R > R0, �

Ly²�|x| < R0�,
∑∞

n=0 anx
nÂñ. eR0 = 0(Øw,. �R0 > 0�, �R1¦�

|x| < R1 < R0. @odu lim
n→∞

n
√
|an| < 1/R1, =

lim
n→∞

n
√
|an| = lim

k→∞
sup
n>k

n
√
|an| <

1

R1
,

Ïd·�U
�k¿©�, ¦�∀n > k, n
√
|an| < 1/R1, ½ö|an| < 1/Rn1 . ��

r
∑

anx
n�AÛ?ê

∑
(|x|/R1)n�'�, ��cö�|x| < R1��Âñ5. �

þã~f�y², Û¹Xe¯¢µXJ�?ê
∞∑
n=1

anx
nÂñ�»R > 0, @oé
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?¿0 < r < R, �?ê3«m[−r, r] ýéÂñ
���Âñ, ¤±Ú¼ê f(x) =
∞∑
n=1

anx
n3(−R, R)ëY.

����´eã(Ø.

555��� 15.2.16 �ëY¼ê�{fn}3m8DþÅ:Âñ�¼êf . XJé?¿�;

�f8E ⊂ D, ¼ê�{fn}��3 Eþ��Âñ, Kf´Dþ�ëY¼ê.

÷v^��¼ê��¡�S4��Âñ. (Ø¤á��Ï´Ï�ëY´ÛÜ5�.

¯¢þ,é?¿x ∈ D,�±À���4«m[a, b] ⊂ D� x ∈ (a, b),Kd{fn}3[a, b]�

�ÂñíÑf3x:ëY.

~~~ 15.2.6 ¢¶Rþ??ëY!??Ø��¼ê��35.

??Ø��ëY¼ê�1��~f´Weierstrass±9Bolzano�E�. ·�e¡0

��¢~áuVan der Waerden.

�¼êu(x)�

u(x) =
{x, x ∈ [0, 1]

2− x, x ∈ [1, 2]

òu(x)U±Ï�u2*¿�¤k¢ê, Qu(x + 2) = u(x), ∀x ∈ R, Ku(x)´Rþ�ëY¼
ê. ½Â

uk(x) =
(3

4

)k
u(4k x),

f(x) =
∞∑
k=0

uk(x).

Ï�0 6 uk(x) 6 (3/4)k, ¤±dWeierstrass�O{, f(x)´Rþ�ëY¼ê.

�*þw, uk(x)´�Ì�(3/4)k!±Ï� 2/4k�ç¸/¼ê, f(x)´ù
¼ê�U

\. �y²f??Ø��, é?¿x ∈ R, ·�òy²�3ê� an → x−, bn → x+ (n →
∞), ¿��n→∞�,

f(bn)− f(an)

bn − an
vk4�, ù�±íÑ¼êf3:xØ��.

én ∈ N, ½Â

an =
[4n x]

4n
, bn =

[4n x] + 1

4n
,

w,an 6 x < bn, ¿� |x− an|Ú|bn − x|Ñ�u½�u|bn − an| = 1/4n, ¤±

an → x−, bn → x+.

·�I�O�

f(bn)− f(an) =
∞∑
k=0

(
uk(bn)− uk(an)

)
.
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�k > n�, du4kbn − 4kan = 4k−n´óê, ¤±

uk(bn)− uk(an) =
(3

4

)k(
u(4kbn)− u(4kan)

)
= 0.

�k 6 n�, du«m
(
[4nx], [4nx] + 1

)
¥vk�ê, ¤±«m(

4kan, 4kbn
)

=

(
[4nx]

4n−k
,

[4nx] + 1

4n−k

)
¥vk�ê, l¼êu(x)�½Â��

|uk(bn)− uk(an)| =
(3

4

)k
|u(4kbn)− u(4kan)|

=
(3

4

)k
(4kbn − 4kan) =

(3

4

)k 1

4n−k
.

·�k

|f(bn)− f(an)| =

∣∣∣∣∣
n∑
k=0

(
uk(bn)− uk(an)

)∣∣∣∣∣
> |un(bn)− un(an)| −

n−1∑
k=0

∣∣uk(bn)− uk(an)
∣∣

=
(3

4

)n
−

n−1∑
k=0

(3

4

)k 1

4n−k
>

1

2

(3

4

)n
,

Ïd ∣∣∣∣f(bn)− f(an)

bn − an

∣∣∣∣ > 1

2
3n.

�

Ï~ÂñíØÑ��Âñ. XJëY¼ê��4�¼êëY, 3,
A½^�e�

±��ù«Âñ´���.

½½½nnn 15.2.17 (Dini) �{fn}´;8Dþ�ëY¼ê�, ¿�éz��x ∈ D, ê

�{fn(x)} � n→ 0 �ÑüN4~/ÂñuëY¼êf , @ofn3Dþ��Âñuf .

yyy²²² Ø��{fn}üN4~ªu0, ÄK·��±^fn − f�Ofn (∀n). Ïdòy²

{fn} � n→∞ ���Âñu 0.

?¿�½x ∈ D±9ε > 0, �3N(x) = N(x, ε)¦�0 6 fNx(x) < ε. dufN3xë

Y, �3n = n(x)¦�3x���
(
x− 1/n(x), x+ 1/n(x)

)
k

0 6 fN(x)(y) 6 ε, ∀y ∈
(
x− 1

n(x)
, x+

1

n(x)

)
∩D. (∗)

u´ù
m«m
(
x − 1/n(x), x + 1/n(x)

)
, x ∈ D, �¤D���mCX. dD;�,

�3k�fCX (xj − 1/nj , xj + 1/nj), Ù¥nj := n(xj), j = 1, · · · , k. -N =

max
(
N(x1), · · · , N(xk)

)
, d(∗)�fn�4~5���, é?¿k > N±9?¿x ∈ D,

0 6 fk(x) < ε¤á.
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½n��±Xey²µ|^½Â��;5, �ëY¼êfn3:xn�����,

-an = sup
x∈D

fn(x) = fn(xn), Ï�

an+1 = fn+1(xn+1) 6 fn(xn+1) 6 an,

¤±{an}´üN4~��Kê�. �Iy²a = lim
n→∞

an = 0.

ê�{xn}kÂñf�{xkn}Âñ�:x0 ∈ D, é?¿m ∈ N, �kn > m�

akn = fkn(xkn) 6 fm(xkn),

-kn →∞, Ò�� a 6 fm(x0), 2-m→∞, Òy�a = 0. �

½½½nnn 15.2.18 (Dini ½n��d/ª) �?ê
∞∑
n=1

un(x)�z��3;8DþëY

��K, XJ§�Ú¼ê S(x)½3DþëY, @oT?ê3Dþ��Âñ.

Ø+´½n15.2.17, �´½n15.2.18, ;�5^�´7��, ~X
∞∑
n=1

xn3[0, 1) Â

ñux/(1− x), �´Ø��Âñ. ¯KÑ3Âñ«�[0, 1)Ø;�.

éu;8þëY¼ê����Âñ5, ·��kXe�,�«�x�ª.

½½½nnn 15.2.19 �{fn(x)}´½Â3;�8Dþ�ëY¼ê�, K{fn}��Âñu¼
êf��=�éDS�?¿Âñ:�xn → x, k

lim
n→∞

fn(xn)→ f(x).

yyy²²² 7�5 �fn��Âñuf , xn → x ∈ D. ·�I��Ofn(xn) − f(x). �½

n15.2.15�y²aq, |^¥m�f(xn) �±��

|fn(xn)− f(x)| 6 |fn(xn)− f(xn)|+ |f(xn)− f(x)|.

Ï� fn ëY¿��Âñu f , ¤±f �ëY, ù�Òk

lim
n→∞

f(xn) = f(x),

=?� ε > 0, �3N1¦� |f(xn) − f(x)| < ε/2é¤kn > N1¤á. qÏ� fn ��

Âñu f , ¤±�3 N2 ¦��n > N�|fn(x) − f(x)| < ε/2 é¤k x ∈ D¤á. �

N = max{N1, N2}, � n > N �, k

|fn(xn)− f(x)| < ε.

¿©5 �é?¿Âñ:�xn → xk fn(xn)→ f(x).

Äk�xn = x(∀n), �â^�, Ò�� fn Å:Âñ�f .
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Ùg�y² f 3 D ¥ëY, =∀x ∈ D, �y²f(xn)→ f(x) (n→∞), Ù¥{xn}´
Âñ�x�?¿:�.

�d·�I��Ðe�O�ó�. �^�fn(xn) → f(x), ¯¢þé{fn}�?¿f
�{fkn}, E,kfkn(xn) → f(x), ù´Ï�·��±�E��Âñ�x�:�{yn}÷v:

yk1 = x1, yk2 = x2, · · · , ykn = xn, · · · , 
3Ù§/�yj = x, j 6= k1, k2, · · · , kn, · · · . @o
éu {yn}, �kfn(yn)→ f(x) (n→∞), ¤± fkn(xn) = fkn(ykn)→ f(x), (n→∞).

y3�{xn}´D¥Âñ�x�?¿ê�. é?¿�n, dfk(xn)→ f(xn) (k →∞) �

�, �3kn¦�|fkn(xn)− f(xn)| < 1/n, ·���±À�{kn} ÷v k1 < k2 < k3 < · · · .
@o�n→∞�

|f(xn)− f(x)| 6 |f(xn)− fkn(xn)|+ |fkn(xn)− f(x)| → 0.

���y²{fn}��Âñ�f . -

an = sup
x∈D
{|fn(x)− f(x)|},

�Iy²an → 0 (n → ∞). ÄK, �3���êε0±9{an}���f�{ank}÷vank >
ε0 (∀k). ��Bå�Ø�� an > ε0 (∀n). d½Â��;5��3xn ∈ D ÷v an =

|fn(xn)− f(xn)|. :�{xn}kÂñf�{xnk}Âñ�x0 ∈ D, @o�½n^�

lim
k→∞

ank =
∣∣∣ lim
k→∞

fnk(xnk)− lim
k→∞

f(xnk)
∣∣∣ = |f(x0)− f(x0)| = 0,

gñ. �

15.2.3 ���ÝÝÝëëëYYY

�!��·��Ä���¼ê�Âñ�'�¯K, §�;�5k'. éuê�
ó,

��k.Ò¬kÂñf�. aq/·��Ä3�o^�e¼ê��½kÂñf�º

��Bå�·�òr¯K��3;�«mþ�ëY¼ê, �Âñ���Âñ. N´

uy, Ø´z�[a, b]þëY¼ê�Ñk��Âñf�. �{ü��~#Lufn(x) ≡ n.

=¦\þ/¼ê���k.0�^�, Q�3�êM¦�|fn(x)| 6M (∀n), �ØU�y

kÂñf�, ~X¼ê�{sin nx}. ·�ùpØ�Ñ§Ø�3Âñf��y²[!, �´

�*þ(Ø´w,�, Ï��n�5��sin nx3−1�1�m�Ä��5�¯. �
üØ

ù«�Ä1��Ñy, I��ÝëY�Vg.

½½½ÂÂÂ 15.2.20 ½Â3Dþ�¼ê�{fn}¡����ÝëY´�µé?¿ ε > 0,

�3��εk'�δ > 0, ¦��|x− y| 6 δ (∀x, y ∈ D)�,

|fn(x)− fn(y)| < ε

é?¿n¤á.
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�Ïé¼ê��3��Âñf��^�, Ú\���ÝëY�Vg�´g,�. Ö

ö�±y²µ ;�«mþ��Âñ�ëY¼ê��½´��k.Ú���ÝëY�.

½½½nnn 15.2.21 (Arzela-Ascoli) � {fn} ´½Â3;�«mþ��k.!���Ý
ëY�¼ê�, K§�3��Âñf�.

yyy²²² y²g�´ké�3½Â�����êÈ�f8þÂñ�f�, ,�y²ù

�f���Âñ. 1�Ú^���k.5, 1�ÚI����ÝëY5.

�{xk}´½Â�����êÈ�f8('X�±�«mp�knê�N). éz�

�½�k, �â��k.��{fn(xk)}´k.ê�. ·��é{fn}���f�, §3¤

k:xk��þÂñ. ÄkÀ{fn}���f�{f1n}, f1n(x1)Âñ. 2À{f1n}���f
�{f2n}, f2n(x2)Âñ. d�f2n(x1)�Âñ. 2À{f2n}���f�{f3n}, f3n(x3)Âñ, ±

daí. ÏLù«�ª, ·����5¼ê����f�{fkn}(k = 1, 2, 3, · · · ), z�f
�´§c��f��f�,¿�é�½�k,¼ê�ê�fk1, fk2, fk3, · · ·3x1, x2, · · · , xk�
�Âñ.

�dE,vk��3�ê�:x1, x2, x3, · · ·��ÑÂñ�f�, �d·�r¤kf

��¤��Ã�Ý


f11 f12 f13 · · ·
f21 f22 f23 · · ·
f31 f32 f33 · · ·
· · · · · · · · · · · ·

2�é��f11, f22, f33, · · · . é���´�¼ê��f�, ¿�é?¿k, Ø
m©

�k�, §´1k1 fk1, fk2, fk3, · · ·�f�£Ï�31k1±e�1Ñ´1k1�f�¤,

Ïdé��3xkÂñ. §=´·��é�f�, ��Bå�, Ø�EP§�f1, f2, · · · .

±e·�y²¼ê�{fn}÷v��Âñ� Cauchy OK. |^k�CX½n�±y

² {fn}3�êÈ�f8���k�f8þ Cauchy OK¤á, 2|^ù�¯¢����

ÝëY5y²{fn} ÷vCauchy OK.

��½Ø�ε > 0, d���ÝëY5, �3δ > 0¦��|x − y| 6 δ Òk |fj(x) −
fj(y)| 6 ε/3, (∀j, ∀x, y). ,��¡, È�f8 {xk}¥z:�δ��(xk − δ, xk + δ)�

¤
½Â�(;�«m)���mCX, 7kk�fCX, =�±lþã�êÈ�f

8ÀÑ�k��:x1, · · · , xr, ¦��½Â�?¿:Ñ�,� xj�ål6 δ. Ï�¼

ê�fk3x1, · · · , xrþÂñ, ·�Ué�¿©��N , ¦� j, k > N�Òk |fj(xp) −
fk(xp)| 6 ε/3, p = 1, 2, · · · , r.

éáu½Â��?¿:x, �3xp ∈ {x1, x2, · · · , xr}¦�|x − xp| 6 δ, �j, k > N�
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·�k�O

|fj(x)− fk(x)| 6 |fj(x)− fj(xp)|+ |fj(xp)− fk(xp)|+ |fk(xp)− fk(x)|

6 ε/3 + ε/3 + ε/3 = ε,

Ù¥1�Ún��O^����ÝëY5, ¥m��O^�3xp� Cauchy OK. �

�A^ Arzela-Ascoli ½n, ·�I��y¼ê�´Ä�ÝëY. ��~��{´b

�¼ê�¥�¤k¼êÑ��, ��ê��k., 'X`|f ′k(x)| 6M . @od¥�½n

|fk(x)− fk(y)| = |f ′k(z)||x− y| 6M |x− y|,

l
¼ê����ÝëY.

íííØØØ 15.2.22 � {fk} ´½Â3;�«mþ���¼ê��|fk(x)| 6 M ,

|f ′k(x)| 6M é?¿k Ú x¤á, K§�3��Âñ�f�.

SSSKKK15.2

1. �Ñ'��O{(½n15.2.2)�_Ä·K, ¿5¿§�±^5�½��?êuÑ.

2. �
∞∑
n=1

an�z�Ñ���Âñ?ê. y²�3ýéÂñ?ê
∞∑
n=1

bn¦�

lim
n→∞

an
bn

= 0.

ù�(Ø)º
: Ø�3��Âñ��?ê, �±^u�½¤k?ê´ÄýéÂñ.

3. y²?ê
∞∑
n=1

(−1)[
√
n]

n
Âñ.

4. �
∞∑
m=1

( ∞∑
n=1

|amn|
)
< +∞,

y²:

(1) �ê8Ü{amn | m,n ∈ N}�?¿ü�¦ÚþÂñ;

(2)
∞∑
m=1

( ∞∑
n=1

amn

)
=
∞∑
n=1

( ∞∑
m=1

amn

)
.

5. ¦Xe½Â3¢��þ�¼ê��4�:

lim
k→∞

(
lim
j→∞

(cos k!πx)2j

)
.
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6. �Ñ��½Â3;8þ�ëY¼ê, §�3ù�;8þÂñ�´Ø��Âñ.

7. � lim
n→∞

fn = f¿�¤k¼êfnÑüNO. ¯f �½üNOí? efnî�üNOqX

Û?

8. �Ñ��½Â3�;8ÜDþ�ëY¼ê, §�Ø��Âñ, �÷v: éD¥?¿Â

ñê�{xn}, x = lim
n→∞

xn ∈ D, Ñk lim
n→∞

fn(xn) = f(x).

9. �fn��Âñuf ,�é¤k�n4� lim
x→x0

fn(x)þ�3. y²ü�4� lim
x→x0

f(x)Ú

lim
n→∞

(
lim
x→x0

fn(x)
)
þ�3��� (5¿·�Øb½f½öfn�ëY5).

10. �fn��Âñuf , �¤k�¼êfnþ=k1�amä:. y²f½=k1�amä

:.

11. �fn3[a, b]þ��Âñuf . �Fn(x) =

ˆ x

a

fn(t) dt, F (x) =

ˆ x

a

f(t) dt. y

²Fn3[a, b]þ��ÂñuF . ¯XJr[a, b]�¤��¢��Ó��(Ø¤á

í?

12. ��8ÜA ⊂ R�A�¼ê χA�Rþ�¼ê, Ù½Â�:

χA(x) =

{
1, ex ∈ A

0, ex /∈ A.

¡/X

f(x) =
n∑
j=1

cjχ[aj , bj)

�¼ê��F¼ê, Ù¥[aj , bj) �üüØ��«m. y²;�«mþ�ëY¼ê´

�F¼ê���4�.

13. ¡;�«m[a, b]þ�ëY¼ê��5�^, ´��3«m���©�, T¼ê��

3z�f«mþ��g¼ê. y²[a, b]þ�z�ëY¼êÑ´�5�^���4

�.

14. �Ñ[0, 1]þ���ëY¼ê�fn, §�Å:Âñu0, �´

lim
n→∞

ˆ 1

0

fn(x)dx = 0

Ø¤á.

15. Þ~`²: ¼ê�?ê3½Â�S��Âñ¿Ø%¹§3½Â�S?¿:ýéÂ

ñ, ��½,.

16. �Rþ�¼êf½Â�f(0) = 0, f(x) = e−1/x2 (x 6= 0). y²:
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(1) f´Rþ�1w¼ê;

(2) f'u�:Ã�?êÐm.

17. éu?¿Ø�u1�¢êx0, �Ñ1/(1−x)�'ux0��?êÐm, ¿�ÑÂñ«m.

18. �
∞∑
n=0

an x
n Ú

∞∑
n=0

bn x
n 3«m(−R, R) (R > 0)Âñ, 8ÜE½Â�

E = {x ∈ (−R, R)
∣∣∣ ∞∑
n=0

an x
n =

∞∑
n=0

bn x
n}.

y²µe8ÜEk��à:áu(−R, R), Kan = bn, n = 0, 1, 2, · · · .

19. �{bn}´üNeü��Kê�, y²µ?ê
∞∑
n=1

bn sinnx ��Âñ�¿©7�^�

´ lim
n→∞

n bn = 0.

20. �fn�;�«m[a, b]���Âñ�ëY¼ê�. y²fn��k.����ÝëY.

21. y²[0, 1]þ�¼ê�{sin nx}Ø�3��Âñf�.

J«: ky§Ø�3�ÝëY�f�.

22. �{fn}�Rþ�k;�|8�ëY¼ê�, �fn3Rþ��Âñu��k;�|8
�ëY¼êf . y²¼ê�fn��k.����ÝëY.

J«: RþëY¼êg�|8½Â�8Ü{x ∈ R : g(x) 6= 0}�4�.

23. �{fn}´;�«mþ���ÝëY�¼ê�, �fnÅ:Âñuf . y²fn��Âñ

uf .

J«: ØUb�fëY�y²·K, ¦+§��·K�(Ø´�(�. �±^½

n15.2.19.

24. �;�«mIþ�¼ê�{fn}÷v: �3�nÃ'�~êM > 0�α > 0, éu?

¿x, y ∈ I, k

|fn(x)− fn(y)| 6M |x− y|α.

y²{fn} 3ù�;�«mþ���ÝëY.

25. �{fn}´��;�«mþ���C∞¼ê, �é?¿k�3~ê Mk ¦�|f (k)
n (x)| 6

Mk (∀x). y²�3��f���Âñ���C∞¼êf , ¿�ù�f��?¿k��

¼êÑ��Âñuf (k).

J«: |^é��y{.

26. �Ñ;�«m[a, b]þ������ÝëY�¼ê, �§�Ø��k..

27. y²d[0, 1]þgêØ�LN , �÷v|P (x)| 6 1, ∀x ∈ [0, 1]�õ�ªP (x)�N�¤
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�¼êx���ÝëY.

28. �f1, f2, · · · , fn´��;�«mþ�ëY¼ê. y²¤k�5|Ü

n∑
j=1

ajfj , |aj| 6 1,

�¤�¼êx´��k.��ÝëY.

29. �Ñ��3Rþ��k.����ÝëY�¼ê�, �´§vk��Âñf�.

30. �{fk}´��½Â3m«m(a, b) (�±´Ã�«m)þ�¼ê�, ÷v |fk(x)| 6
F (x), |f ′k(x)| 6 G(x), ∀k, ùpFÚG´(a, b)þ�ëY¼ê. y²�3��{fk}�
f�3z�(a, b)�;�f«mþÑ��Âñ.

J«: k3[a+ 1/n, b− 1/n]þé���Âñf��2^é��y{.

31. ���«mþ�¼ê�f1, f2, · · · Å:k. (éu?¿x,�3M(x) > 0¦�éu¤

kk¤á|fk(x)| 6 M(x)) �Å:�ÝëY (éu?¿x�?¿ε > 0, �3�x9εÑ

k'�δ > 0, ¦�éu¤kk�¤kÚx�ål�uδ�y, ¤á|fk(x) − fk(y)| 6 ε).

y²�3��{fn}�Å:Âñ�f�.
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§15.3 ëëëYYY¼¼¼êêê���õõõ���ªªª%%%CCC

31�þ¥, ·�®²��, XJ¼ê f äkÃ¡g�ê, ��¼êk., @o f �

½U
Ðm¤ Taylor ?ê. ½ö` f U� Taylor ?ê�Ü©Ú¤�¤�õ�ª%C.

w,, Taylor Ðmé¼ê��¦�r. �!ò?Ø���©k��¯K, =XÛ^õ�

ª¼ê�%CëY¼ê.

15.3.1 Weierstrass ������%%%CCC½½½nnn

½½½nnn 15.3.1 ��;�«mþ�?¿ëY¼êÑ�±^õ�ª��%C. =, éu

½Â3k�4«m[a, b]þ�ëY¼êf , ?�ε > 0, �3õ�ªPε(x)¦�∣∣Pε(x)− f(x)
∣∣ 6 ε

é?¿x ∈ [a, b]¤á. ( ùp�Pε(x)L«���6uf(x)�ε�õ�ª).

I��Ñ�´, Weierstrass½nÚk
ëY¼êvk�?êÐm�¯¢¿Øg

ñ. ¯¢þ�?ê�Ü©Ú�¤��éAÏ�õ�ª¼ê�, 'X�Ä'u�:

�Âñ�?ê
∞∑
n=0

anx
n, éA�Ü©Ú�¤�õ�ª¼ê�{Pk(x)}äkXe5�:

Pn+1(x) = Pn(x) + an+1x
n+1, =��xn�\�Pn¥±�, �¡�õ�ª¥�ng�Xê

ÒØ2UC. ��òuy, 3Weierstrass½n�y²¥·�ò�E��Âñuf�õ�ª

�{Pn}, Ù¥�õ�ª�mvkaq�'X.

3�Ñ½ny²�c, ·�?Ø����{ü�¯K, Ïé÷v3k��:�A½

��õ�ª.

~~~ 15.3.1 �x1, x2, · · · , xn´üüØÓ�¢ê, a1, a2, · · · , an´?¿¢ê, Á¦n−
1gõ�ªP (x)÷v

P (xk) = ak, k = 1, 2, · · · , n.

- P (x) = c0 + c1x+ · · ·+ cn−1x
n−1, Ù¥Xê c1, c2, · · · , cn �½, ÏLþªÒ��

��'u c1, c2, · · · , cn �d n��5�§�¤��§|

c0 + c1x1 + c2x
2
1 + · · ·+ cn−1x

n−1
1 = a1

c0 + c1x2 + c2x
2
2 + · · ·+ cn−1x

n−1
2 = a2

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

c0 + c1xn + c2x
2
n + · · ·+ cn−1x

n−1
n = an

�§|�XêÝ
éA�1�ª� Vandermonde 1�ª, l
XêÝ
�_, �§|k

��).
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�´, ·��±^,�«�{���EÑ÷vK¿�õ�ª.

��|AÏ�(n− 1)gõ�ª

qk(x) =
∏

16j6n, j 6=k

(x− xj), k = 1, 2, · · · .

§��A:´ qk(x) 3xkØ�", �3Ù§�xj , j 6= k þ�", Ïd, õ�ª

Qk(x) =
qk(x)

qk(xk)
=

∏
16j6n, j 6=k

x− xj
xk − xj

÷v

Qk(xj) =

0, j 6= k,

1, j = k,

ùp k = 1, · · · , n . u´

P (x) =
n∑
k=1

akQk(x)

Ò´÷vK¿�), §¡� Lagrange ��õ�ª.

|^þã(Ø, éu�½�¼ê f , �±�Eõ�ª3½Â��k��:þÚ¼ê

���Ó, =-

P (x) =
n∑
k=1

f(xk)Qk(x)

K f(xk) = P (xk), k = 1, 2, · · · .

�´==4õ�ª��½¼ê3k��:���Ó, ¿ØU)û3��«mþ%C

�¯K, Ï�·�ØU�� Lagrange ��õ�ª3Ù§:���. 'X, éueã¥�

¼êf , õ�ªP (x) ≡ 0ÏL
¼êf�x¶�Ô��:, �PØ´f�Ð�Cq. =¦·

�3f�ã�þ��õ�:, E,ØU�y¬���Ð�Cq.

��·�ò�Ñ��Weierstrass½n��E5y². ù�y²kXeü�`:: Ù

�, §´�E¼êCq���5�{��., Ù�, e·���'uf��õ&E, �E

Ñ5�Cqõ�ªk�Ð�5�£~X, ef´C1, KCqõ�ª��ê���%Cf ′¤

. �´ùp0���E5y²¿Ø´���. ¯¢þ Bernstein �Ñ
����ØÓ�

�E5y², äN[!�±ëw��á1�þ�*Ð]
.



92 1 15 Ù ëY5�Âñ5

15.3.2 òòòÈÈÈ���üüü   CCCqqq

·�ò�æ^�y²�{�9 òÈÚ�ü Cq. Äk{ü0�§��½Â.

òÈ´¼ê�m��«#�/¦{0$�, äN½ÂXe

f ∗ g(x) =

ˆ ∞
−∞

f(x− y)g(y) dy.

±e·�ob�ë�òÈ$��¼êëY. �
�yòÈ¥��~È©Âñ, ·��b

� fÚg ¥����3,�k�«m�	���". ÏdÈ©o´3��k�«mþ�

È©, ù�éz�x, f ∗ g(x) Ñk½Â, ¿�f ∗ g´Rþ�ëY¼ê(SK). �±�yò

È÷v��Æ�(ÜÆ:

f ∗ g = g ∗ f, (f ∗ g) ∗ h = f ∗ (g ∗ h).

XJrÈ©À�¼ê��«²þ, @oòÈf ∗ g�±À�¼êf²£�\�²
þµ f(x − y)�±w¤f���²£(¼êã��m£Ä
y�ü ), ,�2¦þ�

­g(y)�”²þ”. �´òÈ���5£f ∗ g(x) = g ∗ f(x)¤w«
òÈq´¼êg²£�

\�²þ. Ïd, f ∗ gäkf�g üö�5�(��k²£�²þ¤�±�@
5�).

555��� 15.3.2 XJ g´õ�ª, fëY�3��k�«m�	���", @o f ∗ g
E,´õ�ª.

yyy²²² ¯¢þ, XJ g(x) =
n∑
k=0

akx
k, @o

f ∗ g(x) =

ˆ ∞
−∞

g(x− y)f(y) dy

=

ˆ ∞
−∞

(
n∑
k=0

ak(x− y)k

)
f(y) dy

=

ˆ ∞
−∞

n∑
k=0

k∑
j=0

(−1)k−jak

(
k

j

)
xjyk−jf(y) dy

=
n∑
j=0

bjx
j .

Ù¥õ�ªf ∗ g =
n∑
j=0

bjx
j , �Xê�

bj =
n∑
k=j

(−1)k−j ak

(
k

j

)ˆ ∞
−∞

yk−jf(y) dy

du fëY�3��k�«m	�", ¤±þãXê¥�È©´��3k�«mþëY

¼ê�È©. �
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�´ÏL���õ�ªg�f�òÈ���õ�ª¿Ø%Cf , Ï�õ�ª3Ã¡�

?ª�±∞. ÏdI�Ïé�«AÏ�¼êg, ¦f ∗ g¤�f�Cq, ùÒ´ü Cq�g

�.

lL�ª

f ∗ g(x) =

ˆ ∞
−∞

f(x− y)g(y) dy,

�±uy, �k÷ve¡ü�^��§âÚf(x)é�C:

a)3|y|é��/��È©Ó��È©�Ì�/ , ù�f(x− y)�f(x) é�C;

b)3|y|é��/�, �g(y)�©Ùé/þ!0.

��÷v±þ�¦�¼ê�gn�

gn(y) =

{
n, 0 6 y 6 1/n,

0, Ù§.

ù� ˆ 1/n

0

gn(y) dy = 1,

·�k��ú²�²þ. df���ëY5,

f ∗ gn(x) = n

ˆ 1/n

0

f(x− y) dy

�±éÐ/%Cf . ù´du

f ∗ gn(x)− f(x) = n

ˆ 1/n

0

(
f(x− y)− f(x)

)
dy,

é?¿ε > 0, �3n¦��|y| < 1/n�|f(x− y)− f(x)| < ε, ·�k

∣∣f ∗ gn(x)− f(x)
∣∣ 6 n

ˆ 1/n

0

∣∣f(x− y)− f(x)
∣∣ dy

< n

ˆ 1/n

0

ε dy = ε.

ØJwÑ¼êgn�äN/ª¿Ø­�, ��

ˆ ∞
−∞

gn(y) dy = 1�§�5�8¥3 0

NC. ��÷väkXd5��¼ê� {gn} ¡�ü Cq, §�½Â´

½½½ÂÂÂ 15.3.3 Rþ��ëY¼ê{gn}¡�´��ü Cq´�§�÷v

1. gn(x) > 0,

2.

ˆ ∞
−∞

gn(x) dx = 1,

3. é?¿δ > 0, lim
n→∞

ˆ
|x|>δ

gn(x) dx = 0 .
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±e·��fëY�3��k�«m�	�". ù%¹fk.���ëY. ¤±

|f(x)| 6M (∀x),¿�é?¿ ε > 0,�3 δ > 0,¦�� |y| 6 δ�k|f(x−y)−f(x)| < ε.

Ïd ∣∣f ∗ gn(x)− f(x)
∣∣ =

∣∣∣∣ˆ ∞
−∞

(
f(x− y)− f(x)

)
gn(y) dy

∣∣∣∣
6
ˆ
|y|>δ

∣∣f(x− y)− f(x)
∣∣gn(y) dy

+

ˆ δ

−δ

∣∣f(x− y)− f(x)
∣∣gn(y) dy

<2M

ˆ
|y|>δ

gn(y) dy + ε

ˆ δ

−δ
gn(y) dy

62M

ˆ
|y|>δ

gn(y) dy + ε

ùp����Ø�ª´Ï�

ˆ δ

−δ
gn(y) dy 6

ˆ ∞
−∞

gn(y) dy = 1.

qÏ�∀δ > 0, �n→∞ � ˆ
|y|>δ

gn(y) dy → 0,

¤±�n¿©��, k 2M

ˆ
|y|>δ

gn(y) dy < ε, l
|f ∗ gn(x)− f(x)| < 2ε.

o(þã©Û·���XeÚn

ÚÚÚnnn 15.3.4 ( ü CqÚn) �f ´Rþ�ëY¼ê�3�k�«m	�". X

J{gn}�ü Cq, @of ∗ gn��Âñuf .

15.3.3 Weierstrass ������%%%CCC½½½nnn���yyy²²²

��|^ü CqÚn5y²Weierstrass½n, 7L�Ñü�æN: Ù�´«m

[a, b] þ�ëY¼ê f Ø�½U
ÿÐ�3 [a, b] 	�"¿3��Rþ�ëY¼ê; Ù�

´Ø�3 R þõ�ª�÷vü Cq�^�.

kü«�{�±�Ñ1��æN. XJf(a) = f(b) = 0, @o�I3[a, b]�	

-f = 0Ò�±rf�½Â�?1*¿, ����R þ�ëY¼ê. XJf3«mà:

Ø�0, Xeã, @o�¼êVþ”üÊ”, ·���f3�����«m[a − 1, b + 1]þ

�*¿, �f(a − 1) = f(b + 1) = 0, 2^Ó���{rf*¿��� R þ�ëY¼
ê, 3[a − 1, b + 1]�	�". f3«m[a − 1, b + 1]þ�Cqõ�ªgÄ¤����«

m[a, b]þ�Cqõ�ª.

,���{K´^f~����g¼êAx+ B¦�f − Ax− B3«mà:�". Ï

�Ax + B�´õ�ª, r§\£�f − Ax − B�Cqõ�ª¥�, �,��f�Cqõ
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�ª. ù��gõ�ª�Xê��â�¦)Ñ5

A =
f(b)− f(a)

b− a
, B =

bf(a)− af(b)

b− a
.

Ø+=«�{, ±e·��±�f�Rþ�ëY¼ê, �3«m[a, b]�	�".

qÏ�Weierstrass %C½n´��ÛÜ%C¯K, Ïd�I�é�3«m[a, b]þ

%Cf�õ�ª, ù�Ò�±�Ñõ�ª¼ê�Ø�U´Rþ�ü Cqù�æN.

Ï�3«m[a, b]�	f = 0, òÈ

f ∗ g(x) =

ˆ ∞
−∞

f(x− y)g(y) dy =

ˆ ∞
−∞

f(y)g(x− y) dy

=

ˆ b

a

f(y)g(x− y) dy

==�9�g3«m[x − b, x − a]þ���; XJrx��3[a, b]þ, @og3[a′, b′] =

[a − b, b − a]þ���� fÒ�Óû½
f ∗ g3[a, b]þ���. Ïd, XJ·�

�gn(x)3[a′, b′]þ�õ�ª, 3Ù	¡�", @of ∗ gn 3[a, b]p¡�õ�ª. u´,

A^ü CqÚn, �y²��%C½n, ·���é�÷vXe^��ü Cq{gn}:
gn´[a′, b′]þ�õ�ª, �3[a′, b′]	¡�".

5¿�[a′, b′]´'u�:é¡�«m, ·��±�[a′, b′] = [−1, 1], ù´Ï�X

Jgn´3«m[−1, 1]�	�"�ü Cq, @og̃n(x) = 1
λgn(x/λ), λ > 0, ´3«

m[−λ, λ]�	�"�ü Cq.

±e·�äN�E3 [−1, 1] þ÷vþã^��ü Cq. �Ä¼ê(1 − x2)n£ë

weã¤, §3x = ±1?��n − 1���êÑ�", �§3«m[−1, 1]pã�8¥

3x = 0NC.

-

cn =

ˆ 1

−1

(1− x2)n dx.

�,�±äNO�Ñcn�°(�, �ùp=I�cn���'un�e.�O. '�(1 −
x2)n�§'ux = 0 ��� Taylor Ðm1− nx2, N´���|x| 6 1

2
√
n
�k

(1− x2)n > 1− nx2 > 1− n/4n = 3/4,

dd�� cn �e.�O

cn >

ˆ 1
2
√
n

− 1
2
√
n

(1− x2)n dx >
3

4

1√
n
.
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½Âü Cqhn(x)�

hn(x) =

{
c−1
n (1− x2)n, x ∈ [−1, 1]

0, x ∈ (−∞, − 1) ∪ (1, ∞).

u´

hn > 0,

ˆ 1

−1

hn(x) dx = 1,

¿�kØ�ª

|hn(x)| 6 4

3

√
n(1− x2)n ∀x ∈ [−1, 1].

��·��L��yü Cq�1n�5�: é?¿δ > 0, e�4�¤á=�.

lim
n→∞

ˆ
|x|>δ

hn(x) dx = 0.

Ï�hn ´��ó¼ê¿3[−1, 1]�	�", Ïd�Ly²3«m[δ, 1]þhn(x)��ª

u0. qÏ�hn(x)3[δ, 1]þüN~, ���3x = δ��. 
d

lim
n→∞

n1/2(1− δ2)n = 0

�� lim
n→∞

hn(δ) = 0, ¤±3«m[δ, 1]þhn(x)��ªu0.

ù�,·�Ò�¤
 {hn(x)}´ü Cq�y². Ù¥ hn(x)�´÷v´3[−1, 1]þ

�õ�ª, 3[−1, 1]	¡�"�^�.

Ïd, dü CqÚn, 3¢ê¶Rþ, hn ∗ f��Âñuf , ¿� hn ∗ f3[−1, 1]þ

´��õ�ª. �d, ·�Ò�¤
Weierstrass ��%C½n��E5y².

Weierstrass ��%C½n���;.A^´)ûXe�¯K:
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�f´[−1, 1]«mþ�ëY¼ê, ½Â

an =

ˆ 1

−1

f(x)xn dx, (n = 0, 1, 2, · · · )

¿¡�¼ê f � n ��Ý. y3�¯K´ëY¼êf´Äd§�Ý��(½? XJ�

Äü�äk�ÓÝ�¼ê��, @o�±r±þ¯K�z�: XJ¼êf �Ý��0, ´

Äf ≡ 0?

XJf�¤kÝ�", @odÈ©��55, é?¿õ�ªP (x),

ˆ 1

−1

f(x)P (x) dx = 0.

d Weierstrass ½n·�Ué���õ�ªPn��Âñuf , @o fPn��Âñu|f |2,

ù´Ï�nªu∞�

|fPn − f2| = |f ||Pn − f | 6 sup |f ||Pn − f |

��ªu0. ����4��È©�^S, ·���

ˆ 1

−1

|f(x)|2 dx = lim
n→∞

ˆ 1

−1

f(x)Pn(x) dx = 0

¤±|f |2 ≡ 0, =f ≡ 0.

w,, 3þãA^¥, «m [−1, 1] ¿Ø´���, �±��í2����«m [a, b]

þ.

15.3.4 ���¼¼¼êêê���������%%%CCC

�!��·�òy²: XJfëY��, @oWeierstrass ½n¥��%Cf�õ�

ª��ê�ò��%Cf ′. ùØ´��w,�(Ø, O(/`, f3[a, b]þ´C1¼ê¿

�Xf3à:�3ü>�ê�f ′(x)3[a, b]ëY. ù�·�I�rf*¿¤�Rþ�C1¼

ê. ù�±éf�ã�\þüÊ¿¦��ê��¬Ü, ½ölf~���pgõ�ª¦

�fÚf ′Ñ3à:�".

�Ðù
[��O���, ·�ÒU�����Cq¼ê. ¯¢þ, �L�y(
f ∗ gn)′ = f ′ ∗ gn,

dWeierstrass ½n·���f ′ ∗ gn��Âñuf ′.

�
þã8�, ·�y²������(J.

½½½nnn 15.3.5 �f´Rþ�C1¼ê�3��k�«m�	�", g´Rþ�ëY¼
ê. @of ∗ g´C1¼ê�(f ∗ g)′ = f ′ ∗ g.
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yyy²²² Ø���5, ·��y�ª3�:¤á. �hn���Âñu0��"¢ê. �

Ä�û

f ∗ g(hn)− f ∗ g(0)

hn
=

1

hn

(ˆ ∞
−∞

f(hn − y)g(y) dy −
ˆ ∞
−∞

f(−y)g(y) dy

)
=

ˆ ∞
−∞

(
f(hn − y)− f(−y)

hn

)
g(y) dy.

d Lagrange¥�½n, �3yn ∈ (−y, hn − y)÷v

f(hn − y)− f(−y)

hn
= f ′(yn).

q�âf ′���ëY5Úhn → 0Ò��¼ê�
(
f(hn − y) − f(−y)

)
/hn = f ′(yn)��Â

ñuf ′(−y). d{hn}�?¿5, ·���

(f ∗ g)′(0) = lim
n→∞

f ∗ g(hn)− f ∗ g(0)

hn

= lim
n→∞

ˆ ∞
−∞

(
f(hn − y)− f(−y)

hn

)
g(y) dy

(��Âñ) =

ˆ ∞
−∞

f ′(−y)g(y) dy = (f ′ ∗ g)(0).

�

555PPP: XJg�´C1¼ê, KdòÈ���5, (f ∗ g)′ = f ∗ g′. d8B{�±y²:

XJf´Ck¼ê, Kf ∗ g�´Ck ¼ê� (f ∗ g)(k) = f (k) ∗ g. ù´Ï�ÏLÀ��°�

�üÊ, ½öÏL~����p�ê�õ�ª, ·��±r[a, b]þ�Ck¼ê*¿�Rþ
�Ck¼ê, �*¿3�����«m�	�". l
����õ�ª{f ∗ gn}, §��
�k���¼êÑ��Âñuf�A��¼ê.

SSSKKK15.3

1. y²: é?¿~êak, bk,�3gêØ�L2n−1�õ�ªf÷vf(xk) = ak�f
′(xk) =

bk, k = 1, · · · , n.

2. �f´[a, b]þ�C1¼ê. y²�3��gêØ�L3�õ�ªP¦�f − P9Ù�ê
3«mà:�".

3. �f3[a, b]þ´C1¼ê. �E��f���R þ�C1*¿, ¦�§3«m[a− 1, b +

1]	¡�".

4. y²: efÚg3RþëY�f3��k�«m�	�", @of ∗ gëY.
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5. �f, g�h�Rþ�ëY¼ê�§�¥�ü�¼ê3��k�«m�	�". y²

(f ∗ g) ∗ h = f ∗ (g ∗ h).

6. ½ÂRþ�¼êf�|8(support)�8Ü{x : f(x) 6= 0}�4�, P�supp f .

(1) y²Rþ�ëY¼êf�|8�;8��=�f3��k�«m	�".

(2) �f�g�ëY¼ê, �Ù¥��¼êk;�|8. y²

supp f ∗ g ⊂ supp f + supp g.

ùpA+B = {x+ y : x ∈ A, y ∈ B}.

7. �f > 0�[a, b]þ�ëY¼ê. y²: é?¿ ε > 0, �3õ�ª Pn(x) > 0 ÷v

|Pn(x)− f(x)| 6 ε, ∀x ∈ [a, b].

8. �f ∈ Ck(R), g ∈ Cm(R) (Ck(R)L«Rþ�Ck¼ê�8Ü), �§�¥���¼ê

�|8�;8. y²

f ∗ g ∈ Ck+m(R), (f ∗ g)(k+m) = f (k) ∗ g(m).

9. �f�[a, b]þ�ëY¼ê� ∃c, f(c) = 0. y²f3[a, b]þ�Cqõ�ª�±��

3c:�".

10. �f�[−1, 1]þ�ëYó¼ê: f(x) = f(−x), ∀x ∈ [−1, 1]. y²: e
ˆ 1

−1

f(x)x2k dx = 0,

Ù¥k = 0, 1, 2 · · · , Kf ≡ 0.

11. �3«m[a, b]þõ�ª�{Pn} ��Âñ�¼êf , �Pn �gêØ�LN, ∀n. y

²f�´gêØ�LN�õ�ª.

JJJ«««: éz�0 6 k 6 N , ké�ëY¼êhk(x)¦�
´ b
a hk(x)xjdx = 0, 1 6 j 6

N, j 6= k, �
´ b
a hk(x)xk dx = 1, ,��Älimn→∞

´ b
a hk(x)Pn(x) dx.

12. O�f ∗ f , ùpf�«m[0, 1]�A�¼ê(3«mp�u1, Ù¦:�").

13. a. �cm =

ˆ 1

−1

(1− x2)m dx. ^©ÜÈ©��4íª(1 + 2m)cm = 2mcm−1.

b. y²

cm = 2
2 · 4 · 6 · · · (2m)

3 · 5 · 7 · · · (2m+ 1)
.

14. �g(x)�Rþ�ëY¼ê, �g(x) > 0, 2ÂÈ©

ˆ ∞
−∞

g(x) dx = 1. y²gn(x) =

ng(nx), n = 1, 2, 3, · · · , �ü Cq.



100 1 15 Ù ëY5�Âñ5

§15.4 Fourier???êêê���ÂÂÂñññ555

31�þ·�½Â
¼ê�Fourier?ê, ?Ø
Fourier ?ê�Ä�5�. ùpòX

­?ØFourier?ê�Âñ5, �)Å:Âñ!��ÂñÚfÂñ5. �d{ü£�k'

SN.

15.4.1 ÜÜÜ©©©ÚÚÚ¼¼¼êêê���ÈÈÈ©©©LLL«««

�f´½Â3Rþ�±Ï2π�¼ê, ¿�3��±ÏSRiemann �È. f�Fourier?

ê½Â�

f(x) ∼ a0

2
+
∞∑
n=1

(
an cosnx+ bn sinnx

)
,

Ù¥¼êf�FourierXê�

an =
1

�

ˆ �
−�

f(x) cosnx dx (n > 0),

bn =
1

�

ˆ �
−�

f(x) sinnx dx (n > 1).

��AÏ�¼ê�?ê, �ÄFourier?ê�Ü©Ú

Sn(x) = (Snf)(x) =
a0

2
+

1

�

n∑
k=1

(
ak cos kx+ bk sin kx

)
,

òFourierXê�L«ª�\, Ò��e� Fourier ?ê�È©/ª.

Sn(x) =
1

2�

n∑
k=1

ˆ �
−�

f(t) dt+
1

�

ˆ �
−�

f(t)
(

cos kx cos kt+ sin kx sin kt
)

dt

=
1

�

ˆ �
−�

f(t)
(1

2
+

n∑
k=1

cos k(x− t)
)

dt.

|^�ª
1

2
+

n∑
k=1

cos kt =
sin
(
n+ 1

2

)
t

2 sin t
2

(t 6= 2m�),

Ü©Ú¼ê�±z{�e�È©L«, ¡�DirichletÈ©

Sn(x) =
1

�

ˆ �
−�

f(t)Dn(x− t) dt,

Ù¥

Dn(t) =
sin
(
n+ 1

2

)
t

2 sin t
2

¡�È©�DirichletØ.
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5¿�þã Dirichlet È©´�«òÈ/ª£� §15.3.2¤, �´ùp�òÈ´éu

ü�±Ï2π��È¼êf, g , ÏLe�È©�Ñ

f ∗ g(x) =

ˆ �
−�

f(y)g(x− y) dy,

¡�f�g�±ÏòÈ. ±ÏòÈE,÷v��Æ�5�, Ï�|^CþO� y → x − y,

·�k ˆ �
−�

f(y)g(x− y) dy =

ˆ x+�

x−�
f(x− y)g(y) dy

=

ˆ �
−�

f(x− y)g(y) dy.

= f ∗ g = g ∗ f .

|^±ÏòÈòÜ©Ú¼êU��

Snf(x) =
1

�
(f ∗Dn)(x) =

1

�

ˆ �
−�

f(x− t)Dn(t) dt.

3þª¥�f(x) = 1, ·�Ò��

1

π

ˆ �
−�

Dn(t) dt = 1,

¿��kmaxDn(t) = Dn(0) = n + 1
2 . � Dn(t)¿Ø´ü Cq, Ï�3�l�:�/

�§¬ì���(�eã).

�, §15.3.2 ¥�ü Cq�{3d��, �´·�E,�±|^Dirichlet È©, ?

ØFourier?ê��«Âñ5.

15.4.2 ÅÅÅ:::ÂÂÂñññ

Äk·��ÄÜ©Ú¼êSn(x)�Å:Âñ5. �ïÄÜ©Ú¼ê�4�1�, I�

eãRiemann-LebesgueÚn.
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ÚÚÚnnn 15.4.1 �f´4«m[a, b]þ�Riemann�È¼ê, K

lim
λ→∞

ˆ b

a

f(x) sinλx dx = 0, lim
λ→∞

ˆ b

a

f(x) cosλx dx = 0.

5¿�31�þ¥§XJ f ´ [−π, π] þ�È�²��È¼ê, @o Bessel Ø�ª

¤á, ��ÙíØ, k

lim
n→∞

ˆ �
−�

f(x) sinnxdx = lim
n→∞

ˆ �
−�

f(x) cosnxdx = 0,

§´Riemann-LebesgueÚn�lÑ/ª.

yyy²²² é?¿� ε > 0, Ï�f´Riemann�È¼ê, ¤±�3«m���©�

T : a = x0 < x1 < x2 < · · · < xn = b,

¦�
n∑
k=1

ωk(f)∆xk < ε.

ùp ωk(f) ´ f 3«m [xk−1, xk] þ��Ì. é?¿[a′, b′] ⊂ [a, b], k∣∣∣ ˆ b′

a′
sinλx dx

∣∣∣ =
∣∣∣cosλa′ − cosλb′

λ

∣∣∣ 6 2

λ
,

� M ´ |f | ���þ., ·�kXeÈ©�O: � λ > 2nM/ε �,∣∣∣ ˆ b

a

f(x) sinλx dx
∣∣∣ =

∣∣∣ n∑
k=1

ˆ xk

xk−1

(
f(x)− f(xk) + f(xk)

)
sinλx dx

∣∣∣
6

n∑
k=1

ˆ xk

xk−1

|f(x)− f(xk)| dx+
n∑
k=1

|f(xk)|
∣∣∣ ˆ xk

xk−1

sinλx dx
∣∣∣

6
n∑
k=1

ωk(f)∆xk +
2nM

λ
< 2ε.

Ón�±y²1���ª. �

òÜ©Ú¼êSn(x)U��

Sn(x) =
1

�

ˆ �
−�

f(x− t)Dn(t) dt

=
1

�

( ˆ 0

−�
+

ˆ �
0

)
f(x− t)Dn(t) dt

=
1

�

ˆ �
0

(f(x+ t) + f(x− t))Dn(t)dt,

·�k
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½½½nnn 15.4.2 (ÛÜz½n) ¼êf�Fourier?ê3:x�ñÑ5±94���¼

êf3xNC���k'.

yyy²²² �δ > 0,

Sn(x) =
1

�

ˆ δ

0

(f(x+ t) + f(x− t))Dn(t) dt

+
1

�

ˆ �
δ

sin

(
n+

1

2

)
t
f(x+ t) + f(x− t)

2 sin t
2

dt,

dRiemann-LebesgueÚn, �n→∞�þª�1��ªu0. ¤± Sn(x) ´ÄÂñ, ±9

Âñ�Ù4��Û, Ñdf3 [x− δ, x+ δ] (∀δ > 0)���û½. �

ÛÜz½n-<¿	�?3u: �,Fourier?ê�Ü©Ú�9�¼ê3��±Ïþ

�È©, �§3�:�Âñ5´/ÛÜ5�0, �Ò´��¼ê3T:?¿�+���

�k'. Ïd·��±|^ÛÜz½nÏ¦Fourier?êÅ:Âñ�¿©^�.

�a´��~ê, XJ¼ê

φ(t) =
f(x+ t) + f(x− t)− 2a

t

3|t|¿©��k., duφ(t)3[δ, �] (∀δ > 0)�È, 3t = 0??¿D�φ(t)���, N´

�yN´�y§3«m[0, �]þ£'ut)Riemann�È. dd��eãÂñ�O½n

½½½nnn 15.4.3 �f´±Ï2π�¼ê, ¿�3��±ÏþRiemann�È. é�½�x,

XJk~êa ∈ R ¦�¼ê

f(x+ t) + f(x− t)− 2a

t

� |t| ¿©��k., Kf�Fourier?ê3:xÂñ�a.

yyy²²² Ï�t→ 0�sin t/2 ∼ t/2, �½n^�¼ê

φ(t) =
f(x+ t) + f(x− t)− 2a

2 sin t
2

3[0, π]Riemann�È. |^�ª

1

�

ˆ �
0

Dn(t)dt =
1

2�

ˆ �
−�

Dn(t)dt =
1

2
,

·�k

Sn(x)− a =
1

�

ˆ �
0

(f(x+ t) + f(x− t)− 2a)Dn(t)dt

=
1

�

ˆ �
0

φ(t) sin
(
n+

1

2

)
t dt,
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dRiemann-LebesgueÚn,

lim
n→∞

(Sn(x)− a) = 0.

�

XJ¼êfëY��, @o|t|¿©��

f(x± t)− f(x) = ±f ′(x)t+ o(t),

¤±
f(x+ t) + f(x− t)− 2f(x)

t
=
o(t)

t

� |t| ¿©��k., Ïd f 3: x �Fourier?êÂñ�f(x). ����(Ø´e¡?

Ø�DirichletÂñ½n.

¡��¼êf34«m[a, b]��´�f3(a, b)��, ¿�f3«mà:�üý�ê

f ′+(a) = lim
t→0+

f(a+ t)− f(a)

t
,

f ′−(b) = lim
t→0+

f(b− t)− f(b)

−t

þ�3. ¡¼êf3«m[a, b]©ã��´�µ�±ò«m[a, b]©��k��f«

ma = a1 < a2 < · · · < an = b, 3z��«m[aj , aj+1]þ, f3«mà:�üý4��3,

¿�j = 1, 2, · · · , n− 1�, ¼ê

fj(x) =


f(aj + 0), x = aj ,

f(x), aj < x < aj+1,

f(aj+1 − 0), x = aj+1

3«m[aj , aj+1]��.

½½½nnn 15.4.4 (Dirichlet) �f´±Ï2π�¼ê, ¿�§3��±ÏS´©ã��

�. Ké?Û�: x ∈ [−π, π], f �Fourier?êÂñ�

f(x+ 0) + f(x− 0)

2
,

AO, �f3x:ëY�§Âñ�f(x).

yyy²²² ©ã��¼ê�½Riemann�È. �½n15.4.3, ·��I�y¼ê

φ(t) =
f(x+ t) + f(x− t)− f(x+ 0)− f(x− 0)

t

�|t|¿©��k.. Ï�e�ü�4�

lim
t→0+

f(x+ t)− f(x+ 0)

t
, lim
t→0+

f(x− t)− f(x− 0)

−t
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þ�3, ¤±�3δ > 0, sup
|t|<δ
|φ(t)| < +∞. �

555PPP: �,·�é Dirichlet ½n�y²�1�þ¥y²g´Ä���. �´ùpÏ

LÚ?��� Riemann-Lebesgue Ún, �«
 Fourier ?êÂñ5�ÛÜ5�£=Û

Üz½n¤.

15.4.3 ������ÂÂÂñññ

31�þ¥, ·�y²
XJ¼ê f(x) ´ëY�!±Ï�, 
�´©ã���, @

o f(x) � Fourier ?ê��Âñu f(x). ùp·��3�r^�e?ØFourier ?ê�

��Âñ5, ¿��ÑÂñ�Ý��O. ·�ò`²3”²þ”¿ÂeDirichletØDn(x)3

�l�:�/�é�, =3�:�	Dn�ì���¦�3δ 6 |x| 6 ��Ü©éÈ©
��zé�. �`²ù�:, ·�ky²3f ∈ C2��rb��e�Âñ5. ,�y

²f ∈ C1����Âñ5.

555��� 15.4.5 �f´±Ï2��C2¼ê. @of� Fourier ?ê��Âñuf , ¿�

�n→∞���¤á
Sn(x)− f(x) = O

(
1

n

)
.

yyy²²² Äk·�k

Sn(x)− f(x) =
1

�

ˆ �
−�

(
f(x− t)− f(x)

)
Dn(t) dt.

|^ Dn(t)�L�ª­#|Ü�È¼ê, ��

Sn(x)− f(x) =
1

2�

ˆ �
−�

f(x− t)− f(x)

sin t
2

sin

(
n+

1

2

)
t dt.

�x, t ∈ [−�, �]�, P

g = g(x, t) =


f(x−t)−f(x)

sin t
2

t 6= 0,

−2f ′(x) t = 0.

duf ∈ C2, A^ Taylor ÐmÚ L’Hôpital {K, ØJy²gx(t) := g(x, t)´[−�, �]þ

�C1 ¼ê, �
dgx
dt

(0) = f ′′(x) = lim
t→0

dgx
dt

(t),

l

dgx
dt

(t) =
∂g

∂t
(x, t)

�;�8Ü[−�, �]× [−�, �]þ�ëY¼ê. u´�3�x, tÃ'��~êM¦�∣∣∣∣dgxdt
(t)

∣∣∣∣ 6M.
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ducos
(
n+ 1

2

)
t 3t = ±� ��, |^�ª

sin

(
n+

1

2

)
t =

(
− d

dt

)
cos
(
n+ 1

2

)
t

n+ 1
2

,

éþª©ÜÈ©, Ò��

Sn(x)− f(x) =
1

2�

ˆ �
−�

g′(t)
cos
(
n+ 1

2

)
t

n+ 1
2

dt,

u´

|Sn(x)− f(x)| 6 M

n
.

�

5P �f ∈ Ck (k > 2)�, �k − 1g©ÜÈ©�±y²Âñ�Ý´O(1/nk−1).

½½½nnn 15.4.6 �f´±Ï2��C1¼ê. @of� Fourier ?ê��Âñuf , ¿�

�n→∞���¤á
Sn(x)− f(x) = O

(
1√
n

)
.

yyy²²² �´|^�ª

Sn(x)− f(x) =
1

2�

ˆ �
−�

g(t) sin

(
n+

1

2

)
t dt,

Ù¥

g(t) =
f(x− t)− f(x)

sin t
2

.

·�rÈ©«m©¤üÜ©: [−δ, δ]�δ 6 |t| 6 �, ùpδ�½. éc�Ü©�±���

O, é��Ü©ò|^©ÜÈ©�O.

duf ∈ C1, ¼êg(t)3t = 0�	�:ëY, ¿�3t = 0?k4�

lim
t→0

f(x− t)− f(x)

sin t
2

= lim
t→0

t

sin t
2

f(x− t)− f(x)

t
= −2f ′(x).

qd¥�½n,�3y¦�f(x− t)− f(x) = −tf ′(y) , u´

|g(t)| 6
∣∣∣∣tf ′(y)

sin t
2

∣∣∣∣ 6� sup
y
|f ′(y)| 6 4 sup |f ′|,

ùp^�
Ø�ª

|t| 6�
∣∣∣∣sin t

2

∣∣∣∣ 6 4

∣∣∣∣sin t

2

∣∣∣∣ , |t| 6�,
dd·��O«m[−δ, δ]þ�È©∣∣∣∣ˆ δ

−δ
g(t) sin

(
n+

1

2

)
t dt

∣∣∣∣ 6 ˆ δ

−δ
|g(t)| dt 6 8δ sup |f ′|.
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�X·��Ä3«m[δ, �]þ�È©. �©ÜÈ©, ·�kˆ �
δ

g(t) sin

(
n+

1

2

)
t dt

=
1

n+ 1
2

(ˆ �
δ

g′(t) cos

(
n+

1

2

)
t dt+ g(δ) cos

(
n+

1

2

)
δ

)
.

�ýé��� ∣∣∣∣ˆ �
δ

g(t) sin

(
n+

1

2

)
t dt

∣∣∣∣ 6 1

n

(ˆ �
δ

|g′(t)| dt+ |g(δ)|
)
.

3«m[δ, �]þ, d

g′(t) = −f
′(x− t)
sin t

2

−
cos t

2

2 sin t
2

g(t),

|^ |g(t)| 6 4 sup |f ′| � sin t
2 >

δ
4 , ��

|g′(t)| 6
(

4

δ
+

16

2δ

)
sup |f ′| 6 12

δ
sup |f ′|.

r|g(t)�|g′(t)|��O�\È©�O���∣∣∣∣ˆ �
δ

g(t) sin

(
n+

1

2

)
t dt

∣∣∣∣ 6 1

n

(
12× 4

δ
+ 4

)
sup |f ′|.

�±aq?n«m[−�, −δ]þ�È©, ��Ó���O. nÜüÜ©È©, ·���

|Snf(x)− f(x)| =
1

2�

∣∣∣∣ˆ �
−�

g(t) sin

(
n+

1

2

)
t dt

∣∣∣∣
6

1

2�

[
2δ +

2

n

(
48

δ
+ 4

)]
sup |f ′|

� δ = n−1/2, Òk

|Snf(x)− f(x)| 6 C√
n
.

�d·�®²y²
Âñ�Ý�O(1/
√
n), Ù¥�~êC��6uf . �

15.4.4 Cesàro ÚÚÚ���ÂÂÂñññ555ÚÚÚ²²²���²²²þþþÂÂÂñññ

�!��·��ÄFourier?ê�ü�fÂñ5, Ù�´Cesàro ¦Ú�Âñ5, Ù�

´²�²þÂñ5.

�Sn(x)´¼êf�Fourier?ê�Ü©Ú, Sk(x), k = 0, 1, · · · , n ��â²þ

σn(x) =
S0(x) + S1(x) + · · ·+ Sn(x)

n+ 1
.

½Â� f �CesàroÚ.w,,XJ {Sn(x)}3 xÂñ,@o {Sn(x)}��â²þ {σn(x)}
3 x �Âñ£�1�þ§1.2.5¤, ��Ø,. ¤±¼ê�Fourier?ê Cesàro Ú�Âñ5

�' Dirichlet Âñ5f.
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|^DirichletÈ©, �±òCesàro ÚL«�òÈ�/ª,

σn(x) =
1

�

ˆ �
−�

f(t) Kn(x− t)dt =
1

�

ˆ �
−�

f(x− t)Kn(t) dt,

Ù¥

Kn(x) =
1

n+ 1

n∑
k=0

Dn(x) =
1

2(n+ 1)

(sin n+1
2 x

sin x
2

)2

¡�È©� FejérØ.

Fejér Ø´ Dirichlet Ø��â²þ, üök�
�q�?, �� Dirichlet ØØÓ�

´, Fejér Ø´�K�. ¯¢þ§´±ÏòÈ¿Âe�ü Cq¼ê. ù´Ï�²þL§

¦�Dn(x)���Ü©*d�m�-�. ~X'�D3(x)�K3(x)£eã¤, §�kX²

w�ØÓ.

½½½nnn 15.4.7 (Fejér) �f�±Ï2��ëY¼ê. @of� Fourier ?ê3 Cesàro

¦Ú¿Âe��Âñuf , =�n→∞�σn(x) 3[−�, �] þ��Âñuf(x).

yyy²²² ½n��þ´ü CqÚn15.3.4 �íØ, Ï�

σn(x) =
1

�

ˆ �
−�

f(x− t)Kn(t) dt.

·�I��yKn(x)÷vü Cq�n�5�:

1. Kn(x) > 0,
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2.
1

�

ˆ �
−�

Kn(x) dx = 1,

3. é?¿δ > 0, lim
n→∞

Kn(x) = 0é?¿�|x| ∈ [δ, �]��¤á.

dKn(x)�L�ª, 5� 1 w,¤á. 5� 2 �d

1

�

ˆ �
−�

Dn(t) dt = 1, n = 0, 1, · · · ,

����. 'u5� 3 ��yXe: é?¿δ > 0, XJδ 6 |x| 6�, @o

|Kn(x)| 6 1

n+ 1

1

sin2 x
2

6
c

δ2(n+ 1)
.

¤±5� 3 �¤á.

d5�2,

σn(x)− f(x) =
1

�

ˆ �
−�

[f(x− t)− f(x)] Kn(t) dt,

u´

|σn(x)− f(x)| 6 1

�

ˆ �
−�
|f(x− t)− f(x)| Kn(t) dt.

5¿�ëY¼êf�±Ï5%¹��ëY5, Ïdé?¿ε > 0, �3δ > 0¦�

�|t| 6 δ�Òk

|f(x)− f(x− t)| < ε

2
.

ù�é?¿n, ·����O
ˆ δ

−δ
|f(x− t)− f(x)|Kn(t) dt 6

ε

2

ˆ δ

−δ
Kn(t) dt <

ε

2

ˆ �
−�

Kn(t) dt =
ε

2
.

PM = sup |f(x)|, d5�3, éu�½�δ > 0, �±ÀJ¿©��n¦�ˆ
δ6|t|6�

Kn(t) dt 6
2�c

δ2 (n+ 1)
6

ε

4M

u´ ˆ
δ6|t|6�

|f(x− t)− f(x)|Kn(t) dt 6 2M

ˆ
δ6|t|6�

Kn(t) dt 6
ε

2
,

nÜþã(J, �ª��é?¿�x ∈ [−�, �], k |σnf(x)− f(x)| < ε. �

íííØØØ 15.4.8 XJü�±Ï�2� �ëY¼ê fÚg k�Ó�Fourier Xê, @o

ùü�¼ê��.

Ï�� f Ú g � Fourier Xê���, §�� Cesàro Ú��, Ïdd½n15.4.7 �

� f = g.

íííØØØ 15.4.9 (n�õ�ª%C� Weierstrass ½n) XJ f 3 [−�,�] þëY,

� f(−�) = f(�), @o f 7U^n�õ�ª��%C.
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Ï�^� f(−�) = f(�) �y
 [−�,�] þëY¼ê f �±òÿ� R þëY
�±Ï¼ê, �âFejér ½n15.4.7, f 3[−�,�] þU^ {σn(x)} ��%C. �â½Â

σn(x) ´ 1, cosx, sinx, cos 2x, sin 2x, · · · , cosnx, sinnx ��5|Ü, Ïd¡� n g/n

�õ�ª0.

��·�?ØFourier?ê�²�²þÂñ5.

�f´2�±Ï�Riemann�È¼ê, 31�þ112Ù¥·�®²y²
3¤kgê

Ø�Ln�n�õ�ª¥, f � Fourier ?êcn �Ü©Ú Sn� f�ål��, ¿���

Xe�ª

1

�

ˆ �
−�
|f(x)− (Sn)(x)|2 dx =

1

�

ˆ �
−�
|f(x)|2 dx−

(
a2

0

2
+

n∑
k=1

(
a2
k + b2k

))

Ù¥ak, bk´f�FourierXê.

¤¢/ål0, ´�3²��È¼ê�m�SÈ

〈f, g〉 =
1

2�

ˆ �
−�

f(x)g(x) dx.

p��ål:

d(f, g) =

(
1

2�

ˆ �
−�
|f(x)− g(x)|2 dx

)1/2

.

Ïd, d d(f, Sn) > 0, Ò���e�BesselØ�ª

a2
0

2
+
∞∑
k=1

(
a2
k + b2k

)
6

1

�

ˆ �
−�
|f(x)|2 dx.

�¼ê f � Cesàro Ú σnf , @o§�´�� n g�n�õ�ª. �âål���

5��
1

�

ˆ �
−�
|f(x)− Sn(x)|2 dx 6

1

�

ˆ �
−�
|f(x)− σn(x)|2 dx.

� f ´ëY�±Ï� 2� �¼ê�, du f − σn ��ªu0 £n→∞¤, ·�k

lim
n→∞

1

�

ˆ �
−�
|f(x)− σn(x)|2 dx = 0.

ù�d Fejér ½n, ·���
ëY¼ê Fourier ?ê�²�²þÂñ5,

lim
n→∞

1

�

ˆ �
−�
|f(x)− Snf(x)|2 dx = 0,

±9�d� Parseval ð�ª

a2
0

2
+
∞∑
k=1

(
a2
k + b2k

)
=

1

�

ˆ �
−�
|f(x)|2 dx.
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AO, k

lim
n→∞

an = lim
n→∞

bn = 0.

¯¢þ, ²�²þÂñ5±9Parseval ð�ª3�f^�e½¤á.

½½½nnn 15.4.10 �f´«m[−�, �]þ�Riemann�È¼ê, K f �Fourier ?ê

cÜ©Ú Sn²�²þÂñu f , ½ö`Parseval�ª¤á, =

a2
0

2
+
∞∑
k=1

(
a2
k + b2k

)
=

1

�

ˆ �
−�

f2(x) dx.

��½n�íØ, ·�k

íííØØØ 15.4.11 � f, g ´«m[−�, �]þü�Riemann�È¼ê, an, bn Ú ãn, b̃n

©O´ f Ú g � Fourier Xê, K

1

�

ˆ �
−�

f(x)g(x) dx =
a0ã0

2
+
∞∑
k=1

(
akãk + bkb̃k

)
.

½n�y²�9�RiemannÈ©nØ, 3����Ù�¤.

555PPP: �3 [−�,�] «mþ�È�²��È¼ê��N� L2[−�,�], @o§3

SÈ

〈f, g〉 =
1

2�

ˆ �
−�

f(x)g(x) dx.

e�¤��/SÈ�m0. Parseval �ª¿�Xn�¼êX´�m L2[−�,�] ¥��

���¼êX£�1�þ§12.2.4.¤

SSSKKK15.4

eÃAO`², �SK¥Ñy�¼êÑ´±Ï2��ëY¼ê.

1. y²�3~êc > 0¦�ˆ �
−�
|Dn(t)| dt > c

(
1 +

1

2
+ · · ·+ 1

n

)
> c log n.

J«: òÈ©«m[©¤[k�/(n + 1/2), (k + 1)�/(n + 1/2)]2©O�OÈ©�e

..

2. �fëY�f ′(x0)�3. y²Sn f(x0)→ f(x0), (n→∞).

3. �f Riemann �È�:x0ëY. y²σn f(x0)→ f(x0), (n→∞).

4. �f3:x0�	ÑëY�x0´a�ØëY:. y²

σn f(x0)→
(

lim
x→x+0

f(x) + lim
x→x−0

f(x)
)
/2, (n→∞).
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5. ∗ �f Riemann �È. y²
ˆ �
−�
|σn f(x)− f(x)| dx→ 0, (n→∞).

6. y²: eëY¼ê�{fk}��Âñuf , @ofk� Fourier XêÂñuf�Fourier X

ê.

7. �τy f(x) = f(x+ y). ¯fÚτy f�m� Fourier Xê�mkÛ'X?

8. éu±Ï2��ëY¼êf, g�

f ∗ g(x) =

ˆ �
−�

f(x− y)g(y) dy.

¯f, gÚf ∗ g� Fourier Xê�mkÛ'X?

9. y²�|x| 6�� |x| 6�| sin x
2 |.

10. �f�±Ï2��Ck¼ê, �k > 2.

(1) y²∀x, y,

g(y) =
f(x− y)− f(x)

sin y
2

´Ck−1¼ê, ��3M¦�|g(k−1)(y)| 6M ;

(2) y²g(y + 2�) = −g(y);

(3) y²k´óê�

Snf(x)− f(x) = ± 1

2�

ˆ �
−�

g(k−1)(y)
cos

(
n+ 1

2

)
y(

n+ 1
2

)k−1
dy;

¿��k´Ûê�, �kaq��ª¤á, Ù¥cos �sin�O¶

(4) y²n→∞�, Sn f(x)− f(x) = O(1/nk−1) ��¤á.
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�Ù·�0�õCþ¼ê, §�½Â�´n�¢ê|�mRn, ½öRn���f8Ü.

ùa¼êÏ~P�f(x1, · · · , xn), ùpz�xkÑ3R¥��.

½Â3Rn�õCþ¼êq¡�n�¼ê, õCþ¼ê�ëY5��½Â�Rn �Ý
þ5�k', Ïd·�ò3�2���a�m))Ýþ�mþ?Ø¼ê�ëY5, �)Ý

þ�mÿÀ±9;�Ýþ�mþëY¼ê�SN.

§16.1 Rn���ÝÝÝþþþ���mmm

�mRn½Â�kSn�¢ê|(x1, x2, · · · , xn) �8Ü,

Rn = {x = (x1, x2, · · · , xn)
∣∣∣ xk ∈ R, 1 6 k 6 n}.

e¡·�ò38ÜRnþ½Â�«/(�0µ¦�¤��5�m, Ýþ�m, D��m�

SÈ�m. éz�«(�
ó, RnÑ´�{ü�~f, z�«(�Ñ�±^é{ü�A

^ún5½Â. ��/��£ã§�, ·�k0�§�3Rn�½Â, ,��Ñ(��Ä

�5�, ��^ù
5�5JõÑ(��Ä�½Â. z«(�3êÆpÑåX­��^,

�´3�Ùp·��rNÝþ�m, §�ëY5���'.

Äk�½�
PÒ, i1x, y, z�LRn¥�:, L�ªx = (x1, x2 · · · , xn)¥�xkL

«:x�1k��I, i1a, b, c½λ, µ�òL«¢ê, ½¡�Xþ.

Rn´¢ê�þ�n��5�m, (1, 0, · · · , 0), (0, 1, 0, · · · , 0),· · · , (0, · · · , 0, 1)´§�

�|Ä; ù
�þ¡�Rn�IOÄ, P�e1, · · · , en. z��þx�±L¤�5|Ü

x = x1e1 + · · ·+ xnen

�/ª, �IxkÒ´�5|Ü¥ek�Xê.

16.1.1 SSSÈÈÈ������êêê

�x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn) ∈ Rn, §��EuclidSÈ½Â�

〈x, y〉 = x1y1 + · · ·+ xnyn.

Rn�EuclidSÈäkXeÄ�5�:

1. 〈x, y〉 = 〈y, x〉 (é¡5),

2.

{ 〈(ax+ by), z〉 = a〈x, z〉+ b〈y, z〉,
〈x, (ay + bz)〉 = a〈x, y〉+ b〈x, z〉,

(V�55),
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3. 〈x, x〉 > 0, �ª¤á��=�x = 0 (�½5).

éu?¿�¢�5�m V, XJ�3¢�¼ê

〈·, ·〉 : V× V −→ R,

÷vé¡5!V�5��½5, @o¡�Vþ�SÈ. ½Â
SÈ��5�m�¡�S

È�m. �5�ê�§®²y², ?¿k���SÈ�m�EuclidSÈ�mRnÓ�. e

¡´��~��Ã��SÈ�m~f.

~~~ 16.1.1 �C[a, b]´4«m[a, b]þëY¼ê�N, ½Â

〈f, g〉 =

ˆ b

a

f(x)g(x) dx,

N´�y§÷vSÈ�n�^�, ¤±§´C[a, b]���SÈ, �¡�¼ê�m�L2S

È.

é?¿:x ∈ Rn, §�Euclid�ê£½¡�¤|x|½Â�

|x| =
√
x2

1 + · · ·+ x2
n.

Euclid�ê| · | : Rn → [0, ∞)äkXeÄ�5�:

1. |x| > 0, �Ò¤á��=� x = 0 (�½5),

2. |ax| = |a| · |x|, ∀a ∈ R (à5)

3. |x+ y| 6 |x|+ |y| (n�Ø�ª).

¢�5�mVþ���¼ê

‖ · ‖ : V→ [0, ∞),

e÷vþãn�5� — �½5, à5�n�Ø�ª, K¡�´V����ê. ½Â
�

ê��5�m¡�D��m, P�(V, ‖ · ‖).

5Pµ3Euclid�ê�à5½Âp| · |^5L«ü�ØÓ�¹Â: |a|L«¢ê�ýé
�, |x|L«�þx� Euclid �ê, Ï�¢ê��ê�ýé���, ¤±Ø¬Úå· . e

©¥·�o´ÀJüm�| · |L« Euclid �ê, ^Vm�‖ · ‖5L«����ê.

Euclid �êÚEuclidSÈkw,�'X:

|x| =
√
〈x, x〉.

��/, �½�5�m���SÈ〈·, ·〉, ·�½Â§p��ê�

‖x‖ =
√
〈x, x〉.
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�
�y§(¢´���ê, I�^� Cauchy-Schwarz Ø�ª

|〈x, y〉| 6
√
〈x, x〉 ·

√
〈y, y〉.

555��� 16.1.1 �〈x, y〉´��¢�5�mVþ�SÈ. @o‖x‖ = 〈x, x〉1/2´�ê.

yyy²²² SÈ��½5%¹�ê��½5, 
�ê�àg5dSÈ�V�5��,

‖ax‖ = 〈ax, ax〉1/2 =
(
a2〈x, x〉

)1/2
= |a|〈x, x〉1/2 = |a| · ‖x‖.

���²��5�´n�Ø�ª, ·��Ly²§�²�/ª,

‖x+ y‖2 6
(
‖x‖+ ‖y‖

)2
= ‖x‖2 + 2‖x‖ ‖y‖+ ‖y‖2.

ò�>Ðm, Òk

‖x+ y‖2 = 〈x+ y, x+ y〉 = 〈x, x〉+ 2〈x, y〉+ 〈y, y〉

= ‖x‖2 + 2〈x, y〉+ ‖y‖2

(Cauchy-SchwarzØ�ª) 6 ‖x‖2 + 2‖x‖ ‖y‖+ ‖y‖2.

�

�5�ê�§®²�ÑCauchy-SchwarzØ�ª�y². §´©Û¥�­��Ø�ª

��, ¿�k�«���/ª. Eucild SÈ�/�Ø�ª´∣∣∣ n∑
j=1

xjyj

∣∣∣ 6 ( n∑
j=1

x2
j

)1/2 ( n∑
j=1

y2
j

)1/2
.

¼ê�mC([a, b])þ� Cauchy-SchwarzØ�ª�∣∣∣∣ˆ b

a

f(x)g(x) dx

∣∣∣∣ 6 (ˆ b

a

|f(x)|2 dx

)1/2(ˆ b

a

|g(x)|2 dx

)1/2

.

dCauchy-SchwarzØ�ª, �±½Âü��0�þx, y�Y�θ ∈ [0, π]�,

cos θ =
〈x, y〉√

〈x, x〉
√
〈y, y〉

Ðm�ª‖x± y‖2 = 〈x± y, x± y〉, ·��±��4zð�ª:

〈x, y〉 =
1

4

(
‖x+ y‖2 − ‖x− y‖2

)
.

d§·��±�L5^p��êL«SÈ. �,Ø´z��êÑ´dSÈ¤p��. d

SÈp���ê÷vXe�²1o>/{K :

‖x+ y‖2 + ‖x− y‖2 = 2
(
‖x‖2 + ‖y‖2

)
.
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§�AÛ)º´��²1o>/�é����²�Ú�uo>��²�Ú. XJ���

ê÷v²1o>/{K, @o4zð�ª½Â
��SÈ, �d�p���êÒ´�5

��ê. y²3�SK.

e¡·�?Ø�
�ê�¢~, §�Ø´lSÈp��.

~~~ 16.1.2 �p > 1, 3Rn½Â

‖x‖p =
( n∑
k=1

|xk|p
) 1
p
,

K§´Rn��ê.

d½Â, �½5Úà5´w,�, ·��I�y§÷vn�Ø�ª, Q

‖x+ y‖p 6 ‖x‖p + ‖y‖p,

ù®²3~14.2.7¥y².

3‖ · ‖p�½Â¥-p→∞, Ò��

‖x‖∞ = max {|xj| : 1 6 j 6 n},

�±�y, §�´Rn����ê.

�±y²§�p 6= 2�, �ê‖ · ‖pØ´dSÈp��. eã�Ñ
p = 1, 2,∞�, 8

Ü‖x‖p = 1�ã�, dd�±��ù
�ê�m�O��*<�.

 

 
 

  
 

                                                                                                                            
 

                                                                                                                         

菱形

圆

正方形   

~~~ 16.1.3 �p > 1, 3�5�mC[a, b]½Â

‖f‖p =

(ˆ b

a

|f(x)|p dx

) 1
p

,

§´���ê, ¡�Lp�ê. ùp��½5Úà5w,§I�y²�´n�Ø�ª, §

�±|^þ~¥�lÑn�Ø�ªÚRiemannÈ©½Â\±y².
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�f, g ∈ C[a, b], π : a = x0 < x1 < x2 < · · · < xn = b´«m[a, b]���©�§¼

ê|f + g|p�RiemannÚ÷v[
n∑
i=1

∣∣∣f(xi) + g(xi)
∣∣∣p∆xi]

1
p

6

[
n∑
i=1

(∣∣f(xi)
∣∣(∆xi) 1

p +
∣∣g(xi)

∣∣(∆xi) 1
p

)p] 1
p

6

[
n∑
i=1

∣∣∣f(xi)
∣∣∣p∆xi]

1
p

+

[
n∑
i=1

∣∣∣g(xi)
∣∣∣p∆xi]

1
p

,

-‖π‖ → 0, Ò��Lp�ê�n�Ø�ª.

-p → ∞, ·�Ó�����C[a, b]��ê ‖f‖∞ = sup
x∈[a, b]

|f(x)|, §�¡�¼ê�

mC[a, b]�sup�ê.

16.1.2 ååålll

�x, y ∈ Rn, ½Âü:x�y�m� Euclid ål�

d(x, y) =
√

(x1 − y1)2 + · · ·+ (xn − yn)2.

ål¼ê÷vn�Ä�^�:

1. d(x, y) > 0 ��Ò¤á�du x = y (�½5)¶

2. d(x, y) = d(y, x) (é¡5);

3. d(x, z) 6 d(x, y) + d(y, z) (n�Ø�ª).

����, ��8ÜMÚ÷vþãn�^�(�½5!é¡5!n�Ø�ª)�ål

¼ê

d : M ×M → [0, ∞)

¡���Ýþ�m, �¡�ål�m, P�(M, d). D�Euclidål�RnÏ¡EuclidÝþ

�m.

Rnþ� Euclid åld(x, y)��6ux − y, §ÚEuclid�êk'Xd(x, y) = |x − y|.
éu���D��m, �êÓ�p���ål

d(x, y) = ‖x− y‖,

ù´Ï�µ�ê��½5%¹Ýþ��½5, Ýþ�é¡5d�ê3a = −1�à5�

�, ��, �ê�n�Ø�ª%¹Ýþ�n�Ø�ª,

d(x, z) = ‖x− z‖ = ‖(x− y) + (y − z)‖

6 ‖x− y‖+ ‖y − z‖ = d(x, y) + d(y, z).

Ïd, XJ (V, ‖ · ‖)´��D��m, -d(x, y) = ‖x− y‖, K(V, d)´��Ýþ�m. Ý

þd(x, y) = ‖x− y‖¡��ê‖ · ‖p��Ýþ.
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ÏLéRn�SÈ!�Úåln�Vg�Ä�§·�®²½Â
SÈ�m!D��
mÚÝþ�m§§�Ñ´38Üþ÷vn^ún�êÆ(�. 
�, SÈg,p���

�ê§�êg,p���ål. I��Ñ�´, �
÷và5Ún�Ø�ª, �ê7L

½Â3�5�m�þ, 
½ÂÝþ�8ÜØLäk�5�m(�.

~~~ 16.1.4 �(M, d)´��Ýþ�m, M1´M�f8Ü, òål¼êd��

3M1þ, §E,÷vål�n�^�, ¤±(M1, d)½´Ýþ�m, ¡�(M, d)�f

�m.

~~~ 16.1.5 �M´����8Ü, ½Âål

d(x, y) =

{
1, XJ x 6= y,

0, XJ x = y.

N´�y§÷vÝþ�n�^�, ¡§�lÑÝþ.

~~~ 16.1.6 �(M, d)´��Ýþ�m, ½Â

d1(x, y) =
d(x, y)

1 + d(x, y)
.

K d1 ´M���Ýþ. w,d1÷v�½5Úé¡5, ��y§÷vn�Ø�ª, |^¼

êf(x) = x
1+x�x > 0�üN4O, ��

d1(x, z) =
d(x, z)

1 + d(x, z)
6

d(x, y) + d(y, z)

1 + d(x, y) + d(y, z)

6
d(x, y)

1 + d(x, y)
+

d(y, z)

1 + d(y, z)
= d1(x, y) + d1(y, z).

16.1.3 444������������555

duRn�4���Ýþk', ·�ò33Ýþ�mp?Ø4��Vg. Ø�AO(

², Rn�Ýþ´�EuclidÝþ.

½½½ÂÂÂ 16.1.2 �(M, d)´��Ýþ�m, {xk}´M�:�. ¡{xk}3Mpk4
�x½ö{xk} Âñux ∈M , ´�

lim
k→∞

d(x, xk) = 0.

P�xk → x½ö lim
k→∞

xk = x.

ù�½Â���Rþ�Âñ5��,==rR¥�ål|xk−x|�¤M�åld(xk, x),

ÏdR��'VgÚ(Ø�±²£�Ýþ�mþ.

¢��þÂñ5���­��¯¢´: ��ê�Âñ��=�§÷v Cauchy OK.

3Ýþ�mp·�½�½Â Cauchy �.
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½½½ÂÂÂ 16.1.3 ¡Ýþ�m�:�{xk}�Cauchy �´�µé?¿ε > 0, �3g,

êN¦�j, k > N�k

d(xj , xk) < ε.

N´wÑÂñ:��½´Cauchy �, Ï���kd(xk, x) < ε, ∀k > N , dn�Ø�

ªÒkd(xj , xk) < 2ε ∀j, k > N . �´, /Cauchy��½Âñ0ù�(ØØ�½¤á, '

Xf�mQ ⊂ R. Cauchy�Âñ�Ä�9�Ýþ�m���5.

��Ýþ�m¡� ���, ´�§�z� Cauchy �ÑÂñ.

·�Äky²Rn´��Ýþ�m, ¯¢þRn¥�Âñ5�duz��Ie�Âñ
5, ÏdRn ���5´w,�.

½½½nnn 16.1.4 �x(1), x(2), · · ·´Rn���:�,K§Âñ�:x = (x1, x2, · · · , xn)�

�=�§�z��Iê�x(1)
k , x

(2)
k , · · · Âñuxk, k = 1, 2, · · · , n.

yyy²²² k� lim
j→∞

x(j)�3��ux. Ï�

|xk| 6
( n∑
j=1

|xj|2
)1/2

,

·�k

|x(j)
k − xk| 6 d(x(j), x)→ 0 (j →∞),

=

lim
j→∞

x
(j)
k = xk, k = 1, 2, · · · , n.

��, �ék = 1, 2, · · · , nk lim
j→∞

x
(j)
k = xk . Ï� lim

j→∞
|x(j)
k − xk| = 0, ·�k

d(x(j), x)2 =
n∑
k=1

(
x

(j)
k − xk

)2
→ 0, j →∞,

=�x(j) → x. �

íííØØØ 16.1.5 (Rn, | · |)´��Ýþ�m.

yyy²²² �x(1), x(2), · · ·´�� Cauchy �. d½ny²��z��I©þ�¤�ê

�x
(1)
k , x

(2)
k , · · · ´��¢ê Cauchy �. d¢ê���5, ù
ê�k4�, P�xk, K

lþã½n� lim
j→∞

x(j) = x = (x1, · · · , xn). �

3~16.1.2¥·�Q²½Â
Rn�p−�ê‖ · ‖p (p > 1). �±y², :�3ù
�ê

p��ÝþeÂñ�du3EuclidÝþeÂñ. ¯¢þ, N´�yù
�ê÷vØ�ª

1

n
‖x‖p 6 ‖x‖∞ 6 |x| 6

√
n‖x‖∞ 6

√
n‖x‖p.
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Ïd, :�{x(k)}3�ê‖ · ‖pe´Cauchy���=�¦3EuclidÝþe´Cauchy�, :

�{x(k)}÷v‖x(k) − x‖p → 0�du|x(k) − x| → 0, ¤±,

íííØØØ 16.1.6 {Rn, ‖ · ‖p}´��Ýþ�m.

~~~ 16.1.7 lÑÝþ�m�:�{xk}Âñ£½´Cauchy�¤��=�k¿©��

�§´~:�, w,§´��Ýþ�m.

~~~ 16.1.8 �M´¤k¢ê��N, éx = (x1, x2, x3, · · · ), y = (y1, y2, y3, · · · ) ∈
M , ½Âål

d(x, y) =
∞∑
i=1

1

2i
|xi − yi|

1 + |xi − yi|
.

�~16.1.6Ón, �±y²§´Mþ���Ýþ. e¡·�y²§´����Ýþ.

XJòxiÀ�:x = (x1, x2, x3, · · · )�1i��I. �½i, XJü:x, y ∈M�ål

d(x, y) <
1

2i+1
,

Kd

d(x, y) >
1

2i
|xi − yi|

1 + |xi − yi|

�±íÑ

|xi − yi| 6 2i+1 d(x, y).

�{x(k)}´(M, d)���Cauchy�, Äky²é?¿i, 1i��Iê�x
(1)
i , x

(2)
i , · · ·

´Cauchy�. ?¿�½i, é?¿�êε < 1, �3N ∈ N, �m,n > N�

d(x(m), x(n)) <
ε

2i+1
,

K |x(m)
i − x(n)

i | < ε. ¤±:�{x(k)}�z��Iê�Ñ´Cauchy�, §�þÂñ.

� lim
k→∞

x
(k)
i = xi, i = 1, 2, · · · , Ò����:x = (x1, x2, x3, · · · ) ∈ M , e¡·�y

²Cauchy�{x(k)}Âñ�:x. ∀ε > 0, �3N1 ∈ N,

∞∑
i=N1+1

1

2i
<
ε

2
.

Ï�

d(x(k), x) 6
N1∑
i=1

|x(k)
i − xi|+

∞∑
i=N1+1

1

2i
,

�

lim
k→∞

N1∑
i=1

|x(k)
i − xi| = 0,
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¤±�3N ∈ N, �k > N�
N1∑
i=1

|x(k)
i − xi| <

ε

2
,

dd��k > N�, d(x(k), x) < ε.

e¡·�?Ø¼ê�mC[a, b]þ�Âñ5. Äk·�k

½½½nnn 16.1.7 4«m[a, b]þ�ëY¼ê�mC([a, b])3 sup�êp��Ýþ

d(f, g) = sup
x∈[a,b]

|f(x)− g(x)|

�e, ´��Ýþ�m.

yyy²²² ù�½n¯¢þ´��Âñ� Cauchy OK�,��Lã/ª. c¡®²

y² sup �êp��Ýþe�ÂñÒ´��Âñ(5�15.2.11), Ó�3TÝþe¼ê

�{fn}´ Cauchy ��du��Âñ� Cauchy OK£5�15.2.12¤µé?¿ε > 0�3

N = N(ε)¦��j, k > N�k |fj(x)−fk(x)| < ε, (∀x ∈ [a, b]). u´ Cauchy�{fn}�
�Âñu��ëY¼êf , �du3sup �êp��Ýþefn → f . �

I�5¿�´þã½n�éu¼ê�mC([a, b])þ�sup �êp��Ýþ¤á, é

uÙ§Lp�ê¿Ø¤á. eã~f`², ��3L1�êe�ëY¼êCauchy�, ØUÂ

ñ�ëY¼ê.

~~~ 16.1.9 ½Â[0, 1]«mþ�¼ê�Xeµ

fn(x) =


0, x ∈

[
1, n−1

2n

]
,

1
2 + n(x− 1

2), x ∈
[
n−1
2n ,

n+1
2n

]
,

1, x ∈
[
n+1
2n , 1

]
.

¼ê�{fn}÷v

‖fm − fn‖1 =
1

4

∣∣∣ 1

m
− 1

n

∣∣∣,
¤±{fn}´�êL1¿Âe�Cauchy�, �´{fn}ØÂñ���ëY¼ê. ù´Ï�X

J{fn}Âñ�f ∈ C[0, 1], éu

an =
n− 1

2n
, bn =

n+ 1

2n
,

k

‖fn − f‖1 >
ˆ an

0

|f(x)| dx+

ˆ 1

bn

|fn(x)− f(x)| dx,
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-n→∞, Òk ˆ 1/2

0

|f(x)| dx+

ˆ 1

1/2

|1− f(x)| dx = 0,

w,ù��ëY¼êØ�3.

555PPPµµµlknê�¢ê, ´ÏLòknê��z�¤�. ·��±^���Ó�

�{, ��z��Ø���Ýþ�m. XJÝþ�m�k�ê!SÈ�(�, @o·�

Ó��±Ur�ê½öSÈ*¿���z���mþ . ù
´�Y�§/¢©Û0Ú

/�¼©Û0�SN. I��Ñ�´, Ï~��z���m�´��Ä�¯Ô, ¿ØÑU

�¢ê���±äN£ã. ~X�mC([a, b]), 3L1Ýþe���z��þÒ´ [a, b]þ

� Lebesgue �È¼ê�m. �´ Lebesgue È©nØ'å��z�Ä��E�(J�

õ, ò3�Y�§/¢©Û0¥?Ø.

��·�?Ø���~�©�§k'�~f.

~~~ 16.1.10 òm1n��¢Ý
�NP�M(m, n), XJò§�mn�¢ê|�

mRmnÓ�, �±½ÂEuclidSÈ¦Ù¤�EuclidSÈ�m. Ød�	, 3M(m, n) ��

±½Â�êXeµéA ∈M(m,n), ½Â

‖A‖ = sup
0 6=x∈Rn

|Ax|
|x|

,

¦w,÷v�½5Úà5, 5¿�þªmý�Ax ∈ Rm, |^Euclid�ê�n�Ø�ª

��, |(A+B)x| 6 |Ax|+ |Bx|, ddN´íÑ

‖A+B‖ 6 ‖A‖+ ‖B‖.

�A = (aij) ∈M(m, n), @o§�Euclid�ê

|A| =
(∑

i,j

a2
ij

)1/2
,

·�k

|Ax| =
(∑

i

(∑
j

aij xj

)2
)1/2

6 |A||x|

¤±‖A‖ 6 |A|. ,��¡,

‖A‖ = sup
06=x∈Rn

|Ax|
|x|

= sup
|x|=1

|Ax| > max |aij| >
1

mn
|A|.

�d��, �mM(m, n)¥:��EuclidålÂñÚ��ê‖ · ‖Âñ�d. AO,

(M(m,n), ‖ · ‖)´��Ýþ�m.

^M(n)L«n1n��¢Ý
�N. �A ∈ M(n), �ê‖A‖÷v|Ax| 6 ‖A‖ |x|, dd
íÑ|A2x| 6 ‖A‖ |Ax| 6 ‖A‖2|x|, ¤±‖A2‖ 6 ‖A‖2, ^8B{�y

‖Ak‖ 6 ‖A‖k, k = 1, 2, · · · , .
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�t ∈ R, ½Â:�

Ek(t) = In +
k∑
j=1

Aj

j!
tj .

�±y²�|t| 6 b < +∞�, §´M(n)¥�Cauchy�. ù´Ï��l > k�,

‖El(t)− Ek(t)‖ 6
l∑

j=k+1

‖Aj‖
j!
|t|j 6

l∑
j=k+1

aj

j!
bj ,

ùpa = ‖A‖. éu?¿ε > 0, k¿©��, þªmà�uε.

Ï�(M(n), ‖ · ‖)��, ¤±é?¿t ∈ R, {Ek(t)}3M(n)¥Âñ����6uC

�t�Ý
E(t). Ï~�ò4�¼êP� E(t) = eAt, §÷v
d

dt
E(t) = AE(t), ½Â
~

Xê�5~�©�§|
dx

dt
= Ax

�Ä�).

SSSKKK16.1

1. y² sup �ê‖f‖ = sup |f |´C([a, b])þ����ê.

2. ∗ y²: XJ¢�5�mþ��ê‖x‖÷v²1o>/{K, @o4zð�ª½Â


��SÈ, �§p���êÒ´�5��ê.

3. �V´ Euclid �mRn��5f�m. ½ÂRn¥:x�V �ål� infy∈V |x− y|, P
�d(x, V ).

(1) y²�3x0 ∈ V¦�|x− x0| = d(x, V );

(2) y²éu?¿y ∈ V , d(x, V ) = d(x+ y, V ).

4. y²: e‖ · ‖´Rnþ��ê, K�3�~êM¦�‖x‖ 6 M |x|, ∀x ∈ Rn, Ù¥ |x|´
Euclid �ê.

5. ¡8ÜMþ�ü�Ýþd1Úd2 �d´��3ü��~êc1, c2¦�∀x, y ∈ M ,

d1(x, y) 6 c2 d2(x, y) Ú d2(x, y) 6 c1 d1(x, y)Ó�¤á. y²ed1Úd2�d, @o

Ud1Ýþxn → x��=�Ud2Ýþxn → x.

6. �{xk}Ú{yk}´Ýþ�m(M, d)�ü�Cauchy�, y²ê�{d(xk, yk)}Âñ.

7. y²: Rnþ��ê‖x‖1�n > 1�Ød?ÛSÈp�.

8. y²

d(x, y) =
|x− y|

1 + |x− y|
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½Â
Rnþ�Ýþ, �§Ød?Û�êp�.

9. �1 6 p <∞,

`p =

{
(x1, x2, x3, · · · )

∣∣ ∞∑
k=1

|xk|p <∞, xi ∈ R

}

éux = (x1, x2, x3, · · · ), y = (y1, y2, y3, · · · ) ∈ `p, ½Â

d(x, y) =
( ∞∑
k=1

|xk − yk|p
)1/p

.

y²(`p, d)´��Ýþ�m. ¿y²�ÝþÂñíÑz��I©þÂñ, Þ~`²

��Ø¤á.

10. �S´R2þ�ü �±x2 + y2 = 1. éuSþ�ü:p, q, ½Â§��m�å

ld(p, q)��±þë(§���ál��Ý. y²ù´��Ýþ. ¯ù�Ýþ

ÚS��R2�f�m�Ýþ��í? XJ^4�I (cos θ, sin θ)L«�±þ�:,

l�Ýþ�äNL�ª´�o?

11. �A ∈M(n). y²:

1). eA´é¡Ý
, K§��ê

‖A‖ = sup
x6=0

|Ax|
|x|

�uÝ
AA��ýé�����;

2). éu���A, ‖A‖2�ué¡Ý
ATAA��ýé�����.
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§16.2 ÝÝÝþþþ���mmm���ÿÿÿÀÀÀ

1�oÙ·�?Ø
¢ê8ÜR�m8, 48, ;8��4����'�Vg, ù�

!·��?Øù
Vg3Rn�í2. Ï�ù
Vg��9Rn�Ýþ, ·�ò3Ä��Ý

þ�mþ½Âù
Vg. I��Ñ�´, �,ù
VgÚ�A�(ØÑ´ïá3Ä�Ý

þ�mþ, �´/Ïu Rn ��* ,AO´1�þ §9.1.1 ¥� n = 2 ��{ü£ã, �n

)§�,E,�©k�.

16.2.1 mmm888

�(M, d)´��Ýþ�m. m«m�aqm¥½Â�

Br(x) = {y ∈M | d(x, y) < r},

Ù¥��» r´�ê, ¥%x´Ýþ�mM¥�:. ·�¦^/¥0L«ù�¢%�«

�, ^/¥¡0L«§�>.{y ∈ M | d(x, y) = r}. 3Euclid �mRn(n = 2, 3)pù


/¥0Ò´·�Ï~¿Âe�¥½ö��. 3���Ýþ�mp·�ØU�"”¥”´�

�.

N´y²: ?�y ∈ Br(x), �3��±y�¥%�m¥�¹uBr(x). ¯¢þù´n

�Ø�ª�íØ, dud(x, y) = r1 < r, é∀z ∈ Br−r1(y), kd(y, z) < r − r1, |^n�

Ø�ªk

d(x, z) 6 d(x, y) + d(y, z) < r1 + (r − r1) = r,

=z ∈ Br(x), ¤±Br−r1(y) ⊂ Br(x). |^ù�5�·��±½Âm8.

½½½ÂÂÂ 16.2.1 ·�¡Ýþ�m(M,d)�f8A�m8, XJ§äk5�: éuAS

�z�:x, �3m¥Br(x) ⊂ A (r > 0). ½Â�:�����¹§�m8.

8ÜA�:x¡�A�S:, ´��3x����¹uA. 8ÜA�SÜA◦½Â�A�

S:�8Ü, Ïd A◦´�¹uA���m8. A�m8��=�A�u§�SÜ. Ó�

·���±y²����m8´m¥�¿8, ���¤á. ���5¿�´, =¦´

Euclid�mRn,§�m8(�¬éE,,Ø2kaquRþ�m8(�½n. ¿�, Rn�
f�m�m8ØÓuRn�m8.

'um8�$�kXe(Ø, y²3�öS.

555��� 16.2.2 Ýþ�m¥, ?¿õ�m8�¿´m8, k�õ�m8��´m8.

±�Ø�AO`², PÒRnA�Euclidål�m. eM´Rn£��ål�m¤�f
�m, @oM¥±y�¥%�m¥´�8Ü

{x ∈M | d(x, y) < r} = Br(y)
⋂

M.
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M¥�m8´dam¥�¿, §´Rnm8�M��8, �§3Rn¥Ø�½´m8. �


L«ù««O, ·�¡ù
8Ü��éuM�m8½ö�ém8. duM = M ∩ Rn, 8

ÜM[�´�éuM�m8, �Ø�½´Rn�m8. N´wÑ, XJM´Rn�m8, @

oM�¤km8Ñ´Rn�m8.

���/·�keã½n.

½½½nnn 16.2.3 �M1´Ýþ�m(M,d)���f�m. @of8A1 ⊂ M1´M1�

m8��=��3M�m8 A¦�A1 = A ∩ M1. eM1´M�m8, @oM1�f

8A1�M1�m8��=�§´M�m8.

yyy²²² éM1¥�:y, ½ÂBr(y), Br(y)1©O�M , M1¥�m¥, =

Br(y) = {x ∈M | d(x, y) < r}, Br(y)1 = {x ∈M1 | d(x, y) < r}.

u´Br(y)1 = Br(y)∩M1. Ò´`M1�m¥�u±M1�:�¥%�M−m¥�M1��.

�½M1�m8A1, �E8ÜA�8q{Br(y) | Br(y)1 ⊂ A1, ∀r, y}p¤km¥�¿,

KA´M¥�m8, �A1 = M1 ∩ A. 5¿ù��A�7��.

,��¡, �A´M¥�m8, �yA1 = A ∩M1´M1�m8. �y ∈ A1, dy�á

uA��3¿©��r¦�Br(y) ⊂ A. K

Br(y)1 = M1 ∩Br(y) ⊂M1 ∩ A = A1,

¤±A1´M1�m8. AO, XJM1�f8A1�M�m8, @oA1 = A1 ∩M1�M1�m

8.

e¡y²½n�1��(Ø. �M1´M�m8, ·��Iy²�A1´M1�mf

8�, §�´M�mf8. ?�x ∈ A1 ⊂ M1, duM1�M�mf8, �3�êr¦�

Br(x) ⊂M1, Ó��3r′ < r÷vBr′(x)1 = Br′(x) ∩M1 ⊂ A1. du

Br′(x)1 = Br′(x) ∩M1 = Br′(x) ∩Br(x) = Br′(x),

A1�±L«�ù
Br′(x) (∀x ∈ A1)�¢8, ¤±§´M�m8. �

~~~ 16.2.1 �ÄRndîAp�ÝþÚ�ê‖ · ‖p (1 6 p 6∞)©O½Â�m8�m

�'X. �A´'uîAp�Ýþ�mf8, x0 ∈ A. XJx0 ∈ A�����

{x ∈ Rn
∣∣ |x− x0| < r} ⊂ A,

|^Ø�ª|x| 6
√
n‖x‖p, (∀x ∈ Rn)��,

{x ∈ Rn
∣∣ ‖x− x0‖p < r/

√
n} ⊂ {x ∈ Rn

∣∣ |x− x0| < r} ⊂ A.

¤±A´'u�ê‖ · ‖p�mf8.
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��, XJA´'u�ê‖ · ‖p�mf8, |^Ø�ª‖x‖p 6 n|x|Ó��±y²
§´'uîAp�Ýþ�mf8. ¤±, RndîAp�Ýþ½Â�m8Úd�
ê‖ · ‖p (1 6 p 6∞)½Â�m8�Ó.

16.2.2 444888���;;;���888

�¢ê¶�aq, Ýþ�m�48�é4�/$�0µ4. �?Ø48, ·�k½

ÂÝþ�mf8Ü�à:.

½½½ÂÂÂ 16.2.4 �E´Ýþ�m(M, d)�f8Ü, ¡:x´8ÜE�à:, ´�x�?

¿��Ñ�¹��E¥�:ØÓux. 8ÜE¡�48´�§�¹g�¤k�à:. 8

ÜE�4�E½Â�E�E�à:8Ü�ô.

8ÜE¥�:, XJØ´g��à:, ¡�8ÜE��á:, :x ∈ E´�á:��
=��3r > 0, Br(x) ∩ E = {x}.

�ì½Â,:x´8ÜE�à:��=�,�3E¥�:�{xn}, xn 6= x (∀n),�xn →
x(n→∞). �115Ù1n!aq, ·�ke�(Ø.

555��� 16.2.5 �E´Ýþ�m(M,d)�f8Ü, K§�4�E´48, ��8Ü´

48��=�§�u§�4�.

555��� 16.2.6 k��48�¿´48, ?¿�48��´48.

½½½nnn 16.2.7 Ýþ�m��f8Ü´48��=�§�{8´m8

yyy²²² �E´48, x ∈ Ec, KxØ´E�à:, ù`²�3r > 0, Br(x) ∩ E = ∅,
QBr(x) ⊂ Ec, ¤±Ec´m8.

��, XJEc´m8, Ón�yEc¥�:ÑØ´E�à:, ù`²E�¹
g��¤

kà:. �

555PPPµµµ�½Â§�8∅Q´m8�´48, �A��8MQ´m8�´48.

éÝþ�m
ó, /��50�/4f80Ñ�:��4��', §��m�éX

�±^Xe¯¢£ã, §�y²3�SKµ

555��� 16.2.8 ��Ýþ�m(M,d)���f8ÜE��£f¤�m´�����

=�§´M �4f8.

��·�?ØÝþ�m�;�5. �{xn}´Ýþ�m(M,d)���:�,:x ∈M¡
�´:�{xn}�4�:´�: �3��f�{xkn}Âñ�x. I�2gJ�5¿�´, 4

�:Úà:ùü�Vg��É3u, 4�:�:��', à:�:8�'. �±�Ä��

:�éA�Ná8Ü, XJ:�¥?¿ü:ØÓ, @o:��4�:8�§Ná8Ü�

à:8�Ó; XJ��:��Ná8Ü´k�8, :��4�:8��, �Ná8Üvk
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à:.

½½½ÂÂÂ 16.2.9 ��Ýþ�m(M, d)�f8A¡�´;�8Ü, ´� A¥�?¿:

�x1, x2, · · ·k4�:áuA.

;��½Â%¹Xe&E, XJA´;�8Ü, x1, x2, x3, · · ·´A¥�:�, K§�½

kÂñf�, �§�?¿4�:ÑáuA. 5¿�½Â��9Ap:�:�m�ål, v

k�9A�	�:. AO/, ·�¡Ýþ�mM;�, ´�M´g��;�f8½öM�

¤k:�Ñk4�:. u´, A´Ýþ�mM�;�f8��=�A��f�m´;�Ý

þ�m.

555��� 16.2.10 ;�Ýþ�m�f8Ü´;�f8��=�§´4f8.

yyy²²² �E´;��m(M, d)�;�f8. XJ�:x´E�à:, @o�3E¥�

:�Âñ�x, dE�;�5��x ∈ E, ù`²E´48.

��, XJE´;��m(M, d)�4f8, �{xn}´E¥�:�, �mM�;�5�

y§k4�:x, XJx 6= xn, ∀n, ù`²x´ E�à:, Ï
x ∈ E. �

;�5���5Ñ�:��4�k', Ï
§��mkX;�éX: ;�5íÑ

��5, ���5íØÑ;�5. �M;�, �ÄM¥� Cauchy �{xk}, L�y²§
3Mpk4�.d;�5�§3M¥k4�:x,éN´d CauchyOK��x = lim

j→∞
xj .

,��¡, R´���Ø;��~f.

éuR�f8, ;�5�duÙ¦5�, Ù¥�­��´Heine-Borel5�: z��m

CXkk�fCX. éu���Ýþ�mM��±½Âù�5�.

½½½ÂÂÂ 16.2.11 eA´M�f8, ¡M��
f8|¤���8ÜxB´A�CX,

´�

A ⊂
⋃
B⊂B

B,

¡B´A�mCX, XJ8Üx�¤k��Ñ´m8; B�fCXB′´�: B′´B�f
x(f8), �B′E,CXA.

I�5¿�´, kü«�ª5½ÂÝþ�m(M,d)¥��8ÜA�Heine-Borel5�:

M�m8�¤�mCXkk�fCX, ½öf�mAg��mCXkk�fCX. du

3A¥Ú3M¥/m0�¿ÂØ��, §�wå5k¤ØÓ, �|^½n16.2.3, N´y

²ùü«Heine-Borel5�´�d� (SK).

½½½nnn 16.2.12 (Ä� Heine-Borel ½n) Ýþ�m(M,d)´;����=�§ä

kHeine-Borel5�.

yyy²²² ky²Heine-Borel5�%¹;�5. �y²Ýþ�mMp�?¿:�{xk}k
4�:. Ø��ù
:üüØÓ. b�:�Ø�34�:, @o8Ü{x1, x2, · · · }�§�
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?¿f8Ñvkà:§ÏdÑ´48. Xe�EM���m8:

B1 = M\{x1, x2, · · · }, B2 = M\{x2, x3, · · · }, · · · , Bk = M\{xk, xk+1, · · · }, · · · .

w,{Bk}´M�mCX, �§vkk�fCX, gñ.

�L5, �M;�. �y²§kHeine-Borel5�. aqu½n14.4.12�y², ky

²M�?¿mCXk�êfCX, ,�y²§kk�fCX.

läk�êmCXíÑäkk�fCX, �½n14.4.12�y²���Ó, 3dÑ�.

�y²?¿mCXk�êfCX, I�Xe¯¢µ ��;�Ýþ�mk�õ�ê�È

�f8, ù�¯¢ò��y². e¡·�|^ù�¯¢y²: M�?¿mCXBk�êf
CXB1, §��E�{�½n14.4.12��E{aq.

�x1, x2, x3, · · ·´M��êÈ�f8, �Ä�ê8Ü{B1/m(xn) | m,n ∈ N}. ?��
�m¥B1/m(xn), XJ8Ü

{B ∈ B | B ⊃ B1/m(xn)}

��, @ol¥?¿À���B�\8xB1, ù���B���fxB1, §´�ê�.

��y²B1CXM . ?�x ∈ M , �3m8B ∈ B�¹:x, Ïdkm ∈ N¦
�B2/m(x) ∈ B. Ï�:�x1, x2, x3, · · ·3M¥È�, ¤±�±À�,�xn¦�x ∈
B1/m(xn). |^ål�n�Ø�ªN´��

B1/m(xn) ⊂ B2/m(x) ⊂ B,

dB1��E�{��, �3B1 ∈ B1, B1�¹B1/m(xn), §½�¹:x.

�

ÚÚÚnnn 16.2.13 ?¿;�Ýþ�m�3�õ�êÈ�f8.

yyy²²² �;�Ýþ�m(M, d)�Ã�8Ü. ·�ky²Xe¯¢µé?¿ε > 0, �

3k��:x1, x2, · · · , xN (N = N(ε))÷v

M =
N⋃
k=1

Bε(xk). (*)
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eØ,, K�3ε0 > 0¦�þã(ØØ¤á. ?�x1, KM\Bε0(x1) 6= ∅, Ïd��x2 ∈
M\Bε0(x1), qÏ�M\

(
Bε0(x1) ∩ Bε0(x2)

)
6= ∅, ��x3 ∈ M\

(
Bε0(x1) ∩ Bε0(x2)

)
, · · · ,

XdUYe�, ����:�{xk}÷v

xn+1 ∈M\
n⋃
k=1

Bε0(xk), n = 1, 2 · · · ,

ù�:�÷vd(xj , xk) > ε0 (∀j, k), ¤±vk4�:, gñ.

-ε = 1/n, n = 1, 2, · · · , z�ε = 1/nÑkk�:8An÷v5�(*), �ê8

ÜA =
∞⋃
n=1

An´M�È�f8. �

��Ýþ�m(M,d)¡�k.´�µ�3R > 0, é?¿x, y ∈ MÑkd(x, y) < R.

÷vù�^����R¡��m(M,d)��». ¡Ýþ�m�f8ÜAk.´�§��

f�mk., ù�du�3�:x0 ∈M ,

sup{d(x, x0) | x ∈ A} <∞.

íííØØØ 16.2.14 ;�Ýþ�mk..

yyy²²² XJ(ØØ¤á, Ké�½��:x0, �3:�{xn}÷v

d(x0, xn)→∞ (n→∞).

Ïd, :�{xn}vkÂñf�, ù�;�5gñ. �

315Ù·��y²
µ¢¶R�f8Ü;���=�§´k.48. éuî¼�

mRn, �k�Ó�(Ø.

½½½nnn 16.2.15 Rn�f8Ü´;����=�§´k.Ú4�.

yyy²²² �A´Rn�;�f8, KAk.. XJx´A�à:, @o�3A¥�:�Âñ

�x, dA�;�5��x ∈ A. ¤±A´48.

���L�y²: XJA ⊂ Rn´k.Ú4�, @o§´;��. �A ¥�:

�x(1), x(2), · · · , Ø��§�üüØÓ. Ï�Ak., éz�k, �I©þ�¤�ê

�x
(1)
k , x

(2)
k , · · ·�k., 1 6 k 6 n. Ï�z�ê�Ñk��Âñf�, Ïd, ·��

±�:�x(1), x(2), · · ·���f�¦�§�1���I�¤�ê�Âñux1, 2�T

f��f�¦�§�1���I�¤�ê�Âñux2, Ó�1���I�¤�ê�

Âñux1, · · · , ­Eng�·���:��f� y(1), y(2), · · · , §�z��I©þê
�y

(1)
k , y

(2)
k , · · ·Âñuxk, 1 6 k 6 n. l
f�y(1), y(2), · · ·3Rn¥Âñu��4�

:x = (x1, x2, · · · , xn). Ï�A´48, 4�:xáuA. �

éu��Ýþ�m
ó, aq�(Ø¿Ø¤á. e¡´���~.
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~~~ 16.2.2 ��Ýþ�m
(
C([a, b]), sup

)
p�3k.4�Ø;��f�m�~f.

'X`, 3[−1, 1]�ëY¼êfn,

fn(x) =


0, −1 6 x 6 0,

nx, 0 6 x 6 1/n,

1, 1/n 6 x 6 1.

(ë�~15.2.3). w,fnÅ:Âñu��ØëY¼ê. �A´C([−1, 1])�f8{f1, f2, · · · }.
Ï�d(fn, 0) 6 1, Ak.. �´8ÜA3

(
C([−1, 1]), sup

)
¥vkà:(Ï�e�3à:,

@o�3��Âñu��ëY¼ê�f�, �df�Å:ÂñuØëY¼ê�gñ), ¤

±A´48. Ó�duAvk4�:, AØ;�.

þã~f`², /k.0Ú/40Øv±�y�m
(
C([a, b]), sup

)
�:�kÂñ

f�. Arzela-Ascoli½n£½n15.2.21¤`: C([a, b]) ¥����k.����ÝëY

��¼êk��Âñ�f�. Ù¥��k.Ò´'uÝþsupk., 
���ÝëY

´Heine-Borel5��íØ. ¯¢þ3k.4�cJe, ���ÝëY�Heine-Borel5�

�d, ½ö`,
(
C([a, b]), sup

)
�f�m;���=�§´k.48, ����ÝëY,

y²3�SK.

��·�{�0�8Ü>.:�Vg.

�E´Ýþ�m(M, d)�f8Ü, :x ∈ M¡�´8ÜE�>.:´�: é?¿r >

0, m¥Br(x)¥Qk8ÜE�:, �kE�{8 Ec�:. 8ÜE�>.:�NP�∂E, ¡

�E�>.:8. ~X, Rn¥m¥Br(x)�>.´¥¡ ∂Br(x) = {y ∈ M | d(x, y) = r};
XJE´Rn�k�f8, K∂E = E; XJE´R2¥d©ã1w­��¤�k.«�, �

*þ∂E�«��>.¬Ü.

555��� 16.2.16 �E´Ýþ�m(M, d)�f8Ü, K§�4�

E = E ∪ ∂E = E◦ ∪ ∂E.

yyy²²² ·��y²E = E◦ ∪ ∂E. �x ∈ ∂E, XJx /∈ E, �>.:�½Â, é?

¿r > 0, Br(x) ∩ E 6= ∅, ù`² x´E�à:, ¤±x ∈ E. ùÒy²
E◦ ∪ ∂E ⊂ E.

��, ·��y²E ⊂ E◦ ∪ ∂E. é?¿x ∈ M , :x7´Xenö��µ1)x´E�

S:, 2)x´Ec�S:, 3)x ∈ ∂E(= ∂Ec). ÏdéuE¥�:x, ¦Ø�U´Ec�S:, ¤

±x ∈ E◦ ∪ ∂E. �

SSSKKK16.2

1. y²5�16.2.2, 16.2.5, 16.2.6.
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2. y²5�16.2.8.

3. (1) y²C([a, b])þ�e�ÝþØ��

d1(f, g) =

ˆ b

a

|f(x)− g(x)|dx.

(2) y²C([a, b])þ�e�ÝþØ��

d2(f, g) =

(ˆ b

a

|f(x)− g(x)|2dx

)1/2

.

4. y²: XJÝþ�mp� Cauchy �k4�:, @o§k4�.

5. �A´Ýþ�mM�f�m. @oA��M�f�m�Heine-Borel5��A��g

��f�m�Heine-Borel 5��d.

6. y²����Ýþ�mM�f�mM ′����=�M ′´M�48.

7. �‖ · ‖´Rn��ê, x0 ∈ Rn, r > 0. Br(x0)´�ê‖ · ‖p�ål¤½Â�m¥. y

²: Br(x0)´��à8, Q: ∀x, y ∈ Br(x), ∀0 < t < 1, (1− t)x+ ty ∈ Br(x0).

8. y²Ýþ�m
(
C([a, b], sup

)
�;�f�m��ëY¼êx���ÝëY. J«:

|^ Heine-Borel 5�.

9. �`∞�k.Eê�{xn}�8Ü, ½Âd({xn}, {yn}) = supn |xn − yn|.
(1) y² (`∞, d)´��Ýþ�m.

(2) y²dÂñu0�Eê��¤�f�m��.

(3) y²Ýþ�m(`∞, d)Ã�êÈ�f8.

10. y²��Ýþ�m(M, d);���=�§k., ���÷vXe5�:?�ε > 0, �

3k�:�{x1, x2 · · · , xN}÷vµ ∀x ∈ M , �3xk ∈ {x1, x2, · · · , xN}, d(x, xk) <

ε.

11. �E(C([0, 1]), sup)¥���¼êf1, f2, · · ·¦� d(fk, 0) = 1�d(fj , fk) = 1, ∀j 6=
k.

12. �A1 ⊃ A2 ⊃ A3 ⊃ · · ·´��Ýþ�m���;�f8�. y²
⋂∞
n=1 An ��.

13. äN�EÑ Euclid �mRn����êÈ�f8, ¿y²:

(1) Rn�?¿f�m�3�õ�êÈ�f8;

(2) Rn�?¿f8�mCXÑk�õ�êmCX.

14. �d1Úd2´8ÜMþü��dÝþ. y²Ýþ�m(M, d1)�(M, d2)k�Ó�m8.

�ÑRþäk�Óm8, �´Ø�d�ü�Ýþ�~f.
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15. �A,B´Rn�?¿��f8, ½Â§��ål�

d(A, B) = inf{|x− y|
∣∣ ∀x ∈ A, ∀y ∈ B}

(1) y²: XJE1, E2´ü���;8, Kd(E1, E2) > 0��=�E1 ∩ E2 = ∅;
(2) ÁÞ~`², �E1, E2´48�, þã(ØØ¤á.

16. y²R2�m8�x-¶��´¢���m8.

17. �D�R2�f8, Dc�Ù{8. �I�R2�4Ý/. y²Xe·K:

(1) R2�±�¤Ã�¿R2 = D◦ ∪ ∂D ∪ (Dc)◦;

(2) eÝ/�Dk��´Ø�¹uD, @oI�∂Dk�.

18. (1) ¦e�R2�f8�>.: A = {(x, 0) : x ∈ R}, B = {(x, y) : x2 + y2 6 1},
C = Q×Q;

(2) y²é?¿f8A ⊂ R2, ∂A = ∂Ac;

(3) y²∂A´48.

19. ∗ �p´�½�ê. ?¿�êz�±L«�z = ±
N∑
j=0

ajp
j , ùp0 6 aj 6 p− 1�3�

�. �±½Âz�p-?Ðm�

z = ±aNaN−1 · · · a1a0.

�z 6= 0�½Â|z|p = p−k, ùp�k´¦�ak 6= 0����ê; 5½ |0|p = 0.

(1) y²d(x, y) = |x− y|p ´�ê8ÜZþ�Ýþ. §¡�p− adicÝþ.

(2) y²p-?Ýþ÷vd(x, z) 6 max
(
d(x, y), d(y, z)

)
. (÷vù«5��Ýþ¡�

�Ýþ.

(3) y²R3þ� Euclid ÝþØ´�Ýþ.

(4) �ê8Ü3p − adicÝþe���zP�Zp, y²§����±äN¢y�
Ã�p − adic�ê ± · · · a2a1a0, Ù¥0 6 an 6 p − 1, ¿��ê�\~{�±*¿

�Zpþ. Zpp���¡�p− adic�ê .
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§16.3 ÝÝÝþþþ���mmmþþþ���ëëëYYY¼¼¼êêê

ù�!·�?Ø�ëY¼ê. Ø==Û�u Euclid �m, ·�ò?Ø½Â����

Ñ´Ýþ�m�¼ê. 3Ä�Ýþ�mþ�Ä¯Kk§�¢S¿Â, ¿�duëY5�

�½Â�Ú���Ýþk', �'u�?ØEuclid�mþ�¼ê, ��þØ¬O\JÝ.

AO´�'þ�Ù?Ø�, ½Â����Ñ´Rf8�¼êëY5, ·�ò¬uyé�

�Ýþ�m
óNõVgÚ½ÂÑaq.

16.3.1 ëëëYYY���½½½ÂÂÂ

�(M, dM )Ú(N, dN )´ü�Ýþ�m, PÒ

f : M → N

L«f´��¼ê, ½Â��M , ���N . �8

f(M) = {y ∈ N | ∃x ∈M, f(x) = y}

´N�f�m. ef(M) = N , K¡f´÷�.

aqu½Â3R�f8þ�ëY¼ê@�, Ýþ�m�ëY¼ê�kA��d�½

Â.

½½½ÂÂÂ 16.3.1 �(M, dM )Ú(N, dN )´ü�Ýþ�m, f : M → N , e�^���

¤á�¡f´ëY¼êµ

(1) ∀x0 ∈M , é?¿ε > 0, �3δ > 0, � dM (x, x0) < δ�,

dN (f(x), f(x0)) < ε;

(2) éM¥�?¿Âñ:� {xk}, N¥�:�{f(xk)}Âñ;

(3) N�?¿mf8B��f−1(B)´M�mf8.

ùpI�`²�´, ½Â¥�£1¤��þ´`f3z�:x0 ∈ MëY, dd�±

�Ñf3A½:ëY�½Â¶3½Â�£2¤¥·�ØL�,	\þ^� f( lim
n→∞

xn) =

lim
n→∞

f(xn), XJx´{xk}�4�, ÏLr~ê�x, x, · · ··Ü��ê�¥Òá=��§.

½Â¥�(2)�{¡�f �±4�.

3üCþ¼ê�/, �c·�=é½Â�M´R�m8�¼ê?Ø
½Â¥�
£3¤. Ï���vkR�f�mM�m8ù�Vg. �M´R�m8�, M�m8�

´R�m8, Ø¬E¤?Û(J. �MØ´R�m8�, /f−1(B) ´M�m80�Ð´

`f−1(B)´f�mM �m8, ¿Ø�½´R�m8. Ïd, lù������Ý5w¯

K, kÏu·�n)½Â3R�f8þ�ëY¼ê.
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,	, �Ä����N , ³½r���¤��8Üf(M), ùü«�{vk?Û«

O, ��·��±f(M)ÚNþ�Ýþ�Ó. nd´f−1(B) = f−1(B ∩ f(M)), Ï��

k�8Üf(M)p�:âé f−1(B)k�z. �B3N�¤km8pCÄ�, B
⋂
f(M)�

Hf(M)�¤km8.

·��±^þ¡n�½Â¥�?Û����f3Mþ�ëY�½Â, §��d5�

y²�115Ùaq.

½½½nnn 16.3.2 éu¼ê f : M → N , þãn�'uëY�½Â�d.

yyy²²² �ëY½Â�£1¤¤á�, ·�y²£2¤�¤áµ�{xk}´M�Âñ:�,

xk → x (k → ∞). �£1¤, ∀ε > 0, �3δ > 0, � dM (y, x) < δ�, dN (f(y), f(x)) < ε.

Ï�k¿©��dM (xk, x) < δ, ùíÑdN (f(xk), f(x)) < ε, ¤± lim
k→∞

f(xk) = f(x).

�£2¤¤á�, ·��y²£3¤. �A ⊂ N´��mf8, x ∈ f−1(A)(6= ∅), ·
��y²�3r > 0, Br(x) ⊂ f−1(A). Ø,, é?¿k ∈ N, B1/k(x)Ø�¹uf−1(A),

�xk ∈ B1/k(x)\f−1(A), k = 1, 2, · · · , Ò��M���:�{xk}, §Âñ�x. ^�(2)í

ÑdN (f(xk), f(x))→ 0. � f(x) ∈ A, A´m8¿�X�3ε > 0, Bε(f(x)) ⊂ A,Ïdk¿

©��f(xk) ∈ Bε(f(x)) ⊂ A, ù�xk��{gñ.

��·�y², d£3¤íÑ£1¤. �x0 ∈ M , é?¿ε > 0, f−1(Bε
(
f(x0)

)
´M�

m8, �x0 ∈ f−1
(
Bε(f(x0)

)
, ¤±�3δ > 0, Bδ(x0) ⊂ f−1

(
Bε(f(x0)

)
. �

XJvkAO(²,¡½Â3Rn½§�gCþ�¼êëY´�¼ê'uRn�EuclidÝ

þëY; Ó�, ¡±Rn����¼êëY´�§'u���EuclidÝþëY.

d½ÂÑu, �±��ëY¼ê��
{ü5�.

555��� 16.3.3 �M, N, P´Ýþ�m.

1. � f : M → NÚ g : N → PëY, Kg ◦ f : M → PëY¶

2. � f : M → Rn Ú g : M → Rn ëY, K f ± g : M → Rn ëY¶

3. � f : M → Rn Ú g : M → RëY, K g · f : M → Rn ëY¶

4. � f : M → N ëY, M1 ⊂M´��f�m, K f 3 M1 ���´ëY¼ê¶

5. � f : M → Rn, ½Âf��I¼ê� fk : M → R (1 6 k 6 n), =

f(x) =
(
f1(x), · · · , fn(x)

)
,

K f ëY��=�z� fk ëY.

��A~·��Ä¼êf�½Â����þ� Euclid �m½§�f8��/. d

uf = (f1, f2, · · · , fm)ëY��=�z�©þ¼êfjëY, ¤±�L�ÄõCþ¼ê

f : Rn → R��/.
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~~~ 16.3.1 �{ü��²�~f´�I¼êfk(x) = fk(x1, · · · , xn) = xk. dëY

��d^�2��fkëY. |^EÜ��ê$��±��Nõ/Ð�0¼ê�/ëY50

, ùp/Ð�0´�§�±^��k��úªL«, /ëY0´�3§k½Â�«�p

ëY.

Rnþ�õ�ª´�ad�I¼êÏL\{Ú¦{���¼ê. õ­�I �±^5

�B/£ãõ�ª. �α = (α1, · · · , αn)´�K�ê�n�|, P

xα = xα1
1 xα2

2 · · · xαnn .

@oRnþ�õ�ª�±^
p(x) =

∑
cαx

α,

5£ã, þ¡�Ú�k�Ú, cα´~ê. Ï~·�P|α| = α1 + · · · + αn, ¡xα´gê

�|α|�ü�ª. rõ�ª¥äk�"Xê�ü�ª��pgê¡�Tõ�ª�gê.

16.3.2 ØØØ   NNN������nnn

��Ýþ�mëY¼êVg���A^, ·�?ØØ N��n, §ò^u�©¥

ÛN�½n�y².

�(M, d)�Ýþ�m. ¡N�

ϕ : M →M

�Mþ�Ø N� ´��3~ê 0 < r < 1 ¦�

d
(
ϕ(x), ϕ(y)

)
6 r d(x, y)

é?¿ x, y ∈M¤á.

½½½nnn 16.3.4 � M ´��Ýþ�m, f : M → M ´��Ø N�, K�3��

x0 ∈M ÷v f(x0) = x0.

÷v f(x0) = x0 � x0 ¡� f �ØÄ:. Ïd�½n�±£ã�: ��Ýþ�mþ

�Ø N�k���ØÄ:

yyy²²² ?¿�:x ∈ M . �Ä:�f(x), f2(x), f3(x), · · · , Ù¥fn = f ◦ fn−1. ·�

y²§´ Cauchy �, l
d��5§k4�.

dØ N�5�,

d
(
fn+1(x), fn(x)

)
6 r d

(
fn(x), fn−1(x)

)
.

d8B{��

d
(
fn+1(x), fn(x)

)
6 rn d(f(x), x).
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u´, em > n, dn�Ø�ª·�k

d
(
fm(x), fn(x)

)
6 d

(
fm(x), fm−1(x)

)
+ · · ·+ d

(
fn+1(x), fn(x)

)
6 (rm−1 + rm−2 + · · ·+ rn) d

(
f(x), x

)
6

rn

1− r
d
(
f(x), x

)
→ 0 (n→∞).

¤±{fn(x)}´ Cauchy �, dM��, �3x0 = lim
n→∞

fn(x).

dufëY,

f(x0) = f
(

lim
n→∞

fn(x)
)

= lim
n→∞

fn+1(x) = x0.

¿�þ¡��O�ÑÂñ�Ý,

d
(
fn(x), x0

)
= lim

m→∞
d
(
fn(x), fm(x)

)
6

∞∑
k=n

rk d
(
f(x), x

)
=

rn

1− r
d
(
f(x), x

)
.

��y²ØÄ:´���. Ï�ex1�´ØÄ:, @o

d(x0, x1) = d
(
f(x0), f(x1)

)
6 r d(x0, x1)

dur < 1,�U´d(x0, x1) = 0. �

k�����Ýþþ�N�f : M → MØ�½´Ø N�. �´XJ�3M�4

f�mM1¦� f(M1) ⊂M1�

f |M1 : M1 →M1

�Ø N�, @of3M1þk���ØÄ:.

I�5¿�´, þã½n�^�ØU~f�r = 1.

~~~ 16.3.2 � f � R þ�²£: f(x) = x+ 1, §÷v

|f(x)− f(y)| = |x− y|,

�´§vkØÄ:. $�^�

d
(
f(x), f(y)

)
< d(x, y), ∀x 6= y ∈M,

�ØU�ykØÄ:, ~X, ÷vù�^��e�N� f : [0, ∞)→ [0, ∞),

f(x) = x+
1

1 + x

�vkØÄ:.
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16.3.3 ;;;������mmmþþþ���ëëëYYY¼¼¼êêê

��Ýþ�mþÓ�k��ëY�Vg. ¼êf : M → N ¡���ëY�´�µ

é?¿ε > 0�3δ = δ(ε) > 0, é?¿ x, y ∈M , �dM (x, y) < δ�Òk

dN
(
f(x), f(y)

)
< ε.

½½½nnn 16.3.5 � M ´;�Ýþ�m, f : M → N ´ëY¼ê, K f ��ëY,

=;�Ýþ�mþëY¼ê�½´��ëY�.

yyy²²² ù´ Heine-Borel 5����;.A^. Ï f ëY, Ké?¿ ε > 0, ?¿

x0 ∈ M , �3 δ(x0), ¦��d(x, x0) < 2δ(x0)�Òkd(f(x), f(x0)) < ε/2. dn�Ø�

ª, éu3m¥B2δ(x0)p�?¿ü:x, yk

d
(
f(x), f(y)

)
6 d
(
f(x), f(x0)

)
+ d
(
f(x0), f(y)

)
<
ε

2
+
ε

2
= ε.

4x0�HM¥¤k:, ·�����d��m¥�¤�m8x

{Bδ(x0)(x0) : x0 ∈M},

§�¤M�mCX.duM ´;�� ,§�3k�fCX.=�3k��: x1, · · · , xNÚ
�A��êδ1, · · · , δN , ¦�M¥z�:Ñá3,�m¥Bδj(xj)p. P

δ = min {δj : j = 1, · · · , N}.

?�M¥�åØ�Lδ�ü:x, y, �xáu,�Bδj(xj), Kdn�Ø�ª� x, yÑáu

m¥B2δj(xj), ¤±

d
(
f(x), f(y)

)
< ε.

�

½½½nnn 16.3.6 �M´;�Ýþ�m, f : M → RëY, Kf����!���k�,

��3x1, x2 ∈M ÷v

f(x1) = sup f(x), f(x2) = inf f(x).

���/, ef : M → NëY�M;�, @of(M)��;�, ù%¹þã½n.

½½½nnn 16.3.7 ��;�8Ü3ëY¼êe��´;�8Ü.

yyy²²² �A´;�Ýþ�m½öÝþ�m�;�f8. �yf(A);�, L

yf(A)¥�z�:�Ñk��Âñuf(A)¥�:�f�. f(A)¥:��½äk

/ªf(x1), f(x2), · · · , ùpx1, x2, x3, · · ·´A¥�:� (xk�7´��(½�, �´

���3��). dA;�, �3Âñf�x′k → x0 ∈ A. df�ëY5, ��f

�f(x′k)→ f(x0) ∈ f(A). �
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'uÝþ�mþ�¼ê�, ·�Ó��±½ÂÂñÚ��Âñ�Vg, y²aqu

��Âñ�ëY¼ê�, 4��´ëY¼ê �(Ø¶��±?Ø��k.!���Ý

ëY�Vg, ïá�A�Arzela-Ascoli½n, ù
Ñ3�öS.

16.3.4 ëëëÏÏÏ555

d0�½n, ëY¼êf : R→ Rr«mN�«m. ·��r0�½ní2���Ý

þ�m, ÄkI�éÑ«m�S%5�3Ýþ�mp�éAÔ. ù«5���*´��

8Üë¤�¡, {¡�ëÏ5. ¯¢þ, �3ü«ØÓ�ëÏ5. 1�«¿�XØ�Ur

�m©�¤/pØ'é0üÜ©, ¡�ëÏ . 1�«L«�m¥?¿ü:�±^�^ë

Y­��ë, ¡�lëÏ½�´ëÏ .

½½½ÂÂÂ 16.3.8 �M´Ýþ�m. ¡MëÏ´�µØ�3ü�Ø����m

8AÚB÷v

M = A
⋃

B.

Ï�m8�{8�48, ¤±,�«MëÏ��d`{´, MëÏ��=�, M�

=mq4���f8�kMg�; ½ö`, MëÏ��=�M=mq4��f8Ü�U

´M½ö�8. M�f8A¡�M�ëÏf8, ´�A ��Ýþf�mëÏ.

éu¢���f8Ü
ó, ëÏ¿�X§´��«m.

555��� 16.3.9 R�f8ÜëÏ��=�§´��«m.

yyy²²² Äky²¿©5. �I´Rþ�«m, Ø+I´Ä�¹Ùà:½ö´Äk�, ^

�y{y²IëÏ.

b�I = A
⋃
B, A, B�I���Ø�m8. �a ∈ A, b ∈ B, Ø��a < b. ù�;

�«mJ = [a, b]�¹uI. PA1 = J ∩ A, B1 = J ∩ B, K§�Ñ´��8Ü, ¿�d½

n16.2.3�A1�B1�J�m8, �J = A1

⋃
B1. -r = sup A1, Kr 6 b. duA1´;��

mJ �4f8, §�´;��, ¤±r ∈ A1, ù`²r < b. ,��¡, A1q´J�mf8,

ù`²�3r�,����Iδ = J ∩ (r − δ, r + δ) ⊂ A1, ù�r = sup A1 gñ.

e¡y²«m´R=k�ëÏf8(Õ:8ÜÀ�AÏ�«m[a, a]). �A´R�ë
Ïf8, ��¹��ü�:. 3A¥?�ü�:c < d, ·�ky²[c, d] ⊂ A. XJ�

3e ∈ (c, d), §ØáuA, @o�±d

A =
(
A ∩ (−∞, e)

)⋃(
A ∩ (e, ∞)

)
,

Ò��
��A�©), ù�A´ëÏf8gñ. �?�Ú, � a = inf A, b = sup A

£a, b�U´Ã¡¤, �3A¥�î�üN~ê�xn → a, î�üNOê�bn → b, Kd

(a, b) =
∞⋃
n=1

[an, bn] ⊂ A

因为A_1是B_1的补集
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��A´±a, b�à:�«m. �

·�I�­�£q¡�l½´»¤�Vg5½ÂlëÏ£½¡�´ëÏ¤. Ýþ�

mMp�­�´���ëYN�

λ : I →M,

ùpI´Rþ�«m. �8Üλ(I)�±w¤��mt3I¥Cz�, N�λ3M¥xÑ�;

�. ùp¿Øb�λ�ü�, l
�8Üλ(I)�±kg�. î�/`, ·���­�´N

�λ : I →M , Øü´�8Üλ(I). 3vk· ��/eKrλ(I)¡�­�. �M�Rn�
f�m�, ­��/ª� (λ1(t), · · · , λn(t)), ùpλk(t)�ëY¼ê, �Ñ;,3��t�

�I.

½½½ÂÂÂ 16.3.10 Ýþ�mM¡�lëÏ½ö�´ëÏ´�: �3ë(Ù¥?¿ü:

�­�. O(/`, ∀x, y ∈M , �3­�

λ : [0, 1]→M,

÷vλ(0) = x, λ(1) = y.

lëÏ�Vgé�*, ´�ä. ~XRn���!ò�Ñ´­��A~, eRn�f�
mp?¿ü:Ñ�±^ò��ë, @o§´lëÏ�. �9�lëÏ�mëY5��


¯K, �±�z�«mþ�. ~Xe¡�0�½n.

555��� 16.3.11 �f : M → R´lëÏ�mMþ�ëY¼ê, a, b ∈ f(M), Kf�

±��a, b�m�?¿�.

yyy²²² �x, y ∈M¦�f(x) = a, f(y) = b, λ : [0, 1]→M´ë�x, y�­�, @o

f ◦ λ : [0, 1]→ R

´ëY¼ê, d0�½n§��«ma, b�m�¤k�, u´f�Xd. �

���/kXe(Ø, y²3�SK.

555��� 16.3.12 �f : M → N´ëY�÷�, XJMëÏ, KNëÏ, XJMlë

Ï, KNlëÏ.

ëÏ5�´�m�Ä�Vg��, e¡·�{�?Ø§�Ä�5�.

½½½nnn 16.3.13 lëÏ�m´ëÏ�m.

yyy²²² �MlëÏ�ØëÏ. u´M = A ∪ B, Ù¥A, B´Ø����m8. �

:x ∈ A, :y ∈ B, �λ : [0, 1] → M�M¥�ë�x, y �­�. Kλ−1(A), λ−1(B)Ñ´

ëÏ«m[0, 1]���f8. duλëY, A, B���λ−1(A), λ−1(B)���m8. ¿�,

[0, 1] = λ−1(A) ∪ λ−1(B), λ−1(A)�λ−1(B)Ø�, ù�«m[0, 1]ëÏgñ. �

éuR�f8, ëÏÚlëÏ�d. �´��
óþã½n�_·KØ¤á.
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~~~ 16.3.3 �

A = {(x, sin 1/x) | x ∈ (0, 1/π]}, B = {(0, y) | − 1 6 y 6 1},

Ñ´î¼²¡R2�f8, K M = A ∪ B´ëÏ8Ü�Ø´lëÏ8Ü. MØ´lëÏ8

Ü´Ï�§vkM¥�l�±ë�A¥�:ÚB¥�:.

AÚBÑ´lëÏ8Ü, Ï
´ëÏ8Ü. 8ÜB�:Ñ´8ÜA�à:, �M =

A. ?¿��M�m8OXJ�Bk�, §�A7½�k�. ù´Ï�§´R2,�m

8Õ�M��, O = Õ ∩M ; Õ�Bk�, dB = A`²Õ�A�k�, ¤± O�Ak�. ¤

±Ø�3M�ü�Ã���m8�±©)M , ÏdM´ëÏ�m.

éuRn�mf8, ·�k

½½½nnn 16.3.14 �A´Rn�mf8, XJ§´ëÏ8, K§´lëÏ8.

yyy²²² �½x0 ∈ A, ½Â

A1 = {x ∈ A | �3A¥­�ë�x0Úx}.

Ï�A´m8, �3r > 0, Br(x0) ⊂ A, ¤±Br(x0) ⊂ A1. ,��¡, XJx1 ∈ A1,

kr1 > 0¦� Br1(x1) ⊂ A. é?¿x ∈ Br1(x1), k­�ë�x�x1, qk­�ë�x1�x0,

òùü^­�Ä���, Ò��ë�x�x0�A¥­�. ¤±Br1(x1) ⊂ A1, ù`²A1´

m8.

e¡·�y²A1 = A, ù�é?¿ x, y ∈ A1, ë�x�x0�­�Úë�x0�y�

­�, �±©�¤ë�x�y�­�, ¤±A´lëÏ8Ü. PB1 = A\A1, XJB1��,

�x2 ∈ B1, dA´m8��, �3m¥Br2(x2) ⊂ A, Km¥Br2(x2)¥�?�:ÑØá

uA1, Ø,Ó��±�EÑë�x2�x0�­�, �B1�½Âgñ. ¤±Br2(x2) ⊂ B1, ù

`²B1�´��m8. B1�A1 Ã�, ù�A´ëÏ8gñ. ¤±B1 = ∅. �

~~~ 16.3.4 �A´Rn���m8, ¿�A 6= Rn, KA�>.:8∂A´��48.

yyy²²² d>.:�½Â´�, ∂A = ∂Ac. XJ∂A = ∅, @oé?¿:x ∈ Ac, :xØ
´Ac�>.:`², �3r > 0÷vBr(x) ⊂ Ac. ÏdAc�´m8, ù¿�XRn�±©)
�ü���Ã�m8A�Ac�¿, �§�ëÏ5gñ.

XJ∂A´k�8Ü, §´48; XJ∂A´Ã�8Ü, �y²§´48, �Iy²: X

JÂñ:�{xn} ⊂ ∂A, K§�4�x ∈ ∂A. ��Bå��±�xn 6= x (∀n), Ké?

¿r > 0, n¿©��|xn − x| < r/2, ¤±Br/2(xn) ⊂ Br(x). m¥Br/2(xn)¥QkA�:!

�kAc�:, ù`²Br(x)¥QkA�:!�kAc�:, ¤±x ∈ ∂A. �
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SSSKKK16.3

1. y²½n16.3.6, �¦Ø^����½n16.3.7.

2. �M´Ýþ�m, x0´MS��:. y²¼êd(x, x0) : M → RëY.

3. � f : M → NÚg : N → P Ñ´ëY¼ê, y² g ◦ f : M → P ëY, ¿�E¢~

÷vg ◦ fëY� g Úf ÑØëY.

4. �f : M → NëY, M1´M�f�m, y²f3M1��� f |M1�´ëY¼ê.

5. �ÑÝþ�mþ�¼ê�fn : M → N��Âñ�½Â, ¿y²ëY¼ê����

4�´ëY¼ê.

6. �Ñ��(0, 1)�(0, 1)�ëY÷�, �§vkØÄ:.

7. �N�T : C([0, 1])→ C([0, 1])½Â�

Tf(x) = x+

ˆ x

0

t f(t) dt.

y²T´Ø N�, �ØÄ:´�©�§f ′(x) = xf(x) + 1�).

8. �E´ Euclid �mRn�k.48, N�f : E → E÷v

|f(x)− f(y)| < |x− y|, ∀x 6= y ∈ E.

y²fk���ØÄ:.

9. �M´;�Ýþ�m, N´��Ýþ�m�äk Bolzano-Weierstrass 5�, =N¥

�?¿k.:�7kÂñf�. éu��¼êfn : M → N , �Ñ�)��k.Ú�

��ÝëY�½Â, �ã�A�Arzela-Ascoli½n¿y²�.

10. y²5�16.3.12.

11. Þ~`²�3ëY÷�f : M → N , Ù¥NëÏ, �´MØëÏ.

12. y²R3p�ü ¥¡{x = (x1, x2, x3)
∣∣ x2

1 + x2
2 + x2

3 = 1}´ëÏf8.

13. �Ñ��l�;�Ýþ�m�;�Ýþ�m�ëY÷��~f.

14. �f : M → N´ëY÷�, �M;�.

(1) y²A�N�48��=�f−1(A)�M¥�48.

(2) y²: ef�´ü�, @of−1 : N →MëY.

15. y²N�f : [0, 2π)→ S = {(x, y) ∈ R2 : x2 + y2 = 1}, f(t) = (cos t, sin t), ´ëY

N�, �Qüq÷, �´f−1ØëY.
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16. Þ~`²�3���´ØëÏ�Ýþ�m, ��3ëÏ�Ø���Ýþ�m.

17. Þ~`²�3ëY¼êf : M → N , §ØrM¥� Cauchy �N¤N¥� Cauchy

�.

18. Þ~`²�3ëY÷�f : M → N , Ù¥M���NØ��, ³½MØ���N�

�.

19. �I�«m. y²ëY¼êf : I → R�ã�´R2�ëÏf8.

20. �A´Rn���m8�∂A 6= ∅, E ⊂ A´����;�f8.

(1) y²: d(E, ∂A) = inf{|x− y|
∣∣ x ∈ E, y ∈ ∂A} > 0;

(2) y²: �3δ > 0¦�8ÜEδ = {x ∈ Rn
∣∣ �3y ∈ E, |x− y| < δ}E,�¹uA.

21. �A1 ⊃ A2 ⊃ · · ·´����;�ëÏ8Ü.

(1) y²
∞⋂
n=1

AnëÏ.

(2) b�z�8ÜAnlëÏ, ¯�8´ÄlëÏ?

(3) XJ�K;�5^�, ±þ·K´Ä¤á?

22. ∗ �K´��Ýþ�mM;�f8��N. dH (A, B)�÷vXe^���êε�e

(.: ∀a ∈ A, �3�: b ∈ B¦�d(a, b) 6 ε, � ∀b ∈ B�3�: a ∈ A¦�

d(a, b) 6 ε. y²Xe·K:

(1) dH´Kþ�ål. §¡�Kþ�Hausdorff ål.

(2) 3åldH�eK���Ýþ�m.
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�ÙïÄEuclid�m�m���N�. �,�±3���5�mþ½ÂN���©,

�{Bå�·��?ØEuclid�m�mN���©. ·�ò?Ø��N��Ì�5�,

�)ÛN�½n!_N�½nÚ�½n�. ��·��ò0�^�4����/ª.

§17.1 ���555NNN���

�X1�þ¤?Ø�, ¼ê��©´���5¼ê. Ó�, N���©´���5

N�, �d·�ÄkïÄ�5N���
5�.

PL(Rn, Rm)� Euclid�mRn�Rm��5N��8Ü,§3g,�\{Úê¦�e

¤����5�m. �½RnÚRm�Ä�e,z��5N�Ñd��m×nÝ
L«,��

��Ý
�û½���5N�, l
L(Rn, Rm)�mn�¢�Ý
�8ÜM(m,n)��é

A. Ïd L(Rn, Rm)´m× n�¢�5�m. AO/, ·�P L(Rn) = L(Rn, Rn)�Rnþ
��5C��¤��m.

�½A ∈ L(Rn, Rm), ½ÂA��ê‖A‖�

‖A‖ = sup
{ |Ax|
|x|

∣∣∣ x ∈ Rn, x 6= 0
}
.

d½Âk, |Ax| 6 ‖A‖ · |x|, ∀x ∈ Rn, ¿�

‖A‖ = sup
x6=0

∣∣∣A( x|x|)∣∣∣ = sup
|x|=1

|Ax|.

Ïde�3λ¦�|Ax| 6 λ|x|, ∀x ∈ Rn, @o‖A‖ 6 λ. e¡·�y²‖ · ‖½Â

L(Rn, Rm)����ê.

555��� 17.1.1

1. �A ∈ L(Rn, Rm), K ‖A‖ < +∞, � A ´Rn → Rm ���ëYN�¶

2. � A, B ∈ L(Rn, Rm), c ∈ R, K

‖A+ B‖ 6 ‖A‖+ ‖B‖, ‖cA‖ = |c| ‖A‖.

Ïd‖ · ‖´L(Rn, Rm)����ê.

3. � A ∈ L(Rn, Rm), B ∈ L(Rm, Rk), K ‖BA‖ 6 ‖B‖ ‖A‖.

yyy²²² 1. �e1, · · · , en�Rn�IOÄ. ?�x = (x1, · · · , xn) =
∑

xjej , �|x| = 1.
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@o|xj| 6 1, ∀j. u´d

|Ax| 6

∣∣∣∣∣∣
n∑
j=1

xjAej

∣∣∣∣∣∣ 6
n∑
j=1

|xj| |Aej| 6
n∑
j=1

|Aej|,

��‖A‖ 6
n∑
j=1

|Aej| < +∞. Ï�|Ax−Ay| 6 ‖A‖ |x− y|, ¤±A��ëY.

2. d½Â, 1���ªw,¤á. 
1��Ø�ª�±dXeØ�ª��,

|(A+ B)x| = |Ax+ Bx| 6 |Ax|+ |Bx| 6
(
‖A‖+ ‖B‖

)
|x|.

,	,XJ‖A‖ = 0,@oé?¿x, A(x) = 0,ÏdA´0N�,ùÒy²
‖·‖´L(Rn, Rm)�

���ê.

3. (Ø�klXeØ�ª�Ñ,

|(BA)x| = |B(Ax)| 6 ‖B‖ |Ax| 6 ‖B‖ ‖A‖ |x|.

�

�A, B ∈ L(Rn, Rm), ½Â A Ú B�ål� ‖A−B‖, K L(Rn, Rm) ¤���Ýþ

�m, e©�9��5N��m8!��Ú4��Vg, Ñ´'uù�Ýþ�.

�A ∈ L(Rn, Rm), §��8Im(A) = {Ax, x ∈ Rn}´Rm�£�5¤f�m, §�

ØKer(A) = {x ∈ Rn : Ax = 0}´Rn�f�m. A´ü���=�Ker(A) = 0, A´÷�
��=�Im(A) = Rm. d�5�ê�£,

dim Im(A) + dim Ker(A) = n.

AO, A ∈ L(Rn)´�_N��duKer(A) = 0, §�_N�A−1÷vA−1 ◦ A =

A ◦ A−1 = Idn(Rn�ðÓN�).

½½½nnn 17.1.2 � Ω´L(Rn)¥�_N��8Ü.

1. � A ∈ Ω, B ∈ L(Rn), � ‖B − A‖ · ‖A−1‖ < 1,K B ∈ Ω.

2. Ω ´ L(Rn)�mf8, �N� A 7→ A−1´ Ω�g��ëYN�.

yyy²²² �α = 1/‖A−1‖, ‖B − A‖ = β, @oβ < α. é?¿x ∈ Rn,

α|x| = α|A−1Ax| 6 α‖A−1‖ · |Ax|

= |Ax| 6 |(A− B)x|+ |Bx| 6 β|x|+ |Bx|,

u´|Bx| > (α− β)|x|, ùL² x 6= 0� Bx 6= 0, ¤±B�_. Ï�¤k÷v‖B − A‖ < α

�BÑ�_, ½ö`±A�¥%!α��»�m¥�¹uΩ, ¤±Ω´m8.
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�y²N�A → A−1ëY, ·�òy²‖B − A‖ → 0�‖B−1 − A−1‖ → 0. 3Ø�

ª(α− β)|x| 6 |Bx|¥-x = B−1y, Ò��

(α− β)|B−1y| 6 |BB−1y| = |y|, ∀y ∈ Rn,

ùL²‖B−1‖ 6 1/(α− β). |^�ª

B−1 −A−1 = B−1(A− B)A−1

Ú5�17.1.1 �(3), ·�k

‖B−1 −A−1‖ 6 ‖B−1‖ ‖A − B‖ ‖A−1‖ 6 β

α(α− β)
.

Ï�B → A��=�β → 0, dþªÒ��N�A → A−1�ëY5. �

XJ3RnÚRm�½IOÄ, @oA ∈ L(Rn,Rm)kÝ
L«A ∈ M(m,n), ÷

vAx = A · x, x ∈ Rn. d½ÂN´wÑ ‖A‖ = ‖A‖, Ù¥Ý
��êd~16.1.10½Â.

|^�5N��Ý
L«·���±y²±e(Ø, §�y²3�SKµ

½½½nnn 17.1.3 �A(k)�Ýþ�m L(Rn,Rm) ¥�:�, §Âñu�5N�A�
�=� A(k) 3RnÚRmIOÄe�Ý


(
a

(k)
ij

)
������¤�ê�{a(k)

ij }Âñuaij,
1 6 i 6 m, 1 6 j 6 n ùp(aij)�A3IOÄe�Ý
.

555PPP: Ï�L(R, R) = R, ¤±L(Rn)¥��ê‖ · ‖ �À�R ¥ýé�| · |�í2. �

´�n > 2�, Rnþ��5C�A=¦k�"�ê, �Ø�½�_.

�!��·�?Ø�5N��éóÄL«. ^Rn∗L«½Â3Rnþ�5¼ê��N,

= Rn∗ = L(Rn, R). d�5�ê�£��Rn∗´��n�¢�5�m.

�e1, e2, · · · , en´Rn�IOÄ, l ∈ Rn∗, K�5¼êld§3Ä���l(ei) = ai(i =

1, 2, · · · , n)��û½, ù´Ï�é?¿h = h1e1 + · · ·+ hnen ∈ Rn,

l(h) = h1a1 + h2a2 + · · ·+ hnan.

þªÓ�`², �5¼êl��éA���þvl = a1e1 + a2e2 + · · ·+ anen, ÷v

l(h) = 〈vl, h〉.

,��¡, ÷v

e∗j(ek) = δjk (j, k = 1, 2, · · · , n)

��5¼êe∗1, e
∗
2, · · · , e∗n´ Rn∗��|Ä, ¡�e1, e2, · · · , en�éóÄ. Rn∗�?¿�

�lÑ´e∗1, e
∗
2, · · · , e∗n��5|Ü. ¯¢þ, XJl(ei) = ai, i = 1, 2, · · · , n, K

l =
n∑
k=1

ak e
∗
k.
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XJA ∈ L(Rn, Rm), �ẽ1, · · · , ẽm´Rm��|Ä, K�5N�A �±L«�©þ

¼ê�|Ü, A =
m∑
j=1

ljẽj , ½ö{P�A =
(
l1, l2, · · · , lm

)
, Ù¥z�©þljÑ´�5¼

ê. ò©þ¼êL«�éóÄ��5|Ü, �

lj =
n∑
k=1

ajke
∗
k, 1 6 j 6 m.

¤���Ý

(
ajk
)
Ò´�5N�A3IOÄe�Ý
.

SSSKKK17.1

1. �A ∈ M(n)´��n�¢Ý
, ½ÂN�A : M(n)→ M(n)�µ A(H) = AH, K§

´���5N�, ¦§3M(n)IOÄ{Eij}e�Ý
. ùpEijL«1i1!1j��

�´1, Ù§��´0�Ý
.

2. �f : Rn → R´�5¼ê, f(ej) = aj , j = 1, 2, · · · , n. y²

‖f‖ =
( n∑
j=1

a2
j

) 1
2 .

3. � Euclid �mRnþ��5C�A3IOÄe�Ý
L«�Aej =
n∑
k=1

ajkek.

(1) y²‖A‖ = ‖A‖, Ù¥Ý
A =
(
ajk
)
;

(2) y²

‖A‖ 6
√∑

j, k

|ajk|2;

(3) eA´é¡C�, y²

‖A‖ = max
(
|λ1|, |λ2|, · · · , |λn|

)
,

Ù¥λ1, λ2, · · · , λn�A �A��.

4. �A(k)�Ýþ�m L(Rn, Rn) ¥�:�, §Âñu�5C�A��=�A(k)3Rn�
IOÄ e1, · · · , en e�Ý


(
a

(k)
ij

)
16i, j6n

������¤�ê� {a(k)
ij }Âñuaij ,

Ù¥(aij)�A3IOÄe�Ý
.

5. �A(t), t ∈ (a, b)´l«m(a, b)�L(Rn, Rm)���N�,
(
aij(t)

)
´N�A(t)3I

OÄe�Ý
L«. y²µA(t)´ëYN���=�é?¿�i, j, aij(t)´ëY¼

ê.



148 1 17 Ù N���©

§17.2 NNN���������©©©

17.2.1 ������NNN���

aqu¼ê�©�½Â, ·�k½ÂN���©.

½½½ÂÂÂ 17.2.1 �M´Rn���mf8, N�f : M → Rm¡�3:x ∈ M��´
�µ�3�5N�Lx ∈ L(Rn, Rm), ¦�é?¿y ∈M ,

f(y)− f(x) = Lx(y − x) +R(x, y), � lim
|y−x|→0

|R(x, y)|
|y − x|

= 0.

N�Lx¡�f3:x��©, Ï~P�dfx½df(x).

�©�Ø%´, k���5N�´N�f3�:NC���Cq. �f3:x0��,

�ì½Â, é?¿h ∈ Rn, PR(h) = R(x0 + h, x0), �|t|¿©��,

f(x0 + th)− f(x0) = dfx0(th) +R(th) = tdfx0(h) +R(th),

¤±�5N�dfx0 ∈ L(Rn, Rm)3�þh ∈ Rn ����

dfx0(h) = lim
t→0

f(x0 + th)− f(x)

t
.

�m = 1�, � f : M ⊂ Rn → R , � Rn �IOÄ e1, e2, · · · , en, k x =

(x1, · · · , xn) =
n∑
j=1

xjej . ÏdN� f =�õCþ¼ê f = f(x1, · · · , xn). XJ f 3�

: x0 ��, @o

dfx0 ∈ L(Rn, R) = Rn∗,

§3 Rn �Ä�þ ei þ����

dfx0(ei) = lim
t→0

f(x0 + tei)− f(x0)

t
=
∂f

∂xi
(x0) (1 6 i 6 n).

¤± f 3�: x0 ��, @o3ù:� n � �êþ�3. ¿�é?¿

h =
n∑
i=1

hiei ∈ Rn,

k

dfx0(h) =
n∑
i=1

hidfx0(ei) =
n∑
i=1

hi
∂f

∂xi
(x0).

¤±�5¼êdfx03IOÄe�Ý
´

dfx0(e1, · · · , en) =
( ∂f
∂x1

(x0), · · · , ∂f
∂xn

(x0)
)
.
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AO, �f = xk´Rn�1k��I¼ê�, k

dxk(ej) =
∂xk
∂xi

= δjk,

ùíÑdxi(x
0) = e∗i , ∀x0 ∈ Rn, 1 6 i 6 n.

é?¿��¼êf , �h =
n∑
j=1

hjej ∈ Rn, d

dfx0(h) =
n∑
i=1

hi
∂f

∂xi
(x0) =

n∑
i=1

∂f

∂xi
(x0)e∗i (h),

dh�?¿5íÑ

dfx0 =
n∑
i=1

∂f

∂xi
(x0)e∗i =

n∑
i=1

∂f

∂xi
(x0)dxi(x

0).

¤±Ï~ò¼êf��©L«�

df =
n∑
i=1

∂f

∂xi
dxi.

XJm > 1, �ẽ1, ẽ2, · · · , ẽm´Rm�IOÄ, K

f =
m∑
j=1

fjẽj ,

Ù¥fj = fj(x1, · · · , xn) ´N�f�©þ¼ê, j = 1, 2, · · · ,m. Ï~�P�

f = (f1, f2, · · · , fm).

d�ª

f(x+ h)− f(x) =
m∑
j=1

(
fj(x+ h)− fj(x)

)
ẽj , ∀h ∈ Rn,

N´íÑeã·K:

555��� 17.2.2 N�f3�:����=�§�z�©þ¼ê3T:��, �

df =
m∑
j=1

dfj ẽj =
(
df1, df2, · · · , dfm

)
.

�þ�!���?Ø, �5N�dfx0 3RnÚRm�IOÄe�±P�

dfx0(e1, · · · , en) =
(
ẽ1, ẽ2, · · · , ẽm

)
·


∂f1
∂x1

∂f1
∂x2

· · · ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

· · · ∂f2
∂xn

· · · · · · · · · · · ·
∂fm
∂x1

∂fm
∂x2

· · · ∂fm
∂xn

 (x0),
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½ö{P�

dfx0(ei) =
m∑
j=1

∂fj
∂xi

(x0)ẽj , i = 1, 2, · · · , n.

þªm>� m× nÝ
P�

Jf(x0) =
(∂fj
∂xi

(x0)
)
m×n

,

¿¡�N�f3IOÄ�eu:x0?� Jacobi Ý
.

eã·K´½Â���íØ, y²3�SK.

555��� 17.2.3

1. XJN�f3�:��, K§3T:ëY¶

2. XJN�f3�:��, K§3T:��©��.

N�3�:��íÑ3T:z�©þ¼ê� �ê�3, ��3 �êØUíÑ�

�. XJf3½Â�M�z�:Ñ��, K§��©½Â
��M�L(Rn, Rm)�N�

df : M −→ L(Rn, Rm),

x 7−→ dfx.

XJN�df´ëY�, ¡f´ëY��N�½C1N�.

½½½nnn 17.2.4 �M´Rn�m8, f = (f1, f2, · · · , fm) : M → Rm, XJf�z�©

þ¼ê� �êëY, Kf3Mþ��, ��©N�df : M → L(Rn, Rm)ëY.

yyy²²² 31�þ¥, ·�y²
eõCþ¼ê� �êëY, KT¼ê��. éuN

� f : M ⊂ Rn → Rm 5`, eÙ©þ¼ê� �êëY, K�½��, ¤±f��. q

Ï�3RnÚRm�IOÄe, df ∈ L(Rn, Rm)�Ý
L«Ò´§�JacobiÝ
,Ïddfë

Y�du§�z�©þ¼ê��©ëY. �

~~~ 17.2.1 �L : Rn → Rm´�5N�, é?¿h ∈ Rn, d

L(x+ h)− L(x) = L(h)

��, dLx = L, ∀x ∈ Rn. ½ö`§�5N�3?¿�:��©Ò´g�.

~~~ 17.2.2 �γ = γ(t) : (a, b) → Rm´��N�, Ké?¿t ∈ (a, b), dγt : R →
Rm´�5N�. �½Â

dγt(1) = lim
δ→0

1

δ
(γ(t+ δ)− γ(t)) = γ′(t).

N�γ´�mRm��^­�, §���þγ′(t)�uN��©dγt3R�IOÄ1���. ¤

±�©dγt = dγ(t)��

‖dγ(t)‖ = |γ′(t)|.
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~~~ 17.2.3 ���¼êf = f(x1, · · · , xn) : M(⊂ Rn) → R, §��©´�5N

�dfx ∈ Rn∗, �âþ�!���?Ø, dfxéA����þ∇fx ÷v,

dfx(h) =
n∑
k=1

hk
∂f

∂xk
(x) = 〈∇fx, h〉.

é?¿�h =
n∑
k=1

hkek ∈ Rn ¤á.

�þ∇fx¡�¼êf3:x�FÝ(ù�´FÝ���½Â). 3IOÄe1, · · · , ene,

N´�y

∇fx =
∂f

∂x1
(x)e1 + · · ·+ ∂f

∂xn
(x)en.

|^Cauchy-SchwarzØ�ª,

|dfx(h)| 6 |∇fx| · |h|.

dh�?¿5��‖dfx‖ 6 |∇x|. �h = ∇fx, Kdx(∇fx) = |∇fx|2. XJ∇fx 6= 0, d

‖dfx‖ >
∣∣∣dfx( ∇fx|∇fx|

)∣∣∣
��

‖dfx‖ = |∇fx|.

XJ^JacobiÝ
L«þãù
~f?Ø�N��©, k

(1) ­�

γ(t) =
(
x1(t), x2(t) · · · , xm(t)

)
,

§�JacobiÝ
�

Jγ(t) =
(
x′1(t), x′2(t) · · · , x′m(t)

)T
,

ùpþI/T0L«=�, ¤±

‖dγ‖ = ‖Jγ‖.

(2)éu¼êf = f(x1, x2, · · · , xn), §�JacobiÝ
�

Jf =
( ∂f
∂x1

, · · · , ∂f
∂xn

)
,

Ó�k

‖df‖ = ‖Jf‖ = |∇f |.

(3)XJ

f = (f1, f2, · · · , fm) =
m∑
j=1

fjẽj
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´Rn��mf8M�Rm���N�, �

h =
n∑
i=1

hiei ∈ Rn,

@o

dfx(h) =
m∑
j=1

dfj(x)(h)ẽj =
m∑
j=1

n∑
i=1

hi
∂fj
∂xi

(x)ẽj

= (ẽ1, · · · , ẽm) ·
(
Jf(x)

)
· h.

¤±|dfx(h)| = |
(
Jf(x)

)
· h|. ��5N��ê�½Âk

‖dfx‖ = ‖Jf(x)‖.

AO§éx, y ∈M, h ∈ Rn, k

|(dfx − dfy)(h)| =
∣∣(Jf(x)− Jf(y)

)
h
∣∣,

ùíÑ

‖dfx − dfy‖ = ‖Jf(x)− Jf(y)‖.

dd��±��, f´ëY��N��duJacobiÝ
Jf�z�©þ¼êëY.

17.2.2 EEEÜÜÜNNN���������©©©

�M´Rn�mf8, N�f : M → Rm¶N´Rm�mf8, N�g : N → R`. X
Jf(M) ⊂ N , ·��±½ÂN� f�g�EÜ

g ◦ f : M → R`, (g ◦ f)(x) = g(f(x)).

½½½nnn 17.2.5 XJf3�:x ∈ M��, g3:f(x) ∈ N��, KEÜN�g ◦ f3
:x��, �§���©N�÷v

d(g ◦ f)x = dgf(x) ◦ dfx,

þª¡�EÜN��©�óª{K. EÜN�g ◦ f�JacobiÝ
� g Ú f �Jacobi Ý


÷v:

J(g ◦ f)(x) = Jg(f(x)) · Jf(x)

yyy²²² ��By², ·���±ò¼ê��5¥�{�R(h) = R(x, x + h)U�

�R(h) = |h|R̃(h), = f3x���du

f(x+ h)− f(x) = dfx(h) + |h|R̃(h), � lim
h→0

R̃(h) = 0.

�h ∈ Rn, x+ h ∈M , ·�I�y²�3�5N�L : Rn → R`¦�

(g ◦ f)(x+ h)− (g ◦ f)(x) = L(h) +Rg◦f (h),
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�

lim
h→0

|Rg◦f (h)|
|h|

= 0.

df3x��, �

f(x+ h)− f(x) = dfx(h) + |h|R̃f (h),

¿P

k = dfx(h) + |h|R̃f (h).

|^g3:f(x)���5k

(g ◦ f)(x+ h) = g
(
f(x+ h)

)
= g(f(x) + k)

= g
(
f(x)

)
+ dgf(x)(k) + |k|R̃g(k).

-L = dgf(x) ◦ dfx, òk�L�ª�\þª, Ò��

(g ◦ f)(x+ h)− (g ◦ f)(x) = L(h) +Rg◦f (h),

Ù¥{�

Rg◦f (h) = dgf(x)

(
|h|R̃f (h)

)
+ |k|R̃g(k).

Ï�

|k| 6 |h|
(
‖dfx‖+ |R̃f (h)|

)
,

�h→ 0�, k → 0, ¤±

|Rg◦f (h)

|h|
6
∣∣∣dgf(x)

(
R̃f (h)

)∣∣∣+
(
‖dfx‖+ |R̃f (h)|

)
|R̃g(k)| → 0.

�

~~~ 17.2.4 �f : U ⊂ Rn → Rm´C1N�, γ = γ(t)´U ¥�1w­�, Kf ◦
γ´Rm�­�, |^~17.2.2 �(Ø, §���þ

d

dt

(
f ◦ γ

)
(t) = d(f ◦ γ)t(1) = dfγ(t)

(
dγt(1)

)
= dfγ(t)(γ

′(t)).

XJm = 1, f´¼ê, |^~17.2.3�(J,

d

dt
(f ◦ γ)(t) = 〈∇f, γ′(t)〉.

�m > 1�, �f = (f1, · · · , fm)´f�©þ¼êL«, Kdf(γ′) ∈ Rm�±L«�

df(γ′(t)) =
(

df1(γ′(t)), · · · , dfm(γ′(t))
)

=
(
〈∇f1, γ

′(t)〉, · · · , 〈∇fm, γ′(t)〉
)
.



154 1 17 Ù N���©

17.2.3 [[[���©©©¥¥¥���½½½nnn

Largrange �©¥�½n´üCþ��¼ê���©­��5�. ,
, ·�31

�þ¥?Ø
��l[0,�] ⊂ R �R2 �N�£q¡�þ�¼ê¤

r(t) = cos ti + sin tj, t ∈ [0,�]

·�uy¿Ø�3θ ∈ [0,�] ¦�

r(�)− r(0) = r′(θ)(�− 0), ½ |r(�)− r(0)| = |r′(θ)|(�− 0)

¤á. �Ò´`ò�©¥�½n�{üí21ØÏ.

ùp, ·�|^|^N��©§�Ñ�©¥�½né��N��ü�í2.

½½½nnn 17.2.6 �f´«m[a, b]�Rm�ëYN�, �f3(a, b)þ��. @o�3t0 ∈
(a, b) ¦�

|f(b)− f(a)| 6 (b− a) |f ′(t0)|.

yyy²²² Ø��z = f(b)− f(a) 6= 0, ½Â

ϕ(t) = 〈z, f(t)〉, t ∈ [a, b].

@oϕ´3[a, b]þëY!3 (a, b)S���¢�¼ê. d¥�½n��3t0 ∈ (a, b),

ϕ(b)− ϕ(a) = (b− a)ϕ′(t0) = (b− a)〈z, f ′(t0)〉.

,��¡,

ϕ(b)− ϕ(a) = 〈z, f(b)〉 − 〈z, f(a)〉 = 〈z, z〉 = |z|2.

d Cauchy-Schwarz Ø�ª

|〈a, b〉| 6 |a||b|

Ù¥ a, b ´ Rn ¥?¿ü��þ, ·���

|z|2 = (b− a)|〈z, f ′(t0)〉| 6 (b− a)|z| |f ′(t0)|.

u´|z| 6 (b− a)|f ′(t0)|. �

�
��'u��N��[�©¥�½n, ·�£�k'/à80�Vg. Euclid

�mRnp�8ÜE¡�à8, ´�é?¿:x, y ∈ E, ë�x�y���ãáuE, =

tx+ (1− t)y ∈ E, ∀t ∈ [0, 1].

½½½nnn 17.2.7 ([�©¥�½n) �E´Rn�àm8, f : E → Rm´��N�, @

o�3 ξ ∈ E, ¦�

|f(y)− f(x)| 6 ‖df(ξ)‖|y − x| = ‖Jf(ξ)‖|y − x|, ∀x, y ∈ E.
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AO, XJ�3¢êM÷v ‖df(x)‖ 6M, ∀x ∈ E. K

|f(x)− f(y)| 6M |x− y|, ∀x, y ∈ E.

yyy²²² �½x, y ∈ E, ½Â γ(t) = (1 − t)x + ty. Ï�E´à8, �0 6 t 6 1�

γ(t) ∈ E, Ïd

g(t) = f(γ(t)) : [0, 1]→ Rm,

3 [0, 1] þëY, 3 (0, 1) S��, dEÜN��©�óª{K�íÑ

dgt = dfγ(t) ◦ dγt,

�â½n17.2.6 ��, �3 τ ∈ (0, 1), ¦�

|g(1)− g(0)| 6 (1− 0) |g′(τ)| = |g′(τ)|.

|^~17.2.2 �(J, �é γ(t) = (1− t)x+ ty k

dγ = γ′ = y − x, ‖dγt‖ = |γ′(t)| = |y − x|,

�

g(0) = f(x), g(1) = f(y),

P ξ = (1− τ)x+ τy ∈ E, Ïd

|f(y)− f(x)| 6 |g′(τ)| = ‖dgτ‖ 6 ‖dfξ‖‖dγτ‖ = ‖Jf(ξ)‖|y − x|

AO, � ‖df(x)‖ = ‖Jf(x)‖ 6M, ∀x ∈ E �, w,k |f(x)− f(y)| 6M |y − x|. �

íííØØØ 17.2.8 �D´Rn�ëÏmf8, f : D → Rm´��N�, XJ df ≡ 0,

Kf´~�N�.

yyy²²² ?¿�½x ∈ D, �3r > 0¦�m¥Br(x) ⊂ D. 5¿�Br(x)��àm8,

d½n��f3Br(x)þ�~�. ½ö`f´��ÛÜ~�¼ê. �½��x0 ∈ D, @od

þãØy�8Ü

E := {x ∈ D
∣∣ f(x) = f(x0)}

�Rn�m8, l
�D �m8. 
df ëY, E q�D �4f8, 2dD�ëÏ5

�E = D. �

SSSKKK17.2

1. y²5�17.2.3.

2. y²5�17.2.2.
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3. ¦e�¼ê3�½:��©:

(1) f(x, y) = x2 − xy + y3, :(1, 1);

(2) f(x1, · · · , xn) =
√
x2

1 + · · ·+ x2
n, :(a1, · · · , an) 6= 0.

4. ¦e�N���©ÚJacobiÝ
:

(1)f(x, y) = (x2 − y2, 2xy);

(2)f(x, y, z) = (z − y, x− z, y − x).

5. �m8D ⊂ Rn, f, g : D → Rm´��N�, y²〈f, g〉 : D → R½´��N�, ¿¦

d〈f, g〉.
6. �D´Rn�m8, f, g : D → R3´��N�, x ∈ D, y²µd(f × g)(x) = df(x) ×
g(x) + f(x)× dg(x).

7. �D´Rn�m8, �ã{tx+ (1− t)y | t ∈ [0, 1]}�¹uD, f : D → R´C1N�, y

²: �ãþ�3�:z÷v

f(y) = f(x) + 〈∇f(z), y − x〉.

8. �M´Rn�ëÏm8, f M → Rm´��N�, XJ�3���5N�L ∈
L(Rn,Rm)¦�df(x) = L, ∀x ∈ M , y²µ f(x) = L(x) + c, ùpc ∈ Rm´~
�þ.

9. �f : Rn → R´��¼ê, ẽ1, · · · , ẽn´Rn��|ü ��Ä,^
∂f

∂ẽj
L« f÷ẽj�

�����ê. y²µ
n∑
j=1

(
∂f

∂ẽj

)2

=
n∑
j=1

(
∂f

∂xj

)2

.

10. ½Â3Rn��à«�Mþ�¼êf : M → R¡�´à¼ê´�: ∀x, y ∈ M ,

∀t ∈ (0, 1),

f(tx+ (1− t)y) 6 tf(x) + (1− t)f(y).

�f´��¼ê, y²f´à¼ê��=�, é?¿x, y ∈M ,

f(y)− f(x) > dfx(y − x).

11. �Ω ⊂ M(n)´�_Ý
��N. ½ÂN�φ : Ω → Ω, φ(A) = A−1, y²φ´��N

�, ¿�¦§��©.
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§17.3 ___NNN���½½½nnn

�!�Ì�8�´�ã¿y²_N�½n.

Äk*	�«�{ü�N�. XJf : Rn → Rn´�5N�, §3?¿�:��©

Ò´§g�, XJf´ü�, §Ò�3��_N� f−1 : Rn → Rn.

�f´��N�, XJf3�:��©�_, _N�½n´`f3T:NCk���

_N�.

½½½nnn 17.3.1 (_N�½n) �f´lRn�m8A�Rn�C1N�, é x0 ∈ A, P

y0 = f(x0). XJ dfx0�_£Ïd3Rn �IOÄe f � Jacobi Ý
 Jf(x0) �_¤, @

o

1. �3Rn�m8U, V÷vx0 ∈ U , y0 ∈ V , ¦�f��3Uþ�N�´U�V�m�

��éA, Ïd�3½Â3 V þ�_N� g = f−1, �_N�ëY;

2. f½Â3Vþ�_N�g´C1N�, �

dgy =
(
dfg(y)

)−1
, ∀y ∈ V

Ïd3Rn �IOÄe� Jacobi Ý
÷v

Jg(y) =
(
Jf(g(y))

)−1
, ∀y ∈ V.

Ï��©´N�3�:NC���Cq, Ïd�©�_íÑN�ÛÜ�_´

Ün�. XJ^(x1, · · · , xn)L«½Â���I, (y1, · · · , yn)L«����I, @oN

�y = f(x)�±L«�©þ¼ê�/ª

yi = fi(x1, · · · , xn), i = 1, 2, · · · , n.

§���©(dy1, · · · , dyn)�(dx1, · · · , dxn)�m�'X�

dyi = dfi =
n∑
j=1

∂fi
∂xj

dxj , i = 1, 2, · · · , n,

ù´��±f�JacobiÝ
Jf�Xê�àg�5�§|. XJJf(x0)�_, y0 = f(x0),

@o

(dx1, · · · , dxn)
∣∣∣
x0

= (dy1, · · · , dyn)
∣∣∣
y0

(
Jf(x0)

)−1
.

_N�½nL², þª3x0���+�pE,¤á.

31�þ¥£§9.3.3¤, ·�é n = 2 �Ñ
��(Ø, =�N��JacobiÝ
�_

�, �3ÛÜ�_N�, í
2�, é��� n ù�(Ø�´é�. ,
, 1�þ�Ñ�

k'_N��(J, ´|^Û¼ê½ny²�. ùp, ·�òæ^Ø N��n�Ñ�

�y². e�!, ·��ò|^_N�½n�y²ÛN�½n.
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3y²½n�c, ·�k?Ø�_N�½nk'��
SN. ¡��ëYN

�g : M → N�mN�´�grm8N�m8¶N�g : M → N¡�CkÓ� ´�µg

´Ck���éA, �g−1 : N →M�´CkN�. C0Ó�{¡�Ó�.

|^Ó��Vg, _N�½n��±Lã�µ�f´lRn�m8A�Rn�C1N�,

XJ x0 ∈ A! dfx0�_, y0 = f(x0). K�3x0���U , y0���V , f : U → V´C1Ó

�.

___NNN���½½½nnn���yyy²²²: �f´lRn�m8A�Rn�C1N�, x0 ∈ A! dfx0�_,

y0 = f(x0). PL = dfx0 = df(x0), �λ = 1/
(
2 ‖L−1‖

)
. Ï��©N�df3x0:ëY, �

3±x0�¥%�m¥Br(x0) ⊂ A, ¦�‖df(x)− L‖ < λ, ∀x ∈ Br(x0).

·�kò½n�1�Ü©©)�ü�Ún.

ÚÚÚnnn 17.3.2 f��3Br(x0)þ´ü�.

yyy²²² �½y ∈ Rn, ·�Xe½ÂBr(x0)�Rn�N�

ϕy(x) = x+ L−1
(
y − f(x)

)
, x ∈ Br(x0). (])

§´C1N�, �f(x) = y��=�x´ϕy�ØÄ:. ��O���

dϕy(x) = Id− L−1df(x) = L−1
(
L − df(x)

)
,

ùpId´Rn�ðÓN�. du λ = 1/
(
2 ‖L−1‖

)
, 3Br(x0)¥‖df(x)− L‖ < λ, ·���

‖dϕy(x)‖ < 1

2
, ∀x ∈ Br(x0).

d[¥�½n17.2.7,

|ϕy(x1)− ϕy(x2)| 6 1

2
|x1 − x2|, ∀x1, x2 ∈ Br(x0)

l
ϕy´Ø N�, dØ N��nϕy(x)3Br(x0)¥�õk��ØÄ:, �Ò´`, �

õk��x ∈ Br(x0)¦�f(x) = y. �

555µµµd½n17.1.2�1��(Ø, é?¿x ∈ Br(x0), dfxÑ�_.

±e·�òN�f��3m8Br(x0)þ?Ø, �Bå�òf
∣∣∣
Br(x0)

EP�f . �y ∈

Bλr/2(y0)�, é?¿x ∈ B r
2
(x0), ·�k

|ϕy(x)− x0| 6 |ϕy(x)− ϕy(x0)|+ |ϕy(x0)− x0|

6
1

2
|x− x0|+ |L−1(y − f(x0))|

=
1

2
|x− x0|+ |L−1(y − y0)|

6
1

2
|x− x0|+ ‖L−1‖ · |y − y0|

6
1

2
· r

2
+ ‖L−1‖ · λr

2
=
r

2
.
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ù`²�y ∈ Bλr/2(y0)�,

ϕy : B r
2
(x0)→ B r

2
(x0)

´���mB r
2
(x0)�g��Ø N�, ¤±�3��x ∈ B r

2
(x0)÷v ϕy(x) = x, ù�d

u`, é?¿y ∈ Bλr/2(y0), �3��x ∈ B r
2
(x0), f(x) = y.

-

V = Bλr
2

(y0), U = f−1(V ).

df�ëY5��U(⊂ Br(x0))´Rn�m8, ¿�df´ü��, f : U → V´��N�.

Ïdf��3Uþ�_. ��Bå�, rf3Uþ���E,P�f , ¿Pg = f−1.

ÚÚÚnnn 17.3.3 N�g = f−1 : V → UëY.

yyy²²² Px = g(y), y ∈ V . �y1, y2 ∈ V , x1 = g(y1), x2 = g(y2). �´|^N�ϕy,

�±��

x1 − x2 = ϕy(x1)− ϕy(x2) + L−1(f(x1)− f(x2))

= ϕy(x1)− ϕy(x2) + L−1(y1 − y2).

Ïd

|x1 − x2| 6
1

2
|x1 − x2|+ ‖L−1‖ · |y1 − y2|,

ùíÑ

|x1 − x2| = |g(y1)− g(y2)| 6 2‖L−1‖ · |y1 − y2|,

¤±N�gëY. �

555µµµXJN�f : U → V�_, �ìëY�ÿÀ½Â��, f−1ëY�duf´mN

�.

e¡·�y²½n�1�Ü©. �y ∈ V , y + k ∈ V , ·�ky²µ�3�5N

�A = dgy¦�

g(y + k)− g(y) = A(k) +Rg(y + k, y),

�

lim
|k|→0

|Rg(y + k, y)|
|k|

= 0.

�3x ∈ U, x+h ∈ U ,¦�y = f(x), y+k = f(x+h),½ög(y) = x, g(y+k) = x+h.

|^f���5,

k = f(x+ h)− f(x) = dfx(h) +Rf (x+ h, x),

¤±

Rg(y + k, y) = h−A(k)

= (dfx)
−1
(
k −Rf (x+ h, x)

)
−A(k).
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-A =
(
dfx
)−1

, K

Rg(y + k, y) = −
(
dfx
)−1(

Rf (x+ h, x)
)
.

±ey²|Rg(y+k, y)|´'|k|�p��Ã¡�. -m = inf
|h|=1

∣∣dfx(h)
∣∣,ddfx�_�m > 0.

Ï�g = f−1ëY, k → 0�, h = g(y + k)− g(y)→ 0, ¤±�|k|¿©��

|Rf (x+ h, x)| = o(|h|) 6 m

2
|h|,

ùí�

|k| = |dfx(h) +Rf (x+ h, x)| >
∣∣dfx(h)

∣∣− ∣∣Rf (x+ h, x)
∣∣ > m

2
|h|.

Ïd�k → 0�§�±��Xe�O∣∣Rg(y + k, y)
∣∣

|k|
6 ‖(dfx)−1‖

∣∣Rf (x+ h, x)
∣∣

|k|

6
2‖(dfx)−1‖

m

∣∣Rf (x+ h, x)
∣∣

|h|
→ 0.

�d·�®²y²
é?¿y ∈ V ,N�g = f−13y:��,¿�dgy = (dfx)
−1 (x =

g(y)). duf´C1N�, l
df´U�L(Rn)��_C�8ÜΩ �ëYN�, @o½

n17.1.2�1��(ØÒíÑdgëY, l
g´C1N�. �

íííØØØ 17.3.4 �f´lRn�m8A�Rn�C1N�. XJé?¿x ∈ A, �©dfx�

_, Kf´mN�. AO/, XJf�´ü�, @of´A�m8B = f(A)�C1Ó�.

yyy²²² duA´Rn�m8, ¤±A�m8�´Rn�m8. �A���m8U . ?

�x ∈ U , du�© dfx �_, d_N�½n, �3x�¿©����Ux ⊂ U , ¦�f |Uxþ
�Ó�, l
f(Ux)�m8. u´

f(U) =
⋃
x∈U

f(Ux)

�m8. �

I�5¿�´, =¦�©??�_, f : A → Rn���Ø�½´A�f(A)�m��

�éA.

~~~ 17.3.1 �C´E²¡, �ÄN�f : C\{0} → C, z 7→ z2. �È¤ Euclid �

mR2þ��ó, ù�N�´f : R2\{0} → R2,

f(x, y) = (x2 − y2, 2xy).

N´�y

Jf =

(
∂f1
∂x

∂f1
∂y

∂f2
∂x

∂f2
∂y

)
=

(
2x −2y

2y 2x

)
, det (Jf) = 4(x2 + y2).
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l
�©3R2\{0}þ�_. u´_N�½n`�3ÛÜ�E²��. �´·�Ã{½Â

���N�²��, Ï��NþfØ´ü�.

�f´Rnü�m8VÚU�m�Ck (k > 1)�©Ó�. Ï~�¡f : V → U´U�V�

m��IC�½ëêC�. ù´Ï�, XJòU��IP�(u1, · · · , un), V��IP

�(v1, · · · , vn), ÏLN�

(u1, · · · , un) = f(v1, · · · , vn),

ïá
U¥�:P (u1, · · · , un)�ê| (v1, · · · , vn) (∈ V )���éA, Ïd�±òê

|(v1, · · · , vn)��U¥:��I, I�5¿�´d�(v1, · · · , vn) ��Ø2´U�îAp

��I.

{ü�ëêC�´�_�5C�x 7→ y = Ax, ±9��C�x 7→ y = x0 + Ax, ù

px0´Rn���½:. �A´��C��, yE,´îAp��I.

~~~ 17.3.2 ½ÂN�µ

φ : R2
+ = {(r, θ) | r > 0} → R2,

φ : (r, θ) 7→ (x, y), x = r cos θ, y = r sin θ.

§�JacobiÝ


Jφ =

(
cos θ −r sin θ

sin θ r cos θ

)
�_, ¤±3²¡�:�NC(r, θ)�±��#��I, ¡�²¡�4�I, Ù¥r¡�4

å, θ¡�4�.

(r, θ)ØU½Â��²¡R2��IX, Ï�3�:±	§Ø´ü�, 3�:x = y =

0§�JacobiÝ
Ø�_. �±φ´ü����½Â�´

V = {(r, θ) ∈ R2 | r > 0, 0 < θ < 2�}

�A���´

U = {(x, y) ∈ R2 | �y = 0�, x < 0} = R2\{(x, 0) ∈ R2 | x > 0}.

²¡�4�I�±½Â3Uþ. ¯¢þ, ²¡�Kl�:Ñu�?¿�^���, {e�

«�þÑ�±½Â4�I.

�

f : (v1, · · · , vn)→ (u1, · · · , un)

´�IC�, f�JacobiÝ
�Jf =

(
∂ui
∂vj

)
, §�1�ª det(Jf) = det

(
∂ui
∂vj

)
¡��I

C��Jacobi1�ª, Ï~�P�

det(Jf) =
∂(u1, u2, · · · , un)

∂(v1, v2, · · · , vn)
.
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Jacobi1�ª3­È©�ëêC�¥å��5�^.

~~~ 17.3.3 ?Ø Rn ¥4�I�½Â�Jacobi1�ª�O�.

�n = 2�, N�

φ : (r, θ1)→ (x1, x2) = (r cos θ1, r sin θ1)

�Ñ
²¡�4�I, §�Jacobi1�ª�

J2(r, θ1) = det J(φ) =
∂(x1, x2)

∂(r, θ)
= r.

� n = 3�, � P (x1, x2, x3) ´R3¥?¿�:, r = |
−→
OP |, ¿�

−→
OP 3 Ox2x3 ²¡

þ�ÝK�
−−→
OP ′. P θ1 ´l x1 ¶��þ

−→
OP �4�£½¡���¤, Ïd

x1 = r cos θ1,

r′ = |
−−→
OP ′| = r sin θ1.

ù´�� (r, θ1) 7→ (x1, r
′) � 2 �4�IC�, Ù¥r′ ´ Ox2x3 ²¡þ: P ′(x2, x3) �

4å. ò Ox2x3 ²¡þ: P ′(x2, x3) ��I^ 2 �4�IL«:

x2 = r′ cos θ2,

x3 = r′ sin θ2,

Ù¥ θ2 ´ x2 ¶�
−−→
OP ′ �4�. ù�, ·�Ò��3 ��¥�IC�

x1 = r cos θ1,

x2 = r sin θ1 cos θ2,

x3 = r sin θ1 sin θ2.

ùp, �
Bu�p�í2, ·�æ^�PÒ�1�þ §8.4 !�kØÓ, 3@p·�Ä

kr�þ
−→
OP � Oxy ²¡þÝK, 2òÝK�þ3 Oxy ²¡þ^4�IL«.

ØJwÑ R3�¥�I´e�ü�N�φ1Úφ2�EÜµ
r

θ1

θ2

 φ1−−−→


x1 = r cos θ1

r′ = r sin θ1

θ2 = θ2

 φ2−−−→


x1 = x1

x2 = r′ cos θ2

x3 = r′ sin θ2

 .

|^EÜN��©�óª{K, 4�I�JacobiÝ
J(φ2 ◦ φ1) = J(φ2) · J(φ1), dd�

�§�Jacobi1�ª

J3(r, θ1, θ2) = det
(
J(φ2) · J(φ1)

)
= det J(φ2) · det J(φ1)

= J2(r′, θ2) · J2(r, θ1)

= r′r = r2 sin θ1.
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½

∂(x1, x2, x3)

∂(r, θ1, θ2)
=
∂(x1, x2, x3)

∂(x1, r′, θ2)

∂(x1, r
′, θ2)

∂(r, θ1, θ2)
= r2 sin θ1.

·��¡R3�¥�I�3�4�I. aq/, ·��±�gò4�Ií2�Rn.

� n = 4�, � P (x1, x2, x3, x4) ´ R4 ¥?¿�:, r = |
−→
OP |, K

−→
OP 3 Ox2x3x4 þ

�ÝK�
−−→
OP ′. P θ1 ´l x1 ¶��þ

−→
OP �4�, Ïd

x1 = r cos θ1,

r′ = |
−−→
OP ′| = r sin θ1,

Ù¥r′ ´ Ox2x3x4 �m¥: P ′(x2, x3, x4) �4å. ò Ox2x3x4 �m¥: P ′(x2, x3, x4)

^ 3 �4�IL«:

x2 = r′ cos θ2,

x3 = r′ sin θ2 cos θ3,

x4 = r′ sin θ2 sin θ3.

òþã�� 2 �4�IC�Ú�� 3 �4�IC�?1EÜ

(r, θ1, θ2, θ3) 7→ (x1, r
′, θ2, θ3) 7→ (x1, x2, x3, x4)

Ò��4�4�IC�,

x1 = r cos θ1,

x2 = r sin θ1 cos θ2,

x3 = r sin θ1 sin θ2 cos θ3,

x4 = r sin θ1 sin θ2 sin θ3.

§´�� 2 �4�IC�Ú�� 3 �4�IC��EÜ, Ïd§�Jacobi1�ª�u

J4(r, θ1, θ2, θ3) = J3(r′, θ2, θ3) · J2(r, θ1)

= r(r′)2 sin θ2 = r3 sin2 θ1 sin θ2.

éu���n, Rn�n�4�I, �òRn ¥��þ
−→
OP � Rn−1 ?1ÝK,

x1 = r cos θ1,

r′ = |
−−→
OP ′| = r sin θ1,
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Ù¥ θ1 ´x1 ¶��þ
−→
OP �4�, ÝK�þ

−−→
OP ′ ´ Rn−1 ¥�þ, ¿± r′ �4å. ,

�8B/|^ Rn−1 ¥� n− 1 �4�IC�, �ª��e� n �4�IC�

x1 = r cos θ1,

x2 = r sin θ1 cos θ2,

x3 = r sin θ1 sin θ2 cos θ3,

· · ·

xn−1 = r sin θ1 sin θ2 · · · sin θn−2 cos θn−1,

xn = r sin θ1 sin θ2 · · · sin θn−2 sin θn−1.

§´ 2 �4�IC�� n− 1 �4�IC��EÜ:

(r, θ1, θ2, · · · , θn−1) 7→ (x1, r
′, θ2, · · · , θn−1) 7→ (x1, x2, · · · , xn)

|^8B{, N´íÑn�4�IC��Jacobi1�ª

Jn(r, θ1, · · · , θn−1) =
∂(x1, x2, · · · , xn)

∂(r, θ1, · · · , θn−1)

=
∂(x1, x2, x3, · · · , xn)

∂(x1, r′, θ2, · · · , θn−1)

∂(x1, r
′, θ2, · · · , θn−1)

∂(r, θ1, θ2, · · · , θn−1)

= r′
∂(x1, x2, x3, · · · , xn)

∂(x1, r′, θ2, · · · , θn−1)

= rn−1 sinn−2 θ1 sinn−3 θ2 · · · sin θn−2.

þã n �4�IC��_C�úªXe

r =
√
x2

1 + · · ·+ x2
n

θ1 = arccos
x1√

x2
1 + · · ·+ x2

n

θ2 = arccos
x2√

x2
2 + · · ·+ x2

n

θ3 = arccos
x3√

x2
3 + · · ·+ x2

n
· · ·

θn−2 = arccos
xn−1√
x2
n−1 + x2

n

θn−1 = arctan
xn
xn−1

.

XJ-

U ′ = {(r, θ1, · · · , θn−1)}
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Ù¥

0 < r <∞, 0 < θ1 <�, · · · , 0 < θn−2 <�, −� < θn−1 <�,

@o4�IC�φ : U ′ → Rn´��N�, �φ : U ′ → φ(U ′)´�©Ó�.

555PPP: ~17.3.3 ¥ÏL8B{�E n �4�IC��`:�´AÛþ�©�*, �

´BuO�C�� Jacobi 1�ª.

SSSKKK17.3

1. �N�f : R2 → R2½Â�f(x, y) = (ex cos y, ex sin y).

(1) ¯f´Ä�mN�?

(2) ¦8Üf−1(1, 0).

2. Þ~`²�3N�f : R→ R´Ó�, �f´C1N�, �´f−1Ø´C1�.

3. �f : R2 → R2, (u, v) = f(x, y) = (x2 + y2, x2 − y2).

(1) ¦f���V = Im(f);

(2) ¦f��.:8ÜW = {P ∈ R2
∣∣ det Jf(P ) = 0};

(3) �U = {(x, y) ∈ R2
∣∣ x > 0, y > 0}, y²f

∣∣
U
´ü��F (U) = V ◦, ¿¦f−1.

4. y²Xe·K:

(1) Ó��±(l)ëÏ5�;�5.

(2) Rn�Dn = {x ∈ Rn
∣∣ |x| < 1}Ó�.

5. �f : R2 → R2, (u, v) = f(x, y)´C1N�, ÷vCauchy-Riemann�§

∂u

∂x
=
∂v

∂y
,
∂u

∂y
= −∂v

∂x
.

y²: XJdf3�:�_, K3T:NC�_N�f−1�÷vCauchy-Riemann�§.

6. y²éz��ü Ý
Iné�C�n��
MÑ�3²�� (�§A2 = M�)), ¿

�eA�Iné�C, @o�§A2 = M�)´���.

JJJ«««: �ÄRn2 → Rn2
�N� A 7→ A23A = In?�JacobiÝ
.
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§17.4 ÛÛÛNNN���½½½nnn������½½½nnn

ù�!·��Ä�_N�½n�'�ü�(Ø, ÛN�½nÚ�½n.

17.4.1 ÛÛÛNNN���½½½nnn

·�®²31�þ¥y²
���Û¼ê½n: �f´½Â3��²¡«�S

�C1¼ê, P (x, y)´½Â�S�:, XJf(P ) = 0�∇f(P ) 6= 0, K�§f = 03:PNC

k��)y = y(x)½öx = x(y), ¿�)´C1¼ê. )¼ê�¡��§f = 0(½�Û¼

ê.

·���éN�f : Rn+m → Rm, ?Ø�§|f = 0�), ïÄ3�o^�e�

§f = 0k��), ±9)N��5�. ¡��ÛN�½n.

��ÐLãÛN�½n, ·�kÚ?�
PÒ. �x = (x1, · · · , xn) ∈ Rn, y =

(y1, · · · , ym) ∈ Rm, rRn+m�:P�(x, y) = (x1, · · · , xn, y1, · · · , ym). ±e(x, y)½öa

qPÒ¥�1���Rn��þ, 1��� Rm��þ.

Äk�Ä�5N���/. ��5N�

A ∈ L(Rn+m,Rm),

éuh ∈ Rn, k ∈ Rm, Ï� (h, k) = (h, 0) + (0, k), ¤±

A(h, k) = A(h, 0) +A(0, k).

�Ò´` A �±©)¤�5N�Ax ∈ L(Rn,Rm)��5N�Ay ∈ L(Rm)�Ú

A(h, k) = Ax(h) +Ay(k).

ùp Ax Ú Ay �äN½Â�

Ax(h) = A(h, 0), h ∈ Rn; Ay(k) = A(0, k), k ∈ Rm,

XJ�5C�Ay�_, @oé?¿h ∈ Rn, �§

A(h, k) = Ax(h) +Ay(k) = 0

k��)

k = −(Ay)−1
(
Ax(h)

)
.

½ö`�§A = 0�)´���5N�

−(Ay)−1 ◦ Ax : Rn → Rm.
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éu���N�f , �3�:P0 = (x0, y0) ∈ Rn+mNC¦)f(x, y) = 0, ·��	

N����Cqdf . �±ò�5N�df(P0)©)�

df(P0)(h, k) = dfx(P0)(h) + dfy(P0)(k).

�dfy(P0)�_�, éz�h ∈ Rn, �§df(P0)(h, k) = 0k��). XJ^f�©þ¼

êf = (f1, · · · , fm)5L«, (df)x3IOÄe�Ý
�
( ∂fi
∂xj

)
, (1 6 i 6 m, 1 6 j 6 n),

(df)y3IOÄe�Ý
L«�
( ∂fi
∂yk

)
, (1 6 i, k 6 m), �§df(P0) = 0Ò´m��5�

§|
n∑
j=1

∂fi
∂xj

(P0)dxj +
m∑
k=1

∂fi
∂yk

(P0)dyk = 0, i = 1, 2, · · · ,m.

Ïd�Ý

( ∂fi
∂yk

)
(P0)�_�, þã�§|k��).

�_N�½naq, XJf(P0) = f(x0, y0) = 0, �dfy3:P0�_�, �§f(x, y) =

03P0NC�k���)N�y = ϕ(x), ùÒ´eãÛN�½n, §�±^_N�½n5

y².

½½½nnn 17.4.1 (ÛN�½n) �f´lRn+m�m8M�Rm�C1N�, �(x0, y0) ∈
M÷vf(x0, y0) = 0. PA = df(x0, y0), XJAy ∈ L(Rn)�_, @o�3(x0, y0)���

��U ⊂M , x0���W ⊂ Rn, ÷vXe5�:

1. é?¿x ∈ W , �3�� y , ¦�(x, y) ∈ U �f(x, y) = 0;

2. erù�y½Â�ϕ(x), @oN�ϕ : W → Rm´C1N�, ÷vϕ(x0) = y0,

f
(
x, ϕ(x)

)
= 0, ∀x ∈ W,

¿�

dϕ(x) = −
(

dfy(x, ϕ(x))
)−1
◦ dfx

(
x, ϕ(x)

)
.

yyy²²² Äk·�r¯K=z�_N�½n·^��/. ½Â

F (x, y) =
(
x, f(x, y)

)
, (x, y) ∈M,

@oF : M → Rn+m�C1N�, �F (x0, y0) = (x0, 0). d�©�½Â·�k

f(a+ h, b+ k) = A(h, k) +R(h, k),

Ù¥R(h, k)�{�, u´,

F (x0 + h, y0 + k)− F (x0, y0) =
(
h, f(x0 + h, y0 + k)

)
=
(
h, A(h, k)

)
+
(
0, R(h, k)

)
.
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dd��, dF (x0, y0)´Rm+nþr(h, k)N�
(
h, A(h, k)

)
��5C�. XJ§���0,

@okA(h, k) = 0Ú h = 0, l
A(0, k) = 0. dAy�_��k = 0, l
dF (x0, y0)´ü

�, ¤±§�_.

éN�F (x, y)3:(x0, y0)A^_N�½n, �3(x0, y0)���U , (x0, 0)���V ,

F : U → V´��éA. �

W = {x ∈ Rn | (x, 0) ∈ V },

@oW´V�Rn(⊂ Rn+m)��8, §´Rn�m8.

?� x ∈ W , duF´��éA, �3��(x, y) ∈ U¦�(x, 0) = F (x, y), ù�d

uf(x, y) = 0. w,ù�� y´���, �d·�y²
½n�1�Ü©.

òþãx�y�éA'XP�y = ϕ(x),Kf(x, ϕ(x)) = 0,½öF−1(x, 0) = (x, ϕ(x)).

Ïd ϕ(x) =
(
πy ◦F−1

)
(x, 0)´C1N�, ùpπy : Rn+m → Rm, (x, y) 7→ y´ÝKN�.

��·�¦N�ϕ��©. Pg(x) = (x, ϕ(x))´lW�U�C1N�, Kf ◦ g = 0, d

d��

0 = df(x, ϕ(x)) ◦ dg(x).

Ï�dg = (Idn, dϕ) = (Idn, 0) + (0, dϕ), �\þª��

0 = dfx + dfy ◦ dϕ,

ùíÑ

dϕ(x) = −
(

dfy(x, ϕ(x))
)−1
◦ dfx

(
x, ϕ(x)

)
.

�

��±r½nLã��I©þ��ó. �§f(x, y) = 0�±�¤n + m�Cþ��

§|:

f1(x1, · · · , xn, y1, · · · , ym) = 0,

· · · · · · · · · · · · · · ·

fm(x1, · · · , xn, y1, · · · , ym) = 0.

Ay = dfy(x
0, y0)�_¿�Xm×mÝ


(
∂fk
∂yj

)
=


∂f1
∂y1

· · · ∂f1
∂ym

... ... ...
∂fm
∂y1

· · · ∂fm
∂ym


3:(x0, y0)����_, §½Â
Rmþ����_�5C�. XJ?�Úb�x = x0,

y = y0´þ¡��§|�), @o½n�(Ø`, éx0NC�z� x, ·�Ñ�±
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^x1, · · · , xn)Ñ y1, · · · , ym. )y´'ux�C1N�y = ϕ(x), ¿�N�ϕ��©÷v

dϕ(x) = −
(

dfy(x, ϕ(x))
)−1
◦ dfx

(
x, ϕ(x)

)
.

XJò)¼êy = ϕ(x)^�IL«:

yj = yj ◦ ϕ(x1, x2, · · · , xn) = ϕj(x1, x2, · · · , xn), j = 1, 2, · · · ,m,

�\��§f(x, y) = 0��

fk(x1, · · · , xn, ϕ1(x1, · · · , xn) · · · , ϕm(x1, · · · , xn)) = 0, k = 1, 2, · · · , n.

ÏLéþªxi(i = 1, 2, · · · , n)¦ ��±uy, )¼êy = ϕ(x)�JacobiÝ


(
∂ϕj
∂xi

)
d

Xe'X�Ñ:

∂fk
∂xi

∣∣∣∣
(x,ϕ(x))

+
m∑
j=1

∂fk
∂yj

∣∣∣∣
(x,ϕ(x))

∂ϕj
∂xi

∣∣∣∣
x

= 0,

Ù¥1 6 k 6 m, 1 6 i 6 n, ϕj´N�ϕ�1j �©þ¼ê.

~~~ 17.4.1 �f, g´½Â3R4þ�ü�C1¼ê, �Ä�§

{
f(x, y, u, v) = 0,

g(x, y, u, v) = 0.

XJ3�:?

det

(
∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

)
=
∂(f, g)

∂(u, v)
6= 0,

�ÛN�½n, 3T:NC�§kC1)u = u(x, y), v = v(x, y). é�ª

f(x, y, u(x, y), v(x, y)) ≡ 0,

g(x, y, u(x, y), v(x, y)) ≡ 0.

¦�©, ��

df =
∂f

∂x
dx+

∂f

∂y
dy +

∂f

∂u
du+

∂f

∂v
dv = 0,

dg =
∂g

∂x
dx+

∂g

∂y
dy +

∂g

∂u
du+

∂g

∂v
dv = 0.

þª�±)Ñ(du, dv)�(dx, dy)�'X(
du

dv

)
= −

(
∂f
∂u

∂f
∂v

∂g
∂u

∂g
∂v

)−1(
∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

)(
dx

dy

)
.
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dd|^du =
∂u

∂x
dx+

∂u

∂y
dy, dv =

∂v

∂x
dx+

∂v

∂y
dy, �±¦Ñ

∂u

∂x
= −∂(f, g)

∂(x, v)

/
∂(f, g)

∂(u, v)
,
∂u

∂y
= −∂(f, g)

∂(y, v)

/
∂(f, g)

∂(u, v)
,

∂v

∂x
= −∂(f, g)

∂(u, x)

/
∂(f, g)

∂(u, v)
,
∂v

∂y
= −∂(f, g)

∂(u, y)

/
∂(f, g)

∂(u, v)
.

ù�~f, 31�þ§9.3 ¥®²?ØL.

17.4.2 ���½½½nnn

�f´Rn��m8M�Rm�C1N�, ∀x ∈ B,òN��©df3:x�� rankdf(x)½

Â�f3:x��, �P�rankf(x).

N���½Â
���K�ê�¼êrankf : M → Z. w,rankf 6 min{m,n}, ¿
�f´C1Ó��, rankf = m(= n). ��
ó, rankfØ´~�¼ê, ~XN�f : R2 →
R2, (x1, x2)→ (x2

1, x
2
2), §��3: (0, 0)!(1, 0) ½ (0, 1)!(1, 1) ��©O�0, 1, 2.

XJ��3��m8UþN�f��rankf´~êr, Ò¡f3Uþ���r.

~~~ 17.4.2 éu�5N�A ∈ L(Rm,Rn), §��´~ê, �rankA = r. d�5�

ê�£, �3Rm��5gÓ�LmÚRn��5gÓ�Ln, ¦�

Ln ◦ A ◦ L−1
m = (Idr, 0).

ùpIdrL«Rrþ�ðÓN�.

XJòIOÄéA��I©OP�(x1, · · · , xm)Ú(y1, · · · , yn), ¿�

Lm(x1, · · · , xm) = (u1, · · · , um),

Ln(y1, · · · , un) = (v1, · · · , vn),

K3#��I(u1, · · · , um)Ú(v1, · · · , vn)e, N�Ln ◦ A ◦ L−1
m ��IL«�

(v1, v2, · · · , vn) = Ln ◦ A ◦ L−1
m (u1, u2, · · · , um)

= (u1, · · · , ur, 0, · · · , 0).

XJA´�5N�A3IOÄe�Ý
, ù�du�3m��_Ý
P , n��_Ý


Q¦�

Q · A · P−1 =

(
Ir 0

0 0

)
.

¯¢þ, òÝ
�Xe©¬

A =

(
A1 B1

A2 B2

)
,
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Ù¥A1´r��
, B1´r× (m− r)Ý
, A2´(n− r)× rÝ
, B2´(n− r)× (m− r)Ý

. �A1�_�, �±�

P =

(
A1 B1

0 Im−r

)
, Q =

(
Ir 0

−A2A
−1
1 In−r

)
.

���C1N����~ê�, 3�:���S�kaq�(J.

½½½nnn 17.4.2 �f´Rm�m8M�Rn�C1N�, f3Mþ���r. �x0 ∈ M ,

y0 = f(x0), K�3 x0���U1, y0���V1, ±9 C1�©Ó�ϕ : U1 → U ⊂ Rm,

C1�©Ó�ψ : V1 → V ⊂ Rn, ¦�EÜN� ψ ◦ f ◦ ϕ−1 : U → V÷v

ψ ◦ f ◦ ϕ−1 = (Idr, 0).

3y²½n�cI�`²�´, XJ(u1, · · · , um)´m8U��IX, KÏLC1�

©Ó�ϕ, (x1, · · · , xm) = ϕ−1(u1, · · · , um), (u1, · · · , um)´U1#��IX¶Ón, ÏLψ,

V��I(v1, · · · , vn)��Ñ
V1#��IX. 3ùü�#�IXe, N�ψ ◦ f ◦ϕ−1 �±

L«�

(v1, v2, · · · , vn) = ψ ◦ f ◦ ϕ−1(u1, u2, · · · , um) = (u1, · · · , ur, 0, · · · , 0).

duϕÚψ½Â3:x0Úy0NC, þª�3ÛÜ¤á, ùÚ�5N�ØÓ.

���½½½nnn���yyy²²² ·�^N���IL«5y²½n. �x = (x1, · · · , xm)Úy =

(y1, · · · , yn)©O´RmÚRn��IX, f = (f1, · · · , fn) = (y1, · · · , yn). ·�UC�

I(x1, · · · , xm)Ú(y1, · · · , yn)�ü�^S, �±�JacobiÝ
Jf(x0)�cr1!cr��¤

�fÝ
�_, Q, Ý


A =
( ∂fi
∂xj

)
16i,j6r

(x0) =


∂f1
∂x1

· · · ∂f1
∂xr

· · · · · · · · ·
∂fr
∂x1

· · · ∂fr
∂xr

 (x0)

�_. ±e�y²g�Ú�5N���/aq.

½ÂN�ϕ : M → Rm, (u1, · · · , um) = ϕ(x1, · · · , xm)�ui = fi(x1, · · · , xm), i = 1, 2, · · · , r,

uk = xk, k = r + 1, · · · ,m.

Kdϕ3x0:�_, ù´Ï�N�ϕ�JacobiÝ


Jϕ =

( ∂fi∂xj

) (
∂fi
∂xk

)
0 Im−r


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3:x0�_. ¤±�3x0���U1, ϕ : U1 → U = ϕ(U1) ⊂ Rm´C1�©Ó�.

y�	²L½Â�ëêC�ϕ�, N�f3#�I(u1, u2, · · · , um)e��IL«. N

�f ◦ ϕ−1 : U → Rn��IL«�yi = ui, i = 1, 2, · · · , r,

yk = fk ◦ ϕ−1(u1, · · · , um), k = r + 1, · · · , n.

5¿�rankϕ = m, Qdϕ´Rm�gÓ�, ¤±dd(f ◦ ϕ−1) = df ◦ (dϕ)−1�, rank(f ◦
ϕ−1) = r. XJ��^f ◦ ϕ−1��IL«O�§'uCþ(u1, · · · , un)�JacobiÝ
, �

�

J(f ◦ ϕ−1) =

 Ir 0(
∂(fk◦ϕ−1)

∂uj

) (
∂(fk◦ϕ−1)

∂ul

) .

¤±lrank(f ◦ ϕ−1) = rí�

∂(fk ◦ ϕ)

∂ul
= 0, r + 1 6 k 6 n, r + 1 6 l 6 m,

ù`²�k > r + 1�,

fk ◦ ϕ−1(u) = (fk ◦ ϕ−1)(u1, · · · , ur)

�´Cþu1, · · · , ur �¼ê.

e¡·��E���mRn��IC�. ²LRmÚRn·��²£, �±�x0 = 0 ∈
Rm, y0 = f(x0) = 0 ∈ Rn. Kϕ(x0) = ϕ(0) = 0 ∈ Rm. 3y0 = 0�����Br(0) ⊂ Rn

�±½ÂN�ψ : Br(0)→ Rn, (v1, · · · , vn) = ψ(y1, · · · , yn)�vi = yi, i = 1, 2, · · · , r,

vk = yk − (fk ◦ ϕ−1)(y1, · · · , yr), k = r + 1, · · · , n.

Kψ�JacobiÝ


Jψ =

 Ir 0

−
(
∂(fk◦ϕ−1)

∂yi

)
In−r


�_. Ïd�3y0���V1, ψ : V1 → V = ψ(V1) ⊂ Rn´C1�©Ó�. P

(v1, · · · , vn) = ψ(y1, · · · , yn).

dN�f ◦ ϕ−1ÚN�ψ��IL«, N´íÑ

(v1, · · · , vn) = ψ ◦ f ◦ ϕ−1(u1, · · · , um)

÷vµ 
vi = yi = ui, i = 1, 2, · · · , r,

vk = yk − fk ◦ ϕ−1(y1, · · · , yr)
∣∣∣
y=f◦ϕ−1(u)

= 0. k = r + 1, · · · , n.
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�

SSSKKK17.4

1. Ú^ÛN�½n�PÒ. �n = 2, m = 3. �ÄXeN�f = (f1, f2) : R5 → R2,

f1(x1, x2, y1, y2, y3) = 2ex1 + x2y1 − 4y2 + 3,

f2(x1, x2, y1, y2, y3) = x2 cos x1 − 6x1 + 2y1 − y3.

ea = (0, 1), b = (3, 2, 7), @of(a, b) = 0.

(1) O��5N�A = df(a, b), Ax, Ay3IOÄe�Ý
L«;

(2) �yAx�_, l
dÛ¼ê½n�±��½Â3(3, 2, 7)�����p�C1N�

g(y), ¦�g(3, 2, 7) = (0, 1)�f(g(y), y) = 0. O�dg(3, 2, 7)3IOÄe�Ý
L«.

2. �a = (a1, a2, · · · , an) ∈ Rn´���"�þ, ½Âõ�ª

fa(x) = xn + a1x
n−1 + · · ·+ an−1x+ an.

y²: XJa∗ ∈ Rn÷v: �§fa∗(x) = 0kn�pØ�Ó�¢�, K�3a∗��

�U¦��§fa(x) = 0 (∀a ∈ U) �kn�pØ�Ó�¢�, �§��´Xê�1w

¼ê.

J«: �b1, b2, · · · , b2´�§fa(x) = 0�n��, �ÄN�

F (a, x) = (fa(x1), fa(x2), · · · , fa(xn)) : Rn ⊕ Rn → Rn,

3x = (b1, b2, · · · , bn)NCA^ÛN�½n.

3. �f : R3 → R´C1N�, ·Kf(x, y, z) = 0íÑ

∂z

∂y

∂y

∂x

∂x

∂z
= −1

I��o^�.

4. �f´½Â3R3þ�1w¼ê, a ∈ R3, f(a) = 0, ∇f(a) 6= 0, Kf = f(x1, x2, x3) =

03:aNC½Â
�Ü­¡. y²: �3:aNC�#�IX, 3#�IXe­

¡f = 0L«�²¡.

5. �f : Rn → Rm´C1N�, y²é?¿x0 ∈ Rn, 3x0�����S

rankf(x) > rankf(x0)

¤á.
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6. �f = f(x1, x2) : R2 → R´C3¼ê.

(1) y²µXJf(0, 0) = 0, K�3C2¼êg1, g2÷v

f(x1, x2) = x1 g1(x1, x2) + x2 g2(x1, x2),

�gi(0, 0) = ∂f
∂xi

(0, 0), i = 1, 2. J«: �Ä

ˆ 1

0

d

dt
f(tx1, tx2) dt.

(2) �P (x0
1, x

0
2)´f�7:, ¿�f����êÝ
3:P�òz, y²: �3P��

��Uþ�ëêC�ϕ : U → V, ϕ(P ) = (0, 0), ¦�é?¿ (u1, u2) ∈ V ,

f ◦ ϕ−1(u1, u2) = f(P ) + ε1u
2
1 + ε2u

2,

Ù¥ε1, ε2 = ±1.
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§17.5 ^̂̂���444���

�Ù��§·�òA^N��©�5�§?Ø¼ê3�åe�^�4�¯K. 1�

þ®²0�
Lagrange¦ê{^u¦^�4��7:§ùp·�ò?Ø�����å

^�§¿0�^�4��¿©^�.

17.5.1 m���­­­¡¡¡

¤¢�å^�§Ï~Lã�½Â3�mRn£½§���m8¤����§|�).

��äN£ã�å^�§I�Ú\Rn¥m�­¡�Vg.

��*�­¡´¼ê�ã. ~Xf´½Â3Rn��m8Uþ�1w¼ê,

Γ(f) = {(x, f(x))
∣∣ x ∈ U} ⊂ Rn+1

¡�¼êf�ã, §´Rn+1��Ün�­¡. �£ã����­¡, ·�k?ØA�~f.

~~~ 17.5.1 Rn��K­�½Â�C1N�

γ : (a, b)→ Rn,

÷v|γ′(t)| 6= 0. ~X²¡þ�ü �±S: x2 + y2 − 1 = 0. ·���±^ëêθ5£ã

§: g(θ) = (cos, θ, sin θ). �Ø�3'uθ���m«m, ¦�g��3§þ¡´�ü �

±���éA. �,�½Â��[0, 2�)�±����éA§�§Ø´m8.

���{´rS©¤üÜ©, ¦�©OkëêL«: g : (0, 2�) → R2Úg :

(−�/2, �/2) → R2. ,���{´r�L«�¼êã�: x = ±
√

1− y2, y ∈ (−1, 1)

(�m��) ½ y = ±
√

1− x2, x ∈ (−1, 1). (þe��).

~~~ 17.5.2 �ÄR3¥�ü ¥¡

x2 + y2 + z2 − 1 = 0.

·��±r8��¥©O^¼êã�L«:

x = ±
√

1− y2 − z2, y = ±
√

1− x2 − z2, z = ±
√

1− x2 − y2.

,��~^�ëêL«´¥�IL«:

(x, y, z) = (cos θ sin φ, sin θ sin φ, cos φ).

ü ¥¡�xy²¡����ü �±§§�´R3�f8, �±^�§|{
x2 + y2 + z2 − 1 = 0,

z = 0
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L«. ��±À�N�x → (x, y, z) = (x, ±
√

1− x2, 0), ½öN�y → (x, y, z) =

(±
√

1− y2, y, 0), �´§ØUL«� z�¼ê.

~~~ 17.5.3 �Ä²¡þ�§

y3 − x2 = 0

½Â�­�. §këêL«

γ(t) = (t3, t2),

½öÀ�¼êy = x2/3�ã�. �,ëêL«¥Ñy�¼êÑ1w, Ï�γ′(0) = 0,

t = 0Ø´­���K:, ­�3�:´��k: (eã). XJ§��¼êf(x) = x2/3�

ã�, f ′(0)Ø�3.

~~~ 17.5.4 �m < n§�Ä½Â3m8U ⊂ Rmþ�n−m�Ck¼êϕ1, · · · , ϕn−m,

½öN�

Φ = (ϕ1, · · · , ϕn−m) : U → Rn−m.

N�Φ½Â
��Rn�f8Ü

Γ(Φ) = {(x, Φ(x)) | x ∈ U}

= {
(
x1, · · · , xm, ϕ1(x1, · · · , xm), · · · , ϕn−m(x1, · · · , xm)

) ∣∣∣ (x1, · · · , xm) ∈ U},

¡�N�Φ�ã. ¢Sþ§´N�(Idm, Φ) : U → Rn��(U, Φ(U)).

����§XJ{j1, · · · , jm}´{1, 2, · · · , n}���f8, j1 < j2 < · · · < jm,


{k1, · · · , kn−m}, k1 < k2 < · · · < kn−m ´{j1, · · · , jm}3{1, 2, · · · , n}¥�{8. �

�CkN�

Φ : U → Rn−m,Φ =
(
ϕk1(xj1 , · · · , xjm), · · · , ϕkn−m(xj1 , · · · , xjm)

)
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�ãΓ(Φ)�

Γ(Φ) = {(· · · , xk1−1, ϕk1 , xk1+1, · · · )}.

Rn���m�­¡��½Â�ÛÜ´lRm��m8�Rn�÷�N�. ùp·�Ø

æ^���­¡½Â§
^��{ü�½Â§§v±£ã^�4�¥��å^�.

½½½ÂÂÂ 17.5.1 ��Rn�f8M¡�´m�Ck (k > 1, 1 6 m 6 n − 1)­¡´

�µé?¿x ∈ M , �3x3Rn¥���V , ¦�M ∩ V�±L«¤��½Â3m�m
¥U ⊂ Rmþ�CkN��ã.

�½Â, (Üc¡?Ø�~f�±wÑ, ¥¡x2 + y2 + z2 − a2 = 0´R3�2�­¡;

� x2 + y2 + z2 − a2 = 0,

z = 0

´R3�(1�)­�, §�´�§

Φ(x, y, z) = (x2 + y2 + z2 − a2, z) = 0

�)8Ü.

|^ÛN�½n�±y²§·�Ï~¤^��å^�)(n−m)�Õá�§éá�

)§´m�­¡. ù�´ÛN�½n�AÛ)º.

555��� 17.5.2 �W´Rn�m8,

F = (f1, · · · , fn−m) : W → Rn−m

´CkN�§¿�rankF ≡ n−m, QN�F÷�. K�

M = {x ∈ W | F (x) = 0}

���§§´m�Ck­¡.

yyy²²² �x0 ∈ W§F (x0) = 0. drankF (x0) = n−m. ·�­ügCþ(x1, x2, · · · , xn)^

S, ·��±�Ý
 (
∂fi
∂xj

)
(x0), 1 6 i 6 n−m, m+ 1 6 j 6 n

�_. |^ÛN�½n§½Â3Rn = Rm ⊕ Rn−m��§|
f1(x1, · · · , xm, xm+1, · · · , xn) = 0,

· · · · · · · · ·

fn−m(x1, · · · , xm, xm+1, · · · , xn) = 0.
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3x0NCk��)§Q�3±x0 = (x0
1, · · · , x0

n)�¥%�m¥V = Br(x
0)§ U =

V 3Rm�ÝK§±9N�Φ : U → Rn−m§÷v

(x0
m+1, · · · , x0

n) = Φ(x0
1, · · · , x0

m)

Ú

F
(
x, · · · , xm, xm+1 ◦ Φ(x1, · · · , xm), · · · , xn ◦ Φ(x1, · · · , xm)

)
= 0, ∀(x1, · · · , xm) ∈ U.

KM ∩ VÒ´N�Φ�ã. �

17.5.2 ������mmm

e¡·�?Øm�­¡���m. �ì�©�*:, ��m´­¡���Cq, ´�

�m�f�m.

��­¡M(⊂ Rn)þ�C1­�γ´�C1N�γ : (a, b)→ Rn, �γ
(
(a, b)

)
⊂M .

½½½ÂÂÂ 17.5.3 �M ⊂ Rn´��m�­¡§x0 ∈ M . ­¡3:x0��²¡£��

m¤½Â�

Tx0M = {MþL:x0�C1­�3:x0���þ}.

Äk·�©ÛN�ã���m. ��{ü~f´, ¼êy = f(x)3�:y0 = f(x0)�

���§´y − y0 = f ′(x0)(x− x0), Ïd§3:(x0, y0)���þkXe/ªµ

v =
(
x− x0, f

′(x0)(x− x0)
)
.

��/, �M = Γ(Φ)´C1N�

Φ = (ϕm+1, · · · , ϕn) : U ⊂ Rm → Rn−m

�ã§x̃0 ∈ U , x0 =
(
x̃0, Φ(x̃0)

)
∈ M , XJγ(t) = (x1(t), · · · , xm(t))´½Â�US�­

�, γ(0) = x̃0§@o(γ(t), Φ ◦ γ(t))´MþL:x0�­�, §���þ�

d

dt

(
γ(t), Φ ◦ γ(t)

)
=
(
γ′(t), dΦγ(t)(γ

′(t)
)
,

d

dt

∣∣∣∣
t=0

(
γ(t), Φ ◦ γ(t)

)
=
(
γ′(0), dΦγ(0)(γ

′(0)
)
.

dγ(t)�?¿5, ��þγ′(0)�±�HRm��þ§dd��

Tx0M = {(v, dΦx̃0(v))
∣∣ v ∈ Rm}.

ù`²§�­¡M´��N��ã�§§3:x���mTxM´Rn�m�f�m.

555PPPµµµ Ï���mTx0M´­¡M3:x
0���þ8Ü§§�¤k�þÑ�±À�

±:x0�å:��þ. Ïd�±ò­¡���m?�Ú£ã�µ

Tx0M = {x0} ⊕ {(v, dΦx̃0(v)) | v ∈ Rm},
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�Ï�§��ê$��é�þÜ©½Â§¤±Tx0M�,´���5�m.

�½Â§­¡3?�:NCÑ´��N��ã§·�k

555��� 17.5.4 �M´Rn�m�Ck­¡§K∀x ∈M§TxM´��m�f�m.

e¡·�?Ø�­¡d���§|½Â�§XÛ£ã§���m.

~~~ 17.5.5 �f : U(⊂ Rn)→ R´��Ck¼ê, |df | = |∇f | 6= 0. �x0 ∈ U§�5
� 17.5.2,

S(f) = {x ∈ U | f(x) = f(x0)}

´��n− 1�­¡§¡�¼êf���¡.

�γ(t) = (x1(t), · · · , xn(t))´S(f)S��^1w­�§Kf ◦ γ(t) ≡ f(x0)§ét¦�

��

0 =
d

dt
f ◦ γ(t) =

d

dt
f(x1(t), · · · , xn(t))

=
n∑
j=1

∂f

∂xj

dxj(t)

dt
= 〈∇f

∣∣∣
γ(t)

, γ′(t)〉,

dd�±�Ñ­¡S(f)3�:���þ�¼êf3T:�FÝR�. Ï�dimTxS(f) =

n− 1, ¤±

TxS(f) = {v ∈ Rn | 〈v, ∇f(x)〉 = 0}.

=§¼êf���¡S(f)3�:x���m´±FÝ∇f(x)�{��n− 1�f�m.

���/·�k

555��� 17.5.5 �F = (f1, · · · , fn−m) : W ⊂ Rn → Rn−m´��Ck N�§rankF =

n−m. Km�­¡

M = {x ∈ Rn | F (x) = 0}

���m�

TxM = {v ∈ Rn
∣∣ dFx(v) = 0}.

yyy²²² �γ(t)´Mþ��^­�§KF ◦ γ(t) = 0. ét¦���

d

dt
F ◦ γ(t) = dFγ(t)(γ

′(t)) = 0.

l��m�½Â�±wÑ§XJv ∈ TxM§KdFx(v) = 0. qÏ�dimTxM = m, Rn�
f�m{v ∈ Rn

∣∣ dFx(v) = 0} ��ê= n− rankdFx = m, ¤±

TxM = {v ∈ Rn
∣∣ dFx(v) = 0}.

�
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XJF = (f1, · · · , fn−m)§@o|^~17.2.4�(J,

dFx(v) =
(
〈∇f1(x), v〉, · · · , 〈∇fn−m(x), v〉

)
,

dFx(v) = 0�du

〈∇fi(x), v〉 = 0, 1 6 i 6 n−m.

­¡M = {x | F (x) = 0}´©þ¼êfi���¡

S(fi) = {x | fi(x) = 0}, i = 1, · · · , n−m

��8, §���m�´ù
��¡��m��. ∇fi(x) (i = 1, · · · , n −m)´TxM�

£�5Ã'�¤{�þ|§§�)¤��5f�m�TxMR�§¡�M3:x�{�m,

P�NxM .

17.5.3 ^̂̂���444���

�M´Rn�m�­¡, ·�?Ø½Â3Rnm8þ�¼êf§��3Mþ��4�¯
K.

555��� 17.5.6 �f´½Â3Rn��m8WS���ëY��¼ê§M´WS

�m�­¡. �x0 ∈M´¼êf
∣∣
M
�4�:§� ∇f(x0) 6= 0§K

Tx0M ⊂ Tx0S(f),

ùp

S(f) = {x ∈ W
∣∣ f(x) = f(x0)}

´¼êf���¡.

555PPPµµµ^�∇f(x0) 6= 0¿Ø´���. XJ∇f(x0) = 0§@ox0®²´¼êf�7

:. ·�ý�I�Ïé�´¼êf
∣∣
M
�4�:§¿�§Ø´f�7:.

yyy²²² �v ∈ Tx0M§γ(t)´Mþ�­�§÷vγ(0) = x0, γ′(0) = v. üCþ¼ê

f
∣∣
M
◦ γ(t) = f ◦ γ(t)

3t = 0�4�§¤±

0 =
d

dt
f ◦ γ(t)

∣∣∣
t=0

= dfx0(v) = 〈∇f(x0), v〉.

¤±v ∈ Tx0S(f). �

XJ­¡Md�§|½Â§·�k
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½½½nnn 17.5.7 (Lagrange¦ê{) �W´Rn�m8§f´½Â3Wþ�C1¼ê§

G = (g1, · · · , gm) : W → Rm´C1N�, x0 ∈ W, G(x0) = 0 �rankGx0 = m. X

Jx0´¼êf��38Ü

M = {x ∈ W
∣∣ G(x) = 0}

þ�4�:§K�3~�þλ0 = (λ0
1, · · · , λ0

m) ∈ Rm§(x0, λ0)´¼ê

H(x, λ) = f(x) + 〈λ, G(x)〉 = f(x) +
(
λ1g1(x) + · · ·+ λmgm(x)

)
�7:.

yyy²²² XJ∇f(x0) = 0§@oλ0 = 0÷v�¦. ±e�∇f(x0) 6= 0. �½n^

�§3x0�����S§M = {x |G(x) = 0}´ n − m�­¡§S(f) = {x | f(x) =

f(x0)}´n− 1�­¡.

d5�17.5.6§Tx0M´ Tx0S(f)�f�m, ù�duTx0S(f)£3Rn¤���Ö
�m´Tx0M��Ö�mNx0M �f�m. �Tx0S(f)���Ö�m�ê�u1§§

d∇f(x0))¤, ¤±

∇f(x0) ∈ spanR{∇g1(x0), · · · ,∇gm(x0)}(= Nx0M),

Q�3~êλ0
1, · · · , λ0

m÷v

∇f(x0) = −
(
λ0

1∇g1(x0) + · · ·+ λ0
m∇gm(x0)

)
.

¤±

∂

∂xi
H(x, λ)

∣∣∣
(x0, λ0)

=

(
∂f

∂xi
+ λ1

∂g1

∂xi
+ · · ·+ λm

∂gm
∂xi

) ∣∣∣∣
(x0, λ0)

= 0, (1 6 i 6 n)


�
∂

∂λi
H(x, λ)

∣∣∣
(x0, λ0)

= gi(x
0) = 0, i = 1, 2, · · · ,m.

�

��·�?Ø4��¿©^�. 3vk�å�§�½¼ê4�4���¿©^�´

�	¼êHessianÝ
)¤��g..

½Â3W ⊂ Rnþ�C2 ¼ê f , ÙHessian Ý
´d f ��� �ê�¤�Ý

∂2f

∂x1∂x1
(x) ∂2f

∂x1∂x2
(x) · · · ∂2f

∂x1∂xn
(x)

∂2f
∂x2∂x1

(x) ∂2f
∂x2∂x2

(x) · · · ∂2f
∂x2∂xn

(x)

· · · · · · · · · · · ·
∂2f

∂xn∂x1
(x) ∂2f

∂xn∂x2
(x) · · · ∂2f

∂xn∂xn
(x)

 .

Ï��� �êëY, ¤±Ý
´é¡�.

� Hessian Ý
�Ñ��g.�½�éA4��, �g.K½�éA4��. ^�

4��½4�4��¿©^�aq, �´�A��g.��3�å­¡���m��.



182 1 17 Ù N���©

½½½nnn 17.5.8 �W´Rn�m8§f´½Â3W ⊂ Rnþ�C2¼ê§G : W →
Rm´C2N�§rankG = m, x0 ∈ W , G(x0) = 0.

�(x0, λ0)´¼êH(x, λ) = f(x) + 〈λ, G(x)〉�7:§ùpλ0 = (λ0
1, · · · , λ0

m) ∈
Rm´~�þ. PM = {x ∈ W | G(x) = 0}§�	�g.

Q(v) =
n∑

i,j=1

∂2H

∂xi∂xj
(x0, λ0)vivj , v = (v1, · · · , vn) ∈ Tx0M.

1. XJQ(v)�½, Kx0´¼êf
∣∣
M
�4��:;

2. XJQ(v)K½, Kx0´¼êf
∣∣
M
�4��:;

3. XJQ(v)Ø½, Kx0Ø´¼êf
∣∣
M
�4�:.

yyy²²² �x ∈M�§H(x, λ) = f(x), d�

f(x)− f(x0) = H(x, λ)−H(x0, λ).

ò¼êH(x, λ)37:(x0, λ0) ���TaylorÐm,

��

f(x)− f(x0) = H(x, λ0)−H(x0, λ0)

=
n∑

i,j=1

∂2H

∂xi∂xj
(x0, λ0)(xi − x0

i )(xj − x0
j) + o(|x− x0|2).

ùpx = (x1, · · · , xn), x0 = (x0
1, · · · , x0

n). ·�I�òx− x0 (x ∈ M)L«�M���þ

�p�Ã¡��Ú.

Px̃ = (x1, · · · , xn−m)§Ø���5�3x0NCn −m�­¡M�L«�C2N�Φ :

U ⊂ Rn−m → Rm�ã, =3x0NC,

M = {(x̃, Φ(x̃)) | x̃ ∈ U ⊂ Rn−m}

¤±�x ∈M �,

x− x0 =
(
x̃− x̃0, Φ(x̃)− Φ(x̃0)

)
,

|^Φ���5§

Φ(x̃)− Φ(x̃0) = dΦx0(x̃− x̃0) + o(|x̃− x̃0|).

Ï�x̃− x̃0 ∈ Rn−m, ¤± v =
(
x̃− x̃0, dΦx̃0(x̃− x̃0)

)
∈ Tx0M , ¿�

x− x0 = (x̃− x̃0, Φ(x̃)− Φ(x̃0))

= v + o(|x̃− x̃0|).
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ddíÑ, �x ∈ M�|x − x0|¿©��, |x − x0|�|v|´Ó�Ã¡�þ, ¿�x − x0 =

v + o(|v|). ·�k
n∑

i,j=1

∂H2

∂xi∂xj
(x0, λ0)(xi − x0

i )(xj − x0
j) = Q(v) +O(|x− x0|) · o(|x− x0|)

= Q(v) + o(|v|2),

�\cãTaylorÐmª, ��

f(x)− f(x0) =
1

2
Q(v) + o(|v|2).

¤±�x ∈M�|x− x0|¿©��,

eQ(v)�½, Kf(x)− f(x0) > 0;

eQ(v)K½§Kf(x)− f(x0) < 0.

ùÒy²
½n�cü�(Ø.

XJQ(v)´Ø½�g., K�3ü �þv1, v2 ∈ Tx0M , ¦�

Q(v1) > 0, Q(v2) < 0.

�Mþ�­�γi(t)÷v

γi(0) = x0, γ′(0) = vi, i = 1, 2.

òγi(t)3t = 0�TaylorÐm,

γi(t) = x0 + vi t+ o(t), i = 1, 2,

(Ü¼êf3:x0�TaylorÐm��

f ◦ γi(t)− f ◦ γi(0) = f ◦ γi(t)− f(x0) = t2Q(vi) + o(t2)

= t2
(
Q(vi) + o(1)

)
, i = 1, 2.

¤±�|t|¿©��, f ◦γ1(t)−f(x0) > 0, f ◦γ2(t)−f(x0) < 0. ù`²x0Ø´¼êf
∣∣
M
�

4�:. �

~~~ 17.5.6 ¦¼êf(x, y, z) = xyz3�å^�x2 + y2 + z2 = 1, x+ y + z = 0e�

���Ú���.

))) Ï�¼ê½Â3��;�8Üþ, §7k���Ú���, ¤±��¦Ñ�U�

7:=�. Äk�y�å^�÷v½n17.5.7��¦. �å^��JacobiÝ
�(
2x 2y 2z

1 1 1

)
,
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XJ§���1, Kx = y = z, ù�ü��å^�x2 + y2 + z2 = 1, x+ y+ z = 0gñ. ¤

±�å^�´��÷�N�.

�Lagrange¼ê

H(x, y, z, λ, µ) = xyz + λ(x2 + y2 + z2 − 1) + µ(x+ y + z),

���§| 
yz + 2λx+ µ = 0,

xz + 2λy + µ = 0,

xy + 2λz + µ = 0.

l�§|¥?�ü��§, ��µ, �±��
x = y ½ z = 2λ,

y = z ½ x = 2λ,

z = x ½ y = 2λ.

�x = y = zØU¤á, ¤±4�:(x, y, z)okü��I©þ��. Ø��Ù�x = y, �

\�å^���

2x2 + z2 = 1, 2x+ z = 0,

¤±x = y = ±
√

1
6 , Kz = −2x = ∓2

√
1
6 . ¤±

fmax =

√
6

18
, fmin = −

√
6

18
.

�

~~~ 17.5.7 �A = (aij)´é¡Ý
, ¦�g.

f(x) =
n∑

i,j=1

aijxixj (x ∈ Rn)

3ü ¥¡Sn−1 = {x ∈ Rn
∣∣ |x|2 = 1}�4�.

))) �å^�

φ(x) =
n∑
i=1

x2
i − 1 = 0,

§�FÝ∇φ = 2(x1, x2, · · · , xn)3ü ¥¡þØ�u". �ELagrange¼ê

H(x, λ) =
n∑

i,j=1

aijxixj − λ(
n∑
i=1

x2
i − 1),

¦�Ò��
n∑
j=1

aijxj − λ xi = 0, i = 1, 2, · · · , n.
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ù`²7:(x, λ)÷v

AxT = λxT,

Qλ´é¡Ý
A�A��, x´�A�ü A��þ.

Ï�ü ¥¡´��;�8Ü, ¤±¼êf3Ùþ�½k��!���, 
�4�

¬3^�4��7:��. �A�A���λ1 6 λ2 6 · · · 6 λn, �A�ü A��þ

�v1,v2, · · · ,vn, KN´wÑ

min f = f(v1) = λ1, max f = f(vn) = λn,

AO, v1ÚvnÑ´4�:. e¡·�ò`², XJ,�A��λk÷vλ1 < λk < λn, K�

A�A��þvkØ´^�4��4�:.

¼êH(x, λ)37:(vk, λk)�HessianÝ
´(
∂H(x, λ)

∂xi∂xj

)
(vk, λk) = 2A− 2λkIn.

�Ä�A�g.3��mTvkS
n−1���. ü ¥¡Sn−13:vk�{�þ�

1
2∇φ(vk) =

vk, ¤±v1, vn ∈ TvkSn−1. �Ï�

v1

(
A− λkIn

)
vT

1 = λ1 − λk < 0,

vn
(
A− λkIn

)
vT
n = λn − λk > 0,

¤±d½n17.5.8, vkØ´4�:. �

SSSKKK17.5

1. ¯e¡�§(|)¥¢~ê�Û��, �§(|)½Â
��C1­¡? é@
�±½

ÂC1­¡, éÑÛÜ�¼êã�L«:

(1) x2 + y2 − z2 = c;

(2) x2 + y2 + z2 = c1, x2 + y2 − z2 = c2;

(3) xyz = c.

2. éSK 1 ¥�­¡, O�3z�:���m�{�m(ùp���m�{�mÑ´

�5�m).

3. �M ⊂ Rn´m�C1­¡, f : M → R´C1 ¼ê. y²: éuMþz:, �3�

�Rn¥���U , ¦��3C1¼êF : U → R÷v F (y) = f(y), ∀y ∈M ∩ U .

J«: ¦^­¡�¼êã�L«.

4. éü ¥¡x2 + y2 + z2 = 1þz:(x̃, ỹ, z̃) �¥¡þT:�z���þ(v1, v2, v3),

�E�^¥¡þ�C1 ­�, §3(x̃, ỹ, z̃)���þTÐ´ (v1, v2, v3).
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5. y²��m��5C�A ∈ L(Rm,Rn) (n > m) �8Ü3�5�mL(Rm,Rn) p´

��m8.

6. �M´d�� uxz²¡þ�z¶Ø���±7z¶^=�±���­¡. §¡�

�¡(torus). y²§´��C1��­¡, ¿O�§þ¡z:���m.

7. y²Rn1��m1�­¡M1�Rn2¥�m2�M2��È M1 × M2´Rn1+n2¥�m1 +

m2�­¡. ¿�^M1þ:x���m�M2þ:y���mL«M1×M2þ:(x, y)�

��m.

8. y²�§x2
1 + x2

2 + · · ·+ x2
n = 1½Â
Rn¥��C1�(n− 1)�­¡.

9. y²1�ª�u1�n��
�N´Rn2
�C1�n2 − 1�­¡.

10. y²n����
��N´Rn2
¥�C1�n(n− 1)/2�­¡.

11. �M´Rn�C1­¡, y0 ∈ Rn\M . �x´M þ�y0�ål��½ö���:. y²

ë(x�y��ã�­¡MR�(=, �x:���mR�).

J«: �Äål�²�¬N´�
.

12. �M�M ′´Rn¥ü�Ø���­¡. �x0 ∈ M�y0 ∈ M ′¢yü�­¡�m:�
ål����½ö���. y²ë(x0�y0��ã�ü�­¡ÑR�.

13. |^ Lagrange ¦ê{û½e�¼êf3^�G(x) = 0e�4�:

(1) f(x, y, z) = x2 + 4y2 − z2, G(x, y, z) = x2 + y2 + z2 − 1.

(2) f(x, y, z) = zx+ 2y, G1(x, y, z) = x2 + y2 + 2z2 − 1, G2(x, y, z) = x2 + y + z.

(�I�Ñ4�:÷v��§.)

(3) f(x, y, z) = x2 + y2 + z2, G(x, y, z) = x2 + 4y2 − 2z2 − 1.

14. A^���ê�O{�½þ�SK¥�.:�5�.

15. ¦Ñ¼êf(x, y) = x3 − 3xy + y3ü ��x2 + y2 6 1p���(�Ñ��÷v�

�§=�).

16. y²�(entropy)
n∑
j=1

xj log xj

3�å
n∑
j=1

xj = 1e3:(1/n, 1/n, · · · , 1/n) ����.

17. �x = (xij) ∈M(n)´n�¢�
, v1, v2, · · · ,vn´§�n�1�þ, y²µ

| detx| 6 |v1| · |v2| · · · |vn|.
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�Ù·�ò?Ø½Â3Euclid�mRnþ¼ê�È©, ïáî��RiemannÈ©nØ.

lcüþ�?Ø·�®²��, RiemannÈ©��þ´��4�L§, §´3½Â

�[©¿Âe, ¼ê,«¦Ú�4�. Ò½Â�©�
ó, üCþ¼êÚõCþ¼êké

��«O. üCþ¼ê�½Â�´«m, é«m�©������«m, z��«m��

Ý´w
´��. �´, �Ä½Â3Rnf8þ¼ê�È©, §�½Â�(�E,, XJé

½Â��©�, I�c[½Âz��¬�¡È½NÈ. ù
¯KE¤
½ÂõCþ¼ê

�RiemannÈ©, /ªþ�'½ÂüCþ¼ê�RiemannÈ©E,, ¦+��þ§�´�

��.

�Ù�?Øn = 2�RiemannÈ©�½Â, Ï�n > 3�, È©�½Â�n = 2��/

����. �·�¬ïÄ���ê�È©��úª.

�9�È©½Â�ü�Ä�¯K´µ1. �o��8Üþ�±½ÂÈ©¶2. �o�

�¼ê�È. ·�òl½Â²¡f8Ü�¡È\Ã, LÞ�¼ê�È©½Â, �Ú�Ú/

ïáRiemannÈ©nØ.

§18.1 R2���kkk¡¡¡ÈÈÈ888ÜÜÜ

·�¡Euclid²¡R2þ/XI = [a, b]× [c, d]�8Ü�Ý/«m, {¡«m, §�¡

Èσ(I)�u(b− a)(d− c).

é²¡���k.f8Ü, ���*��{´|^k��Ý/5%CT8Ü, ÏL

ù
Ý/�¡È5%C8Ü�¡È. Äk0��Eù
Ý/��{, ¡�²¡©�.

18.1.1 ¡¡¡ÈÈÈ���½½½ÂÂÂ

ê¶���©�π = {xn}´�ê¶þ���:�{xn | n ∈ Z}÷v xn < xn+1, ∀n ∈
Z, �

lim
n→−∞

xn = −∞, lim
n→+∞

xn = +∞,

§òê¶©�¤SÜpØ�����4«m{[xn, xn+1] | n ∈ Z}, z�xn¡�©���
:.

½½½ÂÂÂ 18.1.1 �πx = {xn}Úπy = {yn}©O´x¶Úy¶�©�, ²¡þ��I¶

²1���x = xk Ú y = yl, (k, l ∈ Z)ò²¡©�SÜpØ����X�Ý/«m, ù


«m¡�²¡���©�, P�

π = (πx, πy) = {Ikl = [xk, xk+1]× [yl, yl+1]
∣∣ k, l ∈ Z}.
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²¡þ�:(xk, yl)¡�©�π��:, ¿½Â©�π��‖π‖�

‖π‖ = sup{
√

(xk+1 − xk)2 + (yl+1 − yl)2
∣∣ k, l ∈ Z}.

�½Â, ©�π��:8Ü{(xk, yl)
∣∣ k, l ∈ Z} ��éA, ØÓ�©�éAØÓ��

:8Ü. �π1Úπ2´²¡�ü�©�, XJπ1�¤k�:Ñ´π2��:, Ò¡π2´ π1�

\[, w,ù�π2�z��Ý/«mÑá3π1 �,�Ý/«mS, 
�π1�z��Ý/

«mÑ´eZ£k�¤�π2Ý/«m�¿.

�D´²¡���k.8Ü, π´²¡���©�, �±^π�«mlS!	ü�¡

%C8ÜD, �d½Â

σ−π (D) =
∑
Ikl⊂D

σ(Ikl), σ+
π (D) =

∑
Ikl∩D 6=∅

σ(Ikl),

duD´k.8Ü, ùp¦ÚÑ´k�Ú. σ−π (D)L«¤k�¹3DSÜ£©�π�¤«

m�¡È�Ú, σ+
π (D)L«�Dk��¤k«m�¡È�Ú, w,σ−π (D) 6 σ+

π (D).

555��� 18.1.2 �©�π2´©�π1�\[, K

σ−π2(D) > σ−π1(D), σ+
π2(D) 6 σ+

π1(D).

yyy²²² �Ikl ∈ π1, XJIkl ⊂ D, duIkl´eZ�π2«m�¿, ù
π2�«mÑ�¹

uD, ¤±, ⋃
Ikl∈π1
Ikl⊂D

Ikl ⊂
⋃

I′kl∈π2
I′kl⊂D

I ′kl.

ùy²
σ−π2(D) > σ−π1(D).

�I ′kl ∈ π2, XJI ′kl ∩D 6= ∅, K¤k�¹I ′kl�π1«mÑ�Dk�, ¤±⋃
Ikl∈π1
Ikl∩D 6=∅

Ikl ⊃
⋃

I′kl∈π2
I′kl∩D 6=∅

I ′kl.

ùy²
σ+
π2(D) 6 σ+

π1(D). �

þã·KL², �X©��5�[, σ−π (D)üNþ,, σ+
π (D)üNeü. �ì4�g

�, ·�lþ!eü����E¡È�%C. -

σ−(D) = sup
π
σ−π (D), σ+(D) = inf

π
σ+
π (D),

ùpþe(.Ñ´é²¡�¤k©���. σ−(D)¡�8ÜD�S¡È, σ+(D)¡�8

ÜD�	¡È.
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555��� 18.1.3 σ−(D) 6 σ+(D).

yyy²²² �π1Úπ2´²¡�ü�©�, rü�©�Ø­E��:�3�å, ����

#�©� π = π1 ∪ π2. w,, πQ´´π1�\[�´π2�\[. dd��Ø�ª

σ−π1(D) 6 σ−π (D) 6 σ+
π (D) 6 σ+

π2(D),

dπ1Úπ2�?¿5, ��íÑ·K. �

½½½ÂÂÂ 18.1.4 �²¡�k.8ÜD, XJσ−(D) = σ+(D), K¡σ(D) = σ−(D) =

σ+(D) ´8ÜD�¡È½öJordanÿÝ, D¡�k¡È8½Jordan�ÿ8, {¡�ÿ8.

ÿÝ�0�8Ü¡�"ÿ8.

�â5�18.1.3, ��k.8Ü´"ÿ8��=�§�	¡È�u0. Ïd²¡þ

�k�:8´�ÿ8, ÿÝ�u0. �´²¡��ê:8Ø�½´�ÿ8. ~X, �S´

Ý/ I = [0, 1] × [0, 1]S�¤kkn:£=ü��IÑ´knê�:¤8Ü, duSv

kS:, σ−(S) = 0, �duS3 I¥È�, ¤±z��Sk��Ý/�I�½k�, l


σ+(S) > σ(I) = 1, ¤±SØ´�ÿ8.

18.1.2 ¡¡¡ÈÈÈ���ÄÄÄ���555���

·�Äky²1�þ�ãL���(Ø: ��k.8Ü´�ÿ8��=�§�>.

8Ü´"ÿ8.

ÚÚÚnnn 18.1.5 D´�ÿ8��=�, �3��©�{πn}¦�

lim
n→∞

(
σ+
πn(D)− σ−πn(D)

)
= 0.

yyy²²² d

σ−πn(D) 6 σ−(D) 6 σ+(D) 6 σ+
πn(D),

¿©5´w,�. �y²7�5, �ìS	¡È�½Â��, �3ü�©��{π1
n}Ú

{π2
n}¦�

lim
n→∞

σ−π1
n
(D) = σ−(D), lim

n→∞
σ+
π2
n
(D) = σ+(D).

-πn = π1
n ∪ π2

n, ·�k

σ−π1
n
(D) 6 σ−πn(D) 6 σ+

πn(D) 6 σ+
π2
n
(D).

duσ−(D) = σ+(D), -n→∞��

lim
n→∞

σ−πn(D) = lim
n→∞

σ+
πn(D).

�
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½½½nnn 18.1.6 ²¡k.f8ÜD´Jordan�ÿ8�¿©7�^�´, 8ÜD�>.

:8∂D�ÿÝσ(∂D) = 0.

yyy²²² £�8Ü>.�½Â: :P¡�´8ÜD�>.:´�, P�?¿��

�DÚD�{8DcÑk���8. �{π}´��²¡©�, P

∂Dπ = {Ikl ∈ π
∣∣∣ Ikl ∩D 6= ∅, Ikl ∩Dc 6= ∅},

K

σ+
π (D)− σ−π (D) =

∑
Ikl∈∂Dπ

σ(Ikl).

¿©5µÏ�σ(∂D) = 0, ¤±�3��©�{πn}÷v lim
n→∞

σ+
πn(∂D) = 0, �é?Û

Ikl ∈ ∂Dπn, Ikl ∩ ∂D 6= ∅, ·�k

σ+
πn(D)− σ−πn(D) =

∑
Ikl∈∂Dπn

σ(Ikl)

6 σ+
πn(∂D)→ 0, (n→∞).

¤±D´�ÿ8.

7�5µ?��êε, e¡©üÚ�E©�π′¦�, σ+
π′(∂D) 6 ε.

dÚn, �3©�π = {Iij}¦�

σ+
π (D)− σ−π (D) 6 ε.

Ï�
⋃

Iij∩D 6=∅

Iij�48, ¤±

D ⊂
⋃

Iij∩D 6=∅

Iij .

·�·�/ �z��¹uD�Ý/Iij��Ý/I
−
ij , ¦Ù÷vXe'X�Ø�ª:⋃

Iij⊂D
I−ij ⊂

⋃
Iij⊂D

I◦ij ⊂
⋃
Iij⊂D

Iij ⊂ D,

σ−π (D)−
∑
Iij⊂D

σ(I−ij ) < ε.

Ó�, ·�*��Dk��«mIij�o�>��«mI
+
ij , ÷v∑

Iij∩D 6=∅

σ(I+
ij )− σ

+
π (D) < ε,

K ∑
Iij∩D 6=∅

σ(I+
ij )−

∑
Iij⊂D

σ
(
I ′ij
)
6
(
σ+
π (D) + ε

)
−
(
σ−π (D)− ε

)
< 3ε.
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Ï�
⋃
Iij⊂D

I◦ij�m8, ¤± ⋃
Iij⊂D

I−ij ⊂ D◦.

qÏ�∂D = D\D◦(ë�5�16.2.16), lþ¡�X��¹'Xª, ·���

∂D ⊂
⋃

Iij∩D 6=∅

I+
ij\

⋃
Iij⊂D

I ′ij .

òπ��:�Ý/8Ü{I+
ij , I

−
ij}�º:Ü3�å,|¤��#�©�π′,��σ+

π′(∂D) 6

3ε. �

'u8Ü�¡È, kXeÄ�5�.

555��� 18.1.7 �D1, D2´ü�k.8Ü,

1. eD1 ⊂ D2, Kσ+(D1) 6 σ+(D2);

2. σ+(D1 ∪D2) 6 σ+(D1) + σ+(D2),

3. "ÿ8�f8´"ÿ8, k��"ÿ8�¿8´"ÿ8¶

4. eD1ÚD2Ñ´�ÿ8, KD1 ∪D2´�ÿ8, �

σ(D1 ∪D2) 6 σ(D1) + σ(D2),

5. eD1ÚD2Ñ´�ÿ8�D◦1 ∩D◦2 = ∅, K

σ(D1 ∪D2) = σ(D1) + σ(D2).

yyy²²² 5�1´w,�.

5�2: é?¿�©�π, CXD1ÚD2�Ý/«m�N�CXD1 ∪D2, ¤±

σ+
π (D1 ∪D2) 6 σ+

π (D1) + σ+
π (D2),

dπ�?¿5�(Ø¤á.

5�3: d5�1�"ÿ8f8�	¡È�", ¤±¡È´", d(2)�ü�"ÿ8�

¿8´"ÿ8, Ïdk��"ÿ8�¿8´"ÿ8.

5�4: d∂(D1 ∪D2) ⊂ ∂D1 ∪ ∂D2�∂(D1 ∪D2)´"ÿ8, ¤±D1 ∪D2´�ÿ8.

d5�2 �Ø�ª¤á.

5�5: eD1ÚD2�S:8Ø�, K?¿Ý/«mØ�UÓ��¹uD1 ÚD2, ùí

�é?Û�©�π,

σ−π (D1 ∪D2) > σ−π (D1) + σ−π (D2),

=σ−(D1 ∪D2) > σ−(D1) + σ−(D2), (Ü(2)�(Ø¤á. �
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3±þ?Ø¥, ·�´é?¿©�π©O�þ!e(., ½Â
²¡8Ü�S!	¡

È. ¯¢þ, �Ié�aAÏ�©��4�, ½�±�ÑS!	¡È��d½Â, y`²

Xe:

é��ên, òx¶Úy¶�©��Ý�
1

2n
�«m

{[ k
2n
,
k + 1

2n
] ∣∣∣ k = 0,±1,±2, · · ·

}
,

dd��²¡���AÏ©�

Fn =
{
Ikl =

[ k
2n
,
k + 1

2n
]
×
[ l
2n
,
l + 1

2n
] ∣∣∣ k, l = 0,±1,±2, · · ·

}
.

§�z�Ý/«mÑ´��/. w,©�Fn+1´©�Fn�\[, ¤±ék.8ÜD,

σ−Fn(D)'unüNO\, σ+
Fn(D)'unüN~�. e¡��·K`², ^AÏ©� Fn5

O�8Ü�S!	¡È, ���©��Ó.

555��� 18.1.8 �D´��k.²¡8Ü, K

σ−(D) = lim
n→∞

σ−Fn(D), σ+(D) = lim
n→∞

σ+
Fn(D).

yyy²²² düN5� lim
n→∞

σ−Fn(D) Ú lim
n→∞

σ+
Fn(D)�3, �

lim
n→∞

σ−Fn(D) 6 sup
π
σ−π (D) = σ−(D).

,��¡, duD´k.8Ü, é?��½�©�π, π �Ý/«m�kk���¹uD,

��{I1, · · · , Im}, ¿PK = I1 ∪ · · · ∪ Im. é?¿AÏ©�Fn = {Ikl}, ·�òy²�n¿
©��, @
�¹uD�Ø¹uK�Ikl, ¡È�Ú�±¿©�.

�

F ′n =
{
Ikl ∈ Fn

∣∣∣ Ikl ∩ ∂K 6= ∅, �Ikl * K
}
,

K

K ⊂
⋃

Ikl∈Fn
Ikl⊂D

Ikl ∪
⋃

Ikl∈F ′n

Ikl.

¤±

σ−π (D) =
m∑
j=1

σ(Ij)

6
∑
Ikl∈Fn
Ikl⊂D

σ(Ikl) +
∑
Ikl∈F ′n

σ(Ikl)

6 σ−Fn(D) +
∑
Ikl∈F ′n

σ(Ikl).
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éz�j, k ∑
Ikl∩∂Ij 6=∅

σ(Ikl) 6
4

2n
‖π‖,

éj¦Ú�� ∑
Ikl∈F ′n

σ(Ikl) 6
m∑
j=1

∑
Ikl∩∂Ij 6=∅

σ(Ikl) 6
m

2n−2
‖π‖,

-n→∞, þª�màÒªu0, ¤±Òk

σ−π (D) 6 lim
n→∞

σ−Fn(D).

d©�π�?¿5�

σ−(D) 6 lim
n→∞

σ−Fn(D),

¤±σ−(D) = lim
n→∞

σ−Fn(D).

,���ªÓn�y. �

~~~ 18.1.1 �y = f(x)´½Â34«m[a, b]þ�ëY¼ê, éA²¡þ�8Ü

Γ = {(x, f(x)) | x ∈ [a, b]}

´¼êf�ã. |^f���ëY5�±y², Γ�¡È�0.

��Bå�Ø��f(a) = min f, f(b) = max f . é?¿ε > 0, �3δ¦�|x − y| <
δ�Òk

|f(x)− f(y)| < ε.

�«m[a, b]���©�a = x1 < x2 < · · · < xn = b÷v|xi+1 − xi| < δ, 1 6 i 6 n − 1,

¿ò§*¿�x¶���©� πx, òyþ�2n�:f(xi) ± ε, (i = 1, · · · , n)*¿�y¶�

��©�πy, dd����²¡©�π = (πx, πy).

8ÜΓ �©�π�XeÝ/�¿�¹µ

{[xi, xi+1]× [f(xi)− ε, f(xi) + ε]
∣∣∣ i = 1, 2, · · · , n},

¤±

σ+
π (Γ) 6

n∑
i=1

2ε · (xi+1 − xi) = 2ε · (b− a),

ù`²Γ´"ÿ8.

ù�~fw�·�, XJ²¡k.«�D�>.∂D´dk�ãëY¼ê�ã�¤,

@oD´�ÿ8. I��Ñ�´, XJ

γ(t) = (x(t), y(t)) : [0, 1]→ R2
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´ëYN�, §��8

Γ = {(x(t), y(x)) | t ∈ [0, 1]}

KØ�½´"ÿ8. Í¶�Peano­��Ñ
«m[0, 1]�²¡«m[0, 1] × [0, 1]ëY÷

��~f 1. �´, XJγ(t)´C1­�, @o§��8´"ÿ8(SK). dd�±íÑ, �

�²¡«�, XJ§�>.´©ã1w­�, K§´�ÿ8.

~~~ 18.1.2 �U´R2���m8, f : U → R2´C1N�, E ⊂ U´��;�8Ü,

P

C = {x ∈ E
∣∣ det df(x) = 0},

y²f(C)´"ÿ8.

555PPP: ÷vdet df(x) = 0�:x¡�N�f��.:, �A��f(x)¡�N���.

�. ù�(Ø¡�Sard½n, §L²C1N�3;�8¥��.��N´��"ÿ8.

yyy²²² y²I�^�N��©df���ëY5. �3~êd > 0¦�;�8Ü

E(d/2) = {x ∈ U
∣∣ ∃y ∈ E, |x− y| 6 d/2} ⊂ U.

XJU = R2, ?�d > 0; XJU 6= R2, �

d = d(E, ∂U) = inf{|x− y|
∣∣ x ∈ E, y ∈ ∂U},

|^E�;�5�±y²d > 0.

N�f��©df3;�8ÜE(d/2) þ��ëY, ¤±é?¿ε > 0, �3δ > 0 (δ <

d/2), �x ∈ E, y ∈ U, |x− y| < δ�,

‖df(x)− df(y)‖ < ε.

�π = {Ikl}´��©�, §�z�«mÑ´��/, ‖π‖ < δ. e,�Ikl ∩ C 6= ∅,
KIkl ⊂ E(d/2). ��:x0 ∈ Ikl ∩ C, - g(x) = f(x)− dfx0(x− x0), K

‖dg(x)‖ = ‖df(x)− df(x0)‖ < ε, ∀x ∈ Ikl.

Ï�det df(x0) = 0, ¤±

L = {dfx0(x− x0) | x ∈ Ikl}

á3��²L�:���þ, �§��ÝØ¬�L

2 sup{
∣∣dfx0(x− x0)

∣∣ ∣∣∣ x ∈ Ikl} 6 2 sup{‖df(x0)‖|x− x0|
∣∣ x ∈ Ikl}

6 2M δkl,

1ë�: ~�ó, ¤L~?Í, êÆ©Û�§15.8!, ¥I�ÆEâ�ÆÑ��.
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ùp

M = sup
x∈E(d/2)

‖df(x)‖ < +∞,

δkl ´Ikl�é���Ý. qÏ�x ∈ Ikl�, |^[�©¥�½n��∣∣f(x)− f(x0)− dfx0(x− x0)
∣∣ = |g(x)− g(x0)|

6 sup
x∈Ikl
‖dg(x)‖|x− x0| 6 ε δkl.

¤±8Üf(C ∩ Ikl)á3���Ø�L2M δkl!°Ø�L2ε δkl�Ý/¥, Ïd

σ+
(
f(C ∩ Ikl)

)
6 4Mδ2

klε.

é?¿�Ck��«mIkl, þã�Oþ¤á. 5¿���/Ikl�¡È�uδ
2
kl/2, d

f(C) ⊂
⋃

C∩Ikl 6=∅

f(C ∩ Ikl)

��

σ+
(
f(C)

)
6

∑
Ikl∩C 6=∅

σ+
(
f(C ∩ Ikl)

)
6 4Mε

∑
Ikl∩C 6=∅

δ2
kl 6 8Mσ+

π (C)ε,

ùÒy²
f(C)´"ÿ8. �

SSSKKK18.1

1. �«mI = [a, b]× [c, d], y²m«mI◦ = (a, b)× (c, d)´�ÿ8�σ(I◦) = σ(I).

2. y²(0, 1]þ¼êf(x) = sin 1/x�ã�3R2¥� Jordan ÿÝ�".

3. �D´R2�k.f8, y²eãn�(Ø�dµ

(1) D´Jordan"ÿ8;

(2) é?¿ε > 0, �3k��«mI1, I2, · · · , In (n = n(ε))¦�

(∗) D ⊂
n⋃
k=1

Ik �
n∑
k=1

σ(Ik) < ε;

(3) é?¿ε > 0, �3k��m«mI1, I2, · · · , In (n = n(ε))¦�^�(∗)¤á.

4. �D´���ÿ8, �D◦ = ∅, y²σ(D) = 0.

5. �D´���ÿ8, y²é?¿ε > 0, �3;�8ÜE ⊂ D, �σ+(D\E) < ε.
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6. � D ´ R2 ���m8. ��fm8� {Dn, n = 1, 2, · · · } ¡�� D �&¦4O

�, XJ÷v:

1◦ z� Dn ´k.m8, 
�´ Jordan �ÿ� .

2◦ D1 ⊂ · · · ⊂ Dn ⊂ Dn+1 ⊂ · · · ⊂ D, 
�
∞⋃
n=1

Dn = D

y²: e D ´k.�ÿ8, K

lim
n→∞

σ(Dn) = σ(D)

7. �A ⊂ R2´ Jordan ÿÝ�"�8Ü. y²§�4�A�´ Jordan ÿÝ�"�8

Ü.

8. �γ(t) : [0, 1]→ R2´C1­�, y²§��8´"ÿ8.

9. �U´R2¥k.m8, �Ù>.∂U´"ÿ8. �g : U → R2´½Â3U�4�þ

�C1N�. y² g(U)�>.´"ÿ8. 5: ¡N�g3��;�8ÜEþC1´��

3���¹E�m8U ′, g�±*¿�U ′þ�C1N�.

10. �E´R2�;�f8, E ⊂
∞⋃
i=1

Ei, ¿�z�Ei´"ÿ8. y²E´"ÿ8.

11. y²n× nØ�_�
�8Ü�±�¤Rn2
¥�ê� Jordan ÿÝ�"�8Ü�¿.
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§18.2 RiemannÈÈÈ©©©

�f : R2 → R´��²¡þ�¼ê§½Âsuppf�8Ü{(x, y) ∈ R2 |f(x, y) 6= 0}�
4�§ suppf¡�¼êf�| . 1�þÚ1�þ®²y², 3k�«m½k.8Üþ

Riemann �È¼ê�½k.. ¤±·��±e?Ø�¼êÑk.!�äk;�| §ù

¿�X, �3�êM ¦�sup |f | 6M , �{(x, y) ∈ R2 | f(x, y) 6= 0}´k.8Ü.

18.2.1 ÈÈÈ©©©���½½½ÂÂÂ

·�Äk£�1�þ¥½Â��ÙþÚ��ÙeÚ�Vg.

�π = {Ikl}´��²¡©�, P

Mkl(f) = sup
P∈Ikl

f(P ), mkl(f) = inf
P∈Ikl

f(P ),

½Â

Sπ(f) =
∑
Ikl∈π

Mkl(f)σ(Ikl),

Sπ(f) =
∑
Ikl∈π

mkl(f)σ(Ikl),

du¼êk;| §ùü�ÚªÑ´k�Ú. Sπ(f)ÚSπ(f)©O¡�¼êf'u©�

π��ÙþÚ��ÙeÚ. w,,

Sπ(f) 6 Sπ(f).

½½½ÂÂÂ 18.2.1 S(f) = sup
π
Sπ(f)¡�¼êf�eÈ©§ S(f) = inf

π
Sπ(f)¡�¼

êf�þÈ©. e¼êf�þ!eÈ©��, K¡¼êf´Riemann�È�, ¿P
ˆ
fdσ = S(f) = S(f).

eã·K�Ñ
þ!eÈ©�Ä�5�§§��y²�¡È��A(Øaq§3

�SK.

555��� 18.2.2

1. �©�π2´©�π1�\[, Ké?¿¼êf , k

Sπ1(f) 6 Sπ2(f), Sπ1(f) > Sπ2(f).

2. é¼êf§kS(f) 6 S(f). �Ò¤á��=��3��©�{πn}¦�

lim
n→∞

(
Sπn(f)− Sπn(f)

)
= 0.
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e¡´RiemannÈ©�,��½Â, §´^RiemannÚÂñ�/ª�Ñ�.

½½½ÂÂÂ 18.2.3 ½Â3²¡þ�¼êf¡�Riemann�È�´�: �3¢êa§é?

Û�êε, �3δ > 0, é?Û�©�π, ��‖π‖ < δ, Ñ¤á∣∣∣ ∑
Ikl∈π

f(ξkl)σ(Ikl)− a
∣∣∣ < ε, ∀ξkl ∈ Ikl,

d�§P a =

¨
f(x, y)dxdy.

½½½nnn 18.2.4 ¼êRiemann�È�ü�½Â´�d�, ¿�ü�½Â¤½Â�È

©���, Q ¨
f(x, y) dxdy = S(f) = S(f).

�y²þã½n§·�Äky²��Eâ5Ún.

ÚÚÚnnn 18.2.5 �D´��k.�²¡Ý/, π′ = {I ′ij}´²¡����½©�, é?

¿�©�π1 = {Ikl}, P

π′1 =
{
Ikl ∈ π1

∣∣∣ Ikl ⊂ D, �Ø�3I ′ij ∈ π′¦�Ikl ⊂ I ′ij

}
.

é?¿�êε, �3δ > 0, e‖π1‖ < δ, Òk∑
Ikl∈π′1

σ(Ikl) < ε.

�Ò´`§�©�π1��¿©��, �π′�©��k��!á3D¥�«m, ¡È�Ú

¿©�.

yyy²²² PM��½©�π′ = {I ′ij}¥�Dk��Ý/«m��ê, dDk.�M <

+∞, �

m = min
{
I ′ij�>�

∣∣∣ I ′ij ∈ π, I ′ij ∩D 6= ∅
}
.

�½�êε, -

δ = min

{
m

4
,

ε

8M‖π‖

}
.

éz��D����Ý/I ′ij ∈ π§ò§��z�>�SÂ δ, ��#�Ý/P� Ĩij .

�©�π1÷v‖π1‖ < δ§é?¿Ikl ∈ π1, XJ�3,�Ĩij¦� Ĩij ∩ Ikl 6= ∅§@
oIkl ⊂ I ′ij"ù¿�X∀Ikl ∈ π′1, Ikl�¤k�ĨijÃ�, l
¤á�¹'X⋃

Ikl∈π′1

Ikl ⊂ D\
⋃

I′ij∩D 6=∅

Ĩij ⊂
⋃

I′ij∩D 6=∅

I ′ij\
⋃

I′ij∩D 6=∅

Ĩij .
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dd�� ∑
Ikl∈π′1

σ(Ikl) 6
∑

I′ij∩D 6=∅

(
σ(I ′ij)− σ(Ĩij)

)
6 4δ‖π‖

∑
I′ij∩D 6=∅

1 < ε.

½½½nnn���yyy²²² �¼êf3RiemannÚ�¿Âe�È, Ké?¿ε > 0, �3δ > 0, éu

�»�uδ�?¿©�π = {Ikl}¤á: éu?¿ξkl ∈ Ikl

a− ε <
∑
Ikl∈π

f(ξkl)σ(Ikl) < a+ ε.

ù`²

a− ε 6 Sπ(f) 6 Sπ(f) 6 a+ ε.

dþeÈ©�½Âk,

Sπ(f) 6 S(f) 6 S(f) 6 Sπ(f),

¤±

a− ε 6 S(f) 6 S(f) 6 a+ ε,

dε�?¿5, S(f) = S(f) = a.

��, XJ¼êf�þeÈ©��, Pa = S(f) = S(f), é?¿ε > 0, �3��©

�π¦�

Sπ(f)− Sπ(f) < ε.

���v
��Ý/D, ¦�§�S:8ÜD◦ ⊃ suppf . é�½�©�πA^Ú

n, �3δ > 0, é?¿�©�π1 = {Ikl}§�‖π1‖ < δ �, Ún(Ø¤á, �∀Ikl ∈
π1, Ikl ∩ suppf 6= ∅�kIkl ⊂ D.

Ï�Sπ1(f) 6 a 6 Sπ1(f), ¤±é?¿ξkl ∈ Ikl§∣∣∣ ∑
Ikl∈π1

f(ξkl)σ(Ikl)− a
∣∣∣ 6 Sπ1(f)− Sπ1(f).

,��¡, ·�k

Sπ1(f)− Sπ1(f) =
∑
Ikl∈π1

(Mkl −mkl)σ(Ikl)

=
∑
∃I′ij∈π
Ikl⊂I′ij

(Mkl −mkl)σ(Ikl) +
∑
Ikl∈π′1

(Mkl −mkl)σ(Ikl)

6
∑

I′ij∩D 6=∅

(Mij −mij)σ(I ′ij) + 2ε sup |f |

6
(
Sπ(f)− Sπ(f)

)
+ 2ε sup |f |

6 (1 + 2 sup |f |)ε,
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¤± ∣∣∣ ∑
Ikl∈π1

f(ξkl)σ(Ikl)− a
∣∣∣ 6 (1 + 2 sup |f |)ε, ∀ξkl ∈ Ikl,

ùÒy²
½n. �

íííØØØ 18.2.6 ¼êf´Riemann�È���=�

lim
‖π‖→0

(
Sπ(f)− Sπ(f)

)
= 0.

18.2.2 ÈÈÈ©©©���ÄÄÄ���555���

Äky², �È¼ê3�ê$�e, �´�È¼ê.

555��� 18.2.7 ü��È¼ê�Ú!�, k���È¼ê�¦ÈÑ´�È¼ê.

yyy²²² ·��y²ü��È¼ê�¦È´�È¼ê. �fÚg´�È¼ê§�C =

sup(|f |+ |g|)§é?�©�π = {Ikl}§�P,Q ∈ Ikl§Ï�

f(P )g(P )− f(Q)g(Q) = f(P )(g(P )− g(Q)) + g(Q)(f(P )− f(Q))

6 sup |f |
(
Mkl(g)−mkl(g)

)
+ sup |g|

(
Mkl(f)−mkl(f)

)
,

·�k

Mkl(fg)−mkl(fg) 6 C
[(
Mkl(g)−mkl(g)

)
+
(
Mkl(f)−mkl(f)

)]
,

ù�±íÑ

Sπ(fg)− Sπ(fg) 6 C
(
Sπ(f)− Sπ(f) + Sπ(g)− Sπ(g)

)
,

¤±�íØ18.2.6, fg´�È¼ê. �

éuR2�f8ÜD, ½Â8ÜD�A�¼êχD�

χD(P ) =
{ 1, P ∈ D

0, P /∈ D.

555��� 18.2.8 �D�R2�k.f8. @oχD´�È¼ê��=�D´�ÿ8. d

�¤á,

σ(D) =

¨
χD dxdy.

yyy²²² é?¿©�π§·�k

Sπ(χD) =
∑
Ikl∈π

mklσ(Ikl) =
∑
Ikl⊂D

σ(Ikl) = σ−π (D),
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ÓnSπ(χD) = σ+
π (D)§¤±·K¤á. �

�d·�®²½Â
äk;| ¼ê�RiemannÈ©. duùa¼ê3��k.8

Ü	�u0, |^ù�:, �±g,/é½Â�´k.�ÿ8Ü�¼ê½ÂÈ©.

�f´½Â38ÜDþ�k.¼ê, |^A�¼ê§·��±éf3D�	�/"0

òÿ§¤��²¡�¼êf · χD, Q

f · χD(P ) =
{ f(P ), P ∈ D,

0, P /∈ D.

dd·��±½Â¼êf�È©.

½½½ÂÂÂ 18.2.9 �f´½Â3���ÿ8Dþ�k.¼ê§ef · χD´�È¼ê§Ò
¡f´3D þRiemann�È�§¿Pˆ

D

fdσ =

¨
D

f(x, y)dxdy =

¨
(f · χD)(x, y)dxdy.

·�Äky²: ½Â3"¡È8Üþ�k.¼ê�½´�È�.

555��� 18.2.10 �D´��"¡È8§f´½Â3Dþ�k.¼ê§Kf3 D�È

� ¨
D

f(x, y)dxdy = 0.

yyy²²² ∀ε > 0, �3©�π = {Ikl}§σ+
π (D) < ε. ·�k

Sπ(f · χD)− Sπ(f · χD) =
∑

Ikl∩D 6=∅

(
Mkl(f · χD)−mkl(f · χD)

)
σ(Ikl)

6 2 sup |f |σ+
π (D) < 2 sup |f |ε.

l
f3Dþ�È. qÏ�

|Sπ(f · χD)| 6 sup |f |σ+
π (D) < sup |f |ε,

¤±f · χD�þÈ©�u". �

31�þ·��Ñ
RiemannÈ©�,��½Â, §´é½Â��?¿¿©, �X

¿©�5�[!¼ê�RiemannÚ�Âñ�, ½Â4��¼ê�È©. �,l/ªþw

ù�½ÂI�3����©�eRiemannÚÂñ, �e¡·�òy²ù´È©�,��

�d½Â.

�D´���ÿ8Ü, ¡T = {Dj | j = 1, 2, · · · , n}´D���¿©, ´�z�DjÑ

´�ÿ8Ü, �
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1. D =
⋃
j Dj ;

2. j 6= k�§S:8ÜD◦j�D
◦
kÃ�.

Ó�½Â¿©T��

‖T‖ = max
j

sup{|x− y|
∣∣ x, y ∈ Dj}.

²¡©��8ÜD��8´�aAÏ¿©. Ïd, XJ��¼ê3?¿¿©�¿Â

eRiemann�È, @o§3©�¿Âe�Riemann�È. ·�òy²Xe½n, §�±í

Ñü�È©½Â��d5.

½½½nnn 18.2.11 �f´�ÿ8ÜDþ��È¼ê§a =

¨
D

f(x, y) dxdy. Ké?

¿ε > 0§�3δ > 0§¦�éD�?¿¿©T = {Dj}§� ‖T‖ < δ�§Òk∣∣∣∑
j

f(ξj)σ(Dj)− a
∣∣∣ < ε, ∀ξj ∈ Dj (j = 1, 2, · · · , n).

yyy²²² ��Bå�, ·��D´Ý/«�. éu¿©T = {Dj}, �±½Â�ÙþÚ!
�ÙeÚ©O�

ST (f) =
∑
j

Mj(f)σ(Dj),

ST (f) =
∑
j

mj(f)σ(Dj),

Ù¥

Mj(f) = sup{f(ξ)
∣∣ ξ ∈ Dj}, mj(f) = inf{f(ξ)

∣∣ ξ ∈ Dj}.

ùp·�Ø?Ø¿©�\[±9�A�üN5�[!, 
´��y²: ∀ε > 0, ∃δ > 0,

�‖T‖ < δ�,

ST (f), ST (f) ∈ (a− ε, a+ ε).

ù�du

ST (f) 6
∑
j

f(ξj)σ(Dj) 6 ST (f), ∀ξj ∈ Dj ,

½n¤á.

duf�È, é?¿ε > 0, �3²¡©�π = {Ikl}÷v

Sπ(f), Sπ(f) ∈ (a− ε

8
, a+

ε

8
).

Pπ′ = {Ikl
∣∣ Ikl ∩D 6= ∅}. �3¿©��δ(< 1

2‖π‖)¦�: òz�Ý/Ikl ∈ π′�>�S
 δ, ���Ý/I ′kl÷v

σ
( ⋃
Ikl∈π′

(Ikl \ I ′kl)
)

=
∑
Ikl∈π′

(
σ(Ikl)− σ(I ′kl)

)
<

ε

8 sup |f |
.
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éD�?¿¿©T = {Dj}§�‖T‖ < δ�§�±òT = {Dj}���©�üÜ©µT1 =

{Dj : ∃Ikl ∈ π′, Dj ∩ I ′kl 6= ∅}§T2 = T \ T1. e¡·�ò�OST (f)�Sπ(f)�Ø�.

éuDj ∈ T1§�3��Ikl ∈ π′÷vDj ∩ I ′kl 6= ∅§‖T‖ < δÒíÑDj ⊂ Ikl, ¤±

mkl(f) 6Mj(f) 6Mkl(f). k�½��Ikl, é¤k�I
′
klk��Dj¦Ú, ��

mkl(f)
∑

Dj∩I′kl 6=∅

σ(Dj) 6
∑

Dj∩I′kl 6=∅

Mj(f)σ(Dj) 6Mkl(f)
∑

Dj∩I′kl 6=∅

σ(Dj),

ù�±íÑ

Mkl(f)
(
σ(Ikl)−

∑
Dj∩I′kl 6=∅

σ(Dj)
)

6Mkl(f)σ(Ikl)−
∑

Dj∩I′kl 6=∅

Mj(f)σ(Dj)

6
(
Mkl(f)−mkl(f)

)
σ(Ikl) +mkl(f)

(
σ(Ikl)−

∑
Dj∩I′kl 6=∅

σ(Dj)
)
,

þãØ�ª¥, ¥m���ýé�Ø¬�L�!mü�ýé����ö, ¤±∣∣∣ ∑
Dj∩I′kl 6=∅

Mj(f)σ(Dj)−Mkl(f)σ(Ikl)
∣∣∣

6 sup |f |
(
σ(Ikl)−

∑
Dj∩I′kl 6=∅

σ(Dj)
)

+
(
Mkl(f)−mkl(f)

)
σ(Ikl)

6 sup |f |
(
σ(Ikl)− σ(I ′kl)

)
+
(
Mkl(f)−mkl(f)

)
σ(Ikl).

é¤kIkl ∈ π′¦Ú, 5¿�é?¿Dj ∈ T1, k��k���I ′kl�§k�, ·�k∣∣∣ ∑
Dj∈T1

Mj(f)σ(Dj)− Sπ(f)
∣∣∣

=
∣∣∣ ∑
Ikl∈π′

∑
Dj∩I′kl 6=∅

Mj(f)σ(Dj)−
∑
Ikl∈π′

Mkl(f)σ(Ikl)
∣∣∣

6
∑
Ikl∈π′

∣∣∣ ∑
Dj∩I′kl 6=∅

Mj(f)σ(Dj)−Mkl(f)σ(Ikl)
∣∣∣

6 sup |f |
∑
Ikl∈π′

(
σ(Ikl)− σ(I ′kl)

)
+ Sπ(f)− Sπ(f) <

ε

4
.

XJDj ∈ T2, Ï�‖T‖ < δ, ¤±Dj ∈
⋃
Ikl∈π′

(
Ikl \ I ′kl

)
. dd��

∣∣∣ ∑
Dj∈T2

Mj(f)σ(Dj)
∣∣∣ 6 sup |f |σ

( ⋃
Ikl∈π′

(Ikl \ I ′kl)
)
<
ε

4
.
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nÜ±þüÜ©��O, ·�k∣∣ST (f)− Sπ(f)
∣∣ 6 ∣∣∣ ∑

Dj∈T1

Mj(f)σ(Dj)− Sπ(f)
∣∣∣+
∣∣∣ ∑
Dj∈T2

Mj(f)σ(Dj)
∣∣∣

<
ε

2
.

Ón�±��'uST (f)��O ∣∣ST (f)− Sπ(f)
∣∣ < ε

2
,

ùÒy²


ST (f), ST (f) ∈ (a− ε, a+ ε).

�

~~~ 18.2.1 �D = (0, 1) × (0, 1)§¡P (x, y) ∈ D´kn:§´�§�ü��I

Ñ´knê. ^Q�©êL«kn:��I P = (p/q, p′/q′), (p, q) = (p′, q′) = 1§½

ÂRiemann¼ê

f(P ) =


1
qq′ , XJP = (pq ,

p′

q′ )´kn:,

0, XJPØ´kn:.

Ï�Ãnê3«m(0, 1)È�,¤±é?¿©�π§�ÙeÚSπ(f) = 0§ùíÑS(f) = 0.

qÏ�é?¿1 > ε > 0§÷vf(P ) = 1/qq′ > ε�kn:�kk��,��{P1, · · · , Pn}.
·��±���©�π = {Ikl}, §��‖π‖¿©�, ¦�z�«mIkl¥�õ�¹�

�Pi (1 6 i 6 n), �

Sπ(D) < 1 + ε,
n∑
i=1

∑
Pi∈Ikl

σ(Ikl) < ε

Ó�¤á.

¼êf'u©�π��ÙþÚk�O

Sπ(f) =
∑
Ikl∈π

Mkl(f)σ(Ikl)

=
∑

Mkl(f)6ε

Mkl(f)σ(Ikl) +
∑
Mkl>ε

Mkl(f)σ(Ikl)

6 Sπ(D) · ε+ ε < 3ε,

ùíÑ S(f) = 0.

nÜ±þ©Û��§f38ÜIþRiemann�È§�

¨
D

f dxdy = 0.
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SSSKKK18.2

1. �A, B´è�²¡�f8Ü, y²:

(1) χA∪B = χA + χB − χA∩B,
(2) χA∩B = χA · χB.

2. �A, B´²¡���ÿ8, y²A ∪B, A ∩B, A\BÑ´�ÿ8, �

σ(A ∪B) + σ(A ∩B) = σ(A) + σ(B);

σ(A\B) = σ(A)− σ(A ∩B).

3. �D1ÚD2´²¡��ÿ8, �D1 ∩ D2´"ÿ8. ¼êf3D1ÚD2þ©O�È, y

²f3D1 ∪D2þ�È� ˆ
D1∪D2

fdσ =

ˆ
D1

fdσ +

ˆ
D2

fdσ.

4. �D´�ÿ8, D1´D��ÿf8, f´½Â3Dþ��È¼ê. y²f3D1þ�È.

5. �D´���ÿm8, f´½Â3Dþ�ëY�K�È¼ê, y²:

lim
n→∞

(ˆ
D

fndσ

) 1
n

= sup
P∈D

f(P ).

6. �f´�ÿ8Dþ��È¼ê, P ∈ D´��S:�f3:PëY, y²:

lim
r→0

1

σ(Br(P ))

ˆ
Br(P )

fdσ = f(P ).

7. �f´½Â3���ÿ8ÜDþ�¼ê, �f+(P ) = max{f(P ), 0}, ∀P ∈ D,

f−(P ) = −min{f(P ), 0}, ∀P ∈ D. y²f�È��=�f+Úf−�È, �
ˆ
D

fdσ =

ˆ
D

f+dσ −
ˆ
D

f−dσ.

8. �f´�ÿ8Dþ��È¼ê, �f > 0. ¦yµXJ

ˆ
D

fdσ = 0, Ké?¿n ∈ N,

8ÜDn = {P ∈ D
∣∣ f(P ) > 1/n}´"ÿ8.

9. �f, gÚh´½Â3²¡�ÿ8ÜDþ��È¼ê, ÷vg 6 h 6 f . efÚg�È

�

ˆ
D

fdσ =

ˆ
D

gdσ, ¦yh�È�

ˆ
D

hdσ =

ˆ
D

fdσ =

ˆ
D

gdσ.

10. �f´½Â3²¡�ÿ8ÜDþ��È¼ê,�f��Ø�0�1/fk.,y²1/f3Dþ

�È.
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11. � D ´ R2 ����ÿf8. {Dn, n = 1, 2, · · · }´���ÿ8Ü�, ÷v:

D1 ⊂ · · · ⊂ Dn ⊂ Dn+1 ⊂ · · · ⊂ D, 
�
∞⋃
n=1

Dn = D,

y²: lim
n→∞

σ(Dn) = σ(D).
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§18.3 ���ÈÈÈ¼¼¼êêêaaa

þ��!·�½Â
¼ê�RiemannÈ©, ¿?Ø
È©�Ä�5�. ùp·�l

ëY5��Ý, ?Ø¼ê�È�^�.

Äk, |^��ëY5�±��Xe(J.

555��� 18.3.1 �D´���ÿ8, f´D�4�Dþ�ëY¼ê, Kf3Dþ�È.

yyy²²² duf3;�8Ü Dþ��ëY, é?¿ε > 0, �3δ > 0¦�é?

¿x, y ∈ D, |x− y| < δ�, |f(x)− f(y)| < ε.

�©�π = {Ikl}��v
�, ÷v‖π‖ < δ, �σ+
π (∂D) 6 ε. �Ikl ∈ π, XJIkl ⊂ D,

@od��ëY5,

Mkl(f · χD)−mkl(f · χD) 6 ε.

,��¡, π¥?¿���Dk��Ø�¹uD�Ý/�∂Dk�. ·�k�O

Sπ(f · χD)− Sπ(f · χD) =
∑
Ikl⊂D

(
Mkl(f · χD)−mkl(f · χD)

)
σ(Ikl)

+
∑
Ikl 6⊂D

(
Mkl(f · χD)−mkl(f · χD)

)
σ(Ikl)

6 εσ(D) + 2 sup
D
|fχD| · σ+

π (∂D)

6
(
σ(D) + 2 sup |f |

)
ε.

�½Â18.2.1, f · χD�È. �

�?Ø¼ê�È5�ëY5�'X, ·�I�^115Ù½Â�¼ê�Ì�Vg.

�f´½Â3�ÿ8Dþ�¼ê, P ∈ D, r > 0, f3:P��Ìωf (P )½Â�

ωf (P ) = lim
r→0+

ωf (P, r),

Ù¥ωf (P, r) (r > 0)½Â�

ωf (P, r) = sup{|f(Q1)− f(Q2)|
∣∣∣ Qi ∈ D, |Qi − P | < r, i = 1, 2}

= sup{f(Q)
∣∣∣ Q ∈ D, |Q− P | < r} − inf{f(Q)

∣∣∣ Q ∈ D, |Q− P | < r}.

é?¿�êδ, -Dδ(f) =
{
P ∈ D

∣∣ ωf (P ) > δ
}

, §´�ÌØ�uδ�:�8Ü.

555��� 18.3.2

1. ¼êf3:PëY��=�ωf (P ) = 0;

2. XJδ1 > δ2 > 0, KDδ1(f) ⊂ Dδ2(f), Q8x{Dδ(f)}'uδüNeü;
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3. �D´48�, ∀δ > 0, 8ÜDδ(f)´48;

4. ¼êf�ØëY:8Ü�u

∞⋃
n=1

D1/n(f).

yyy²²² ��Ì�½Â, (1)!(2)Ú(4)w,. �y²(3),�Iy²µXJ{Pn}´Dδ(f)S

�Âñ:��Pn → P ∈ D, K P ∈ Dδ(f).

é?¿r > 0(r < δ), :�¥�3�:Pn ∈ Br/2(P ). Ï�

ωf (Pn, r/2) > ωf (Pn) > δ,

¤±�3Q, Q′ ∈ Br/2(Pn) ∩D,

|f(Q)− f(Q′)| > δ − r.

duQ, Q′ ∈ Br(P ), ¤±

ωf (P, r) > |f(Q)− f(Q′)| > δ − r,

-r → 0, Òy²
ωf (P ) > δ, ¤±P ∈ Dδ(f). �

��¼êRiemann�È�¿�^��±^§�Ì�ÿÝ5£ã.

½½½nnn 18.3.3 �D´��k.4��ÿ8, f´½Â3Dþ�¼ê. @o f´8

ÜDþ�Riemann�È¼ê��=�: é?¿ δ > 0, Dδ(f)´"ÿ8.

·�Äky²��Ún. §�(Økaqu¼ê��ëY�Lã�ª, ¯¢þ§�

±íÑ/;�8ÜþëY¼ê�½��ëY0ù�(Ø.

ÚÚÚnnn 18.3.4 �f´½Â3;�8ÜD ⊂ R2þ���¼ê, XJf3z�:��Ì

Ñ�u��½êε, K�3δ > 0¦�, é?¿�x, y ∈ D, �|x− y| < δ�Òk

|f(x)− f(y)| < ε.

yyy²²² ·�^�y{y². b�ÚnØ¤á, é?¿k ∈ N, �3Pk, Qk ∈
D, |Pk −Qk| < 1

k (k = 1, 2, · · · ), �|f(Pk)− f(Qk)| > ε. d;�5, {Pk}kÂñf�, Ø

��Ò´{Pk}, K{Qk}�Âñ, �

limPk = limQk = P ∈ D,

�|f(Pk)− f(Qk)| > ε. ù`²éu?¿r > 0Ñkωf (P, r) > ε, �ωf (P ) < εgñ. �
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½½½nnn���yyy²²² ky²¿©5. ?¿�½ε > 0, Dε(f)´"¡È8, Ïd�3��©

�π0 = {Iij}¦� Dε(f) ⊂
⋃

Iij∩Dε(f) 6=∅

Iij , �

σ+
π (Dε) =

∑
Iij∩Dε 6=∅

σ(Iij) < ε/2.

ò�Dεk��z�«mIij��>©O 	*�δ
′/2Úδ′, ¦�¤�«mIij(δ

′/2)ÚIij(δ
′).

�δ′¿©��,

Iij ⊂ I◦ij(δ
′/2),

∑
Iij∩Dε 6=∅

σ
(
Iij(δ

′)
)
< ε.

-

D′ = D \
⋃

Iij∩Dε 6=∅

I◦ij(δ
′/2),

KD′´��k.48, 
�3Ùþ¼êf��Ì�uε. dÚn, �3 δ > 0�δ < δ′/2, ¦

��x, y ∈ D′, |x− y| < δ�,

|f(x)− f(y)| < ε.

é?¿©�π = {Jkl}, �‖π‖ < δ. 7���±����δ¦�σ+
π (∂D) < ε. ©�π¥

�Dk��Ý/«m�±©)�nÜ©µ

π1 = {J ∈ π
∣∣ J 6⊂ D, J ∩D 6= ∅},

π2 = {J ∈ π
∣∣ J ⊂ D′},

π3 = {J ∈ π
∣∣ J 6⊂ D′, J ⊂ D}.

·�kµ(1) éuπ1¥�«m, Ï�σ+
π′(∂D) < ε, ¤±∑

Jkl∈π1

σ(Jkl) 6 σ+
π′(∂D) < ε;

(2)eJkl ∈ π2, K

Mkl(f)−mkl(f) < ε;

(3)XJÝ/«mJ ∈ π3, @odD′�½Â��, �3,� Iij ∈ π¦�

Iij ∩Dε(f) 6= ∅, J ∩ I◦ij(δ′/2) 6= ∅,

du‖π‖ < δ < δ′/2, ¤±J�½�¹uIij(δ
′). ¤±⋃

Jkl∈π3

Jkl ⊂
⋃

Iij∩Dε(f) 6=∅

Ĩij(δ
′).
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nÜ±þ©Û, ·���Xe�O

Sπ(fχD)− Sπ(fχD) 6

( ∑
Jkl∈π1

+
∑
Jkl∈π2

+
∑
Jkl∈π3

)(
Mkl(fχD)−mkl(fχD)

)
σ(Jkl)

6 2 sup |f |σ+
π (∂D) +

∑
Jkl⊂D′

(
Mkl(fχD)−mkl(fχD)

)
σ(Jkl)

+
∑

Iij∩Dε 6=∅

2 sup |f |σ
(
Iij(δ

′)
)

6 2 sup |f |ε+ εσ−π (D′) + 2 sup |f |ε

6
(
4 sup |f |+ σ(D)

)
ε.

u´·�y²
¼êf�È.

��, �f3Dþ�È, ·�òy²é?¿�½n ∈ N, D1/n(f)´"ÿ8. ∀ε > 0, �

�©�π = {Ikl}��¿©�, Òk

Sπ(fχD)− Sπ(fχD) =
∑

Ikl∩D 6=∅

(
Mkl(fχD)−mkl(fχD)

)
σ(Ikl) <

ε

n
.

�A´�Dk��Ý/«mIkl�>.∂Ikl�¿, KA�¡Èσ(A) = 0. ·��Iy

²D′1/n := D1/n(f)\A �¡È´". P

πn = {Ikl ∈ π | Ikl ∩D′1/n 6= ∅},

éuIkl ∈ πn, �3:P ∈ I◦kl¿�ωf (P ) > 1/n. u´�3�êr, ¦�m¥Br(x) ⊂
Ikl�ωf (x, r) > 1/n. ·�k

1/n 6 ωf (x, r) 6Mkl −mkl.

ùíÑ
1

n
σ+(D′1/n) 6

1

n

∑
Ikl∈πn

σ(Ikl) 6
∑
Ikl∈πn

(
Mkl −mkl

)
σ(Ikl) <

ε

n
.

¤±σ+(D′1/n) < ε, ù`²D′1/n´"ÿ8. �

k��"ÿ8�¿8�´"ÿ8, ��ê�"ÿ8�¿8Ø�½´"ÿ8. Ïdé

�È¼ê
ó, ¦+�Ì�u½ê�8Ü�"ÿ8, �§�ØëY:8´�ê�"ÿ8

�¿8, Ø�½´JordanÿÝ¿Âe�"ÿ8.

²¡�k.8ÜE¡�´Lebesgue(V��)"ÿ8´�µé?¿ε > 0, �3��«

m{In}÷vµ (1)E ⊂
∞⋃
j=1

Ij , (2)
∞∑
j=1

σ(Ij) < ε.

·�kXe(Ø.
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íííØØØ 18.3.5 (Lebesgue½n)½Â3�ÿ;�8ÜDþ�¼êf´Riemann�È�

��=�, f�ØëY:8Ü´Lebesgue"ÿ8.

yyy²²² ¼êf�ØëY:8Ü

D(f) =
⋃
n>1

D1/n(f).

XJf´Riemann�È�, Ké?¿n ∈ N, D1/n(f)´Jordan"ÿ8. é?¿ε > 0, �3

©�πn = {Ikl}¦� ∑
Ikl∩D1/n(f)6=∅

σ(Ikl) <
ε

2n
.

½ö`, éz�n, �3k��«mI1, · · · , Ikn÷v

D1/n(f) ⊂
kn⋃
j=1

Ij ,
kn∑
j=1

σ(Ij) <
ε

2n
.

òù
«m�3�å, Ò����«m, ù
«m�¿8�¹D(f), ¿�¦��¡È�

ÚØ�L
∞∑
n=1

ε

2n
= ε.

¤±D(f)´Lebesgue"ÿ8.

��, �D(f)´Lebesgue"ÿ8. é?¿ε > 0, �3��«m{In}, §��¿8�
¹D(f), §��¡È�Ú< ε/2. �±òz�«mIn·�*��#�«m Jn§÷v

In ⊂ J◦n, σ(Jn) 6 σ(In) +
ε

2n
, n = 1, 2, · · · .

Ké?¿δ > 0,

Dδ(f) ⊂ D(f) ⊂
∞⋃
n=1

J◦n.

{J◦n}´;8Dδ(f)�mCX, §kk�fCX{J◦k1 , · · · , J
◦
km
}, ùíÑ

σ+
(
Dδ(f)

)
6

m∑
i=1

σ(Jki) 6
∞∑
i=1

σ(Jn) < ε,

¤±Dδ(f)´Jordan"ÿ8. �

½n18.3.3¥, /8ÜD´�ÿ;�80ù�^�Ø´7L�, ¯¢þ·�k

íííØØØ 18.3.6 �D´R2��ÿ8Ü, f´½Â3Dþ�k.¼ê,Kf3DþRiemann�

È��=�é?¿δ > 0, 8Ü

Dδ(f) = {P ∈ D | ωf (P ) > δ}

´"ÿ8.
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yyy²²² �Ý/«mD̃÷v D ⊂ D̃◦, òf3D̃�"*¿P�f̃ = f · χD̃. �½Â,

f3D�È��=�f̃3D̃�È. 5¿�

Dδ(f̃) = {P ∈ D̃ | ωf̃ (P ) > δ} ⊂ Dδ(f) ∪ ∂(D).

du∂D´"ÿ8, XJ∀δ > 0, Dδ(f)´"ÿ8, @oDδ(f̃)´"ÿ8, Kf̃�È, ¤±f�

È.

��, XJf�È, @of̃�È, Ké?¿δ > 0, Dδ(f̃)´"ÿ8, dDδ(f) ⊂ Dδ(f̃) ´

�(Ø¤á. �

�d·�®²�Ñ²¡R2þJordanÿÝÚ¼êÈ©�½Â, ?Ø
¼ê�È�^

�. �±��aq/3Rn (n > 3)½ÂÈ©. ~X½ÂI = [a1, b1] × [a2, b2] × · · · ×
[an, bn]�n�Ý/«m, §�NÈ� σ(I) = Πn

i=1(bi − ai). ·�Ó��±½ÂRn�©
�, ?
½ÂRnf8Ü�SNÈ!	NÈÚJordan ÿÝ. éuRnþk;| �¼ê, §

�RiemannÈ©!�È5^����±Ó�?Ø. e¡·�{�?Øn = 1��/.

��«mI = [a, b]��Ýσ(I) = b− a. �A´R�k.f8Ü, π = {Ik}´R���
©�, ½Â

σ−π (A) =
∑
Ik⊂A

σ(Ik),

σ+
π (A) =

∑
Ik∩A 6=∅

σ(Ik),

¡

σ−(A) = sup
π
σ−π (A)

�8ÜA�SÿÝ,

σ+(A) = inf
π
σ+
π (A)

�8ÜA�	ÿÝ. � σ−(A) = σ+(A)�, ¡A´Jordan�ÿ8Ü, ¿¡σ(A) = σ+(A) =

σ−(A)´A�JordanÿÝ.

éu½Â3Rþ!äk;�| �k.¼êf , aqu·�31�þ?ØL�, �±

½Â§��ÙþÚ!�ÙeÚ, ?
½Â§�RiemannÈ©. Ó�kXe½n.

½½½nnn 18.3.7 �A ⊂ R´���ÿ8, f´½Â3Aþ�k.¼ê. f3AþRiemann�

È��=�é?¿δ > 0, 8Ü

Dδ(f) = {x ∈ A | ωf (x) > δ}

´"ÿ8.

��, ·�±Parseval�ª(½n15.4.10)�y²���!�(å.
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~~~ 18.3.1 £Parseval�ª¤�f´«m[−�, �]þ�Riemann�È¼ê, {an}Ú{bn}´
§�FourierXê, K

a2
0

2
+
∞∑
k=1

(
a2
k + b2k

)
=

1

�

ˆ �
−�

f2(x) dx.

yyy²²² ò^§15.4�PÒ. �σnf´¼êf�CesàroÚ

σnf(x) =
1

�

ˆ �
−�

f(x− t)Kn(t)dt,

Ù¥

Kn(t) =
1

2(n+ 1)

sin2
(
n+ 1

2

)
t

sin2 t
2

´È©�FejérØ, §´ü Cq¼ê.

�â§15.4.3!�?Ø, ·��Iy²

lim
n→∞

ˆ �
−�
|f(x)− σnf(x)|2dx = 0,

Ù¥

f(x)− σnf(x) =
1

�

ˆ �
−�

(f(x)− f(x− t))Kn(t) dt.

Ïd, ·�ò°[/�OÈ©

ˆ �
−�
|f(x) − σnf(x)|2 dx. ∀ε > 0, df�È�Dε(f)´

"ÿ8, ¤±�3«m[−�, �]�©�π = {I1, · · · , Im}÷v∑
Ik∩Dε(f)6=∅

σ(Ik) <
ε

2
.

�π1 = {Ik ∈ π | Ik ∩Dε(f) 6= ∅}. òπ1¥�z�«mIk = [a, b]*��Ĩk = [a − δ1, b +

δ1] (δ1 > 0), �δ1¿©�� ∑
Ik∈π1

σ(Ĩk) < ε.

P

Ĩ = [−�, �]\
⋃
Ik∈π1

Ĩ◦k ,

È©

ˆ �
−�
|f − σnf |2 dx�±©)�üÜ©µ

ˆ �
−�
|f(x)− σnf(x)|2 dx =

∑
Ik∈π1

ˆ
Ĩk

|f − σnf |2dx+

ˆ
Ĩ

|f − σnf |2dx

= J1 + J2.
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�M = sup |f |, ·�k�O1�Ü©È©J1. �x ∈ Ĩk (Ik ∈ π1)�, Ï�

|f(x)− σnf(x)| 6 1

�

ˆ �
−�
|f(x)− f(x− t)|Kn(t)dt

6 2M,

¤±

J1 6 4M2
∑
Ik∈π1

σ(Ĩk) < 4M2ε.

y�O1�Ü©È©J2. P

Ĩ ′ = {x ∈ [−�, �]
∣∣∣ �3x′ ∈ Ĩ , |x− x′| 6 δ1

2
}.

¼êf3k.48Ĩ ′þ��Ì< ε, ·�k�Ún18.3.4�q�(Jµ�3δ > 0 (δ <

δ1/2), �x, y ∈ Ĩ ′�|x − y| < δ�, |f(x) − f(y)| < ε. ùíÑ�x ∈ Ĩ , |t| < δ�|f(x) −
f(x− t)| < ε. dd���x ∈ Ĩ�,

|f(x)− σnf(x)| 6 1

�

ˆ �
−π

∣∣f(x)− f(x− t)
∣∣Kn(t) dt

=

ˆ
|t|<δ

∣∣f(x)− f(x− t)
∣∣Kn(t) dt

+

ˆ
|t|>δ

∣∣f(x)− f(x− t)
∣∣Kn(t) dt

6 ε+ 2M

ˆ
|t|>δ

Kn(t) dt.

Ï�Kn(t)´ü Cq¼ê, ¤±n¿©��,
ˆ
|t|>δ

Kn(t) dt <
ε

2M
,

·�k |f(x)− σnf(x)| < 2ε. ddíÑ

J2 6 4ε2σ(Ĩ) 6 8�ε2.

nÜ±þ'uJ1ÚJ2��O��, é?¿�u1��êε, �n¿©��ˆ π

−π
|f(x)− σnf(x)|2 dx < (4M2 + 8�)ε,

ùÒy²
½n. �

5P: Parseval �ªé[−�, �] þk×:��È�²��È¼ê�¤á. Ø��

� ´¼ê f �×:. Ï�²��È, ¤±é?¿� ε > 0, �3 δ > 0, ¦�
ˆ �
�−δ

f2dx < ε.
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ò¼ê f ©¤üÜ© f(x) = f1(x) + f2(x), Ù¥

f1(x) =

f(x), −� 6 x 6�− δ,

0, �− δ < x 6�.

f2(x) =

0, −� 6 x 6�− δ,

f(x), �− δ < x 6�.

w,, f1 Riemann �È, ¤±� n ¿©��kˆ π

−π
|f1(x)− σnf1(x)|2 dx < ε,

f2 �È�²��È, ¿÷v
ˆ �
−�

f2
2 dx =

ˆ �
�−δ

f2dx < ε.

��� n ¿©��kˆ π

−π
|f(x)− σnf1(x)|2 dx 6 2

ˆ π

−π
|f1(x)− σnf1(x)|2 dx+ 2

ˆ �
−�

f2
2 dx < 4ε.

�â§15.4.3!�?Ø, �±^σnf1�Oσnf , y²éu�×:��È�²��È¼ê,

Parseval�ª¤á.

SSSKKK18.3

1. y²½n18.3.7. J«µò¼ê"*¿���4«mþ.

2. �f(x, y)´«mI = [a, b]× [c, d]þ��È¼ê, �

ϕ(x) =

ˆ d

c

f(x, y) dy, ψ(x) =

ˆ d

c

f(x, y) dy

©O´f'uCþy�eÈ©ÚþÈ©, y²ϕ(x)Úψ(x)�È, �

ˆ
I

f dσ =

ˆ b

a

ϕ(x)dx =

ˆ b

a

ψ(x)dx.

3. y²k.4«m[a, b]þ�üN¼ê�È.

4. y²Cantor8(~14.4.3)�JordanÿÝ�u".

5. �D´��²¡�ÿ8, σ(D) > 0, f´Dþ���È¼ê�f > 0. y²ˆ
D

fdσ > 0.
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6. �D²¡Jordan�ÿ8, {fn}´½Â3Dþ��È¼ê�, ��Âñ�¼êf . y

²f3Dþ�È� ˆ
D

fdσ = lim
n→∞

ˆ
D

fndσ.

7. �Dn´����Jordan�ÿm8, ÷vDn ⊂ Dn+1 (n = 1, 2, · · · ), ¿� D =
∞⋃
n=1

Dn�´Jordan�ÿ8. �f´Dþ��È¼ê, y²

ˆ
D

fdσ = lim
n→∞

ˆ
Dn

fdσ

J«: |^SK 18.1 14K�(J.

8. �E´��;�8Ü, y²E´Jordan"ÿ8��=�§´Lebesgue"ÿ8.

9. �f´�ÿ8ÜDþ��K�È¼ê, �

ˆ
D

fdσ = 0, y²: 8ÜD0 = {P ∈

D | f(P ) > 0}´Lebesgue"ÿ8.

10. U±eÚ½, �E��½Â3«m[0, 1]þ���¼êF (x), §��¼êf(x)k.,

�ØRiemann�È.

(1) �E[0, 1]¥��üüØ��4f«m{In}, §���Ý�Ú�u1/2, ¿y²:

[0, 1]¥?¿��4f«mJ7½÷vXeü�^���:

(a) J ⊂
∞⋃
n=1

In; (b) J�¹,�«mIn, n ∈ N;

J«: 1�Ú, 3[0, 1]«m¥Ü��Ý�u1/4�4«mI1 = [3/8, 5/8], 1�Ú, 3

{eü�«m�¥Ü��Ý�1/16�4«m I2 = [5/32, 7/32], I3 = [25/32, 27/32],

1nÚ, 3{e4�«m¥Ü, ��Ý�1/64�4«m· · · , ±daí.

(2) �4«mĨn'uIn�¥:é¡, �§��Ý|Ĩn|�u|In|2, n = 1, 2, · · · . ½Â¼
êf�: f3Ĩn (n ∈ N) ´7i©.©ã�5¼ê, §3Ĩn�¥%��1, 3Ĩn�à:

��0; 5½f3Ù§/���þ�0. y²fØ´Riemann�È¼ê;

J«: |^1)y²: é?¿�©�π, Sπ(f)− Sπ(f) > 1/2.

(3) ½Â

F (x) =
∞∑
n=1

ˆ
Kn

f(t)dt, ∀x ∈ [0, 1],

Ù¥Kn = [0, x] ∩ Ĩn, n ∈ N. y²F ′(x) = f(x), ∀x ∈ [0, 1].
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§18.4 ­­­ÈÈÈ©©©������úúúªªª∗

ù�!·�ïÄõ­È©��úª, ·�ØÛ�u��, ò?Ø���ê��/.

��£�Ò´éÈ©Cþ�C�¤´O�È©�Ì�Ãã. 3�þ��eõ­È©

�È©«�!�È¼ê�È©/ª¬u)UC. 31�þ¥, ·�®²£ã
���L

§!�Ñ
��úª, ¿|^��O�È©, ùpò�Ñ§�î�y².

�UÚU ′´Rn�ü�m8,N�φ : U ′ 7→ U´ëê(�I)C�.� (x1, x2, · · · , xn)´U�

���I, (u1, u2, · · · , un) ´U ′����I�. ÏLC�

xj = xj(u1, u2, · · · , un),

(u1, u2, · · · , un)¤�U�­��I. ·��ïÄUþ¼ê� Riemann È©ˆ
U

f(x) dx =

ˆ
· · ·
ˆ
U

f(x1, x2, · · · , xn) dx1dx2 · · · dxn

3ëê(u1, u2, · · · , un)e�O�úª.

18.4.1 111���ªªª���NNNÈÈÈ

�Rn�?¿n��5Ã'�þv1, · · · ,vn, §�)¤��²1õ¡N

∆(v1, · · · ,vn) = {x = t1v1 + t2v2 + · · ·+ tnvn | 0 6 ti 6 1, i = 1, 2, · · · , n}.

·��Ä²1õ¡N∆(v1, · · · ,vn)�NÈσ(v1, · · · ,vn).

�e1, e2, · · · , en´Rn�IOÄ, w,, σ(e1, · · · , en) = 1. XJv1, · · · ,vn´�|�
5Ã'�þ, �vi =

∑
j aijej (i = 1, 2, · · · , n), d1�ª�½Â��, §)¤�²1õ¡

N∆(v1, · · · ,vn)�NÈ�

σ(v1, · · · ,vn) = | det(aij)|.

·�¡Rn�ü|Ä�Ó½��, XJ§��m�ÄC�Ý
�1�ª��. Ï

dRn=kü�½�, Ï~òIOÄe1, · · · , enû½�½�¡��½�. ØJwÑ, X

J(aij)´��n��
, det(aij)L«�´d�þ|vi =
∑

j aijej (1 6 i 6 n))¤�²1

õ¡N�/k�0NÈ, ùÒ´1�ªÎÒ�AÛ¿Â.

�φ : Rn 7→ Rn´�_�5C�, 3IOÄe�5C�φkÝ
L«(aij), =

φ(ei) =
n∑
j=1

aijej .

Pvi = φ(ei), l±þ?Ø·���õ¡N�mk'X

∆(v1, · · · ,vn) = φ
(

∆(e1, · · · , en)
)
.
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§��NÈk'X

σ(v1, · · · ,vn) = | det(aij)|σ(e1, · · · , en).

555��� 18.4.1 �D´Rn����ÿ8, φ´Rn��_�5C�, Kφ(D)´�ÿ8�

σ(φ(D)) = | det(φ)|σ(D).

ùpσ(D)L«D�NÈ.

yyy²²² dþã?Ø��, éuRn�?¿(n�)«mI:

I = [a1, b1]× [a2, b2]× · · · × [an, bn],

¤áσ(φ(I)) = | det(φ)|σ(I).

duD´�ÿ8, d½n6.1.2�Ún��, �3Rn���©�{πn}÷v

lim
n→∞

σ+
πn(D) = lim

n→∞
σ−πn(D) = σ(D).

�I´©�πn���«m,Ï�I ⊂ D�duφ(I) ⊂ φ(D), I ∩D 6= ∅�duφ(I)∩φ(D) 6=
∅, ·�k

σ−πn(D) =
∑
I⊂D

σ(I) =
∑

φ(I)⊂φ(D)

| detφ|−1σ(φ(I))

6 | detφ|−1σ−(φ(D)),

Ón,

σ+
πn(D) =

∑
I∩D 6=∅

σ(I) =
∑

φ(I)∩φ(D) 6=∅

| detφ|−1σ(φ(I))

> | detφ|−1σ+(φ(D)).

-n→∞, Ò��

σ+(φ(D)) 6 | detφ|σ+(D) = | detφ|σ−(D) 6 σ−(φ(D)),

¤±(Ø¤á. �

18.4.2 ������úúúªªª

�?ØÈ©��úª, ·�Äk©Û3C1N�e, �ÿ8�8��ÿ5. P

ÒIδ(u)L«Rn¥±:u�¥%!>��δ��á�N, §�NÈ�δn. |^�ê‖ · ‖∞,

Iδ(u)�±L�

Iδ(u) = {u ∈ Rn
∣∣∣ ‖u− u‖∞ 6 δ

2
}.
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ÚÚÚnnn 18.4.2 �U´Rn�m8, φ : U → Rn´C1N�, �sup ‖dφ‖ < +∞.

1. eE ⊂ U´k.8Ü,Kφ(E)�´k.8Ü,��3����6u�ênÚsup ‖dφ‖�
~êC, ¦�

σ+(φ(E)) 6 Cσ+(E);

2. �D ⊂ U´�ÿ8, D◦ 6= ∅, �det(dφ)3Dþ??�", Kφ(D)´�ÿ8.

yyy²²² �Rn���©�
π = {Ij(uj)},

Ù¥z��Ek��Ij(uj)´±uj�¥%!δj�>���á�N. Ké?¿E ⊂ U ′,

φ(E) ⊂
⋃

Ij∩E 6=∅

φ(Ij).

�Ek.�, �kk��á�N�Ek�, þª±9e¡��O`², φ(E)�´k.8Ü.

éz�Ij , A^[�©¥�½n, k

|φ(u)− φ(uj)| < sup ‖dφ‖|u− uj| 6 sup ‖dφ‖
√
nδj ,

¤±φ(Ij)�¹3±φ(uj)�¥%, sup ‖dφ‖
√
nδj��»�¥N¥, §�	NÈ

σ+(φ(Ij)) 6 Cδnj .

ùpC´��nÚsup ‖dφ‖k'�~ê. éj¦Ú, Ò��

σ+(φ(E)) 6 C
∑

Ij∩E 6=∅

δnj = C σ+
π (E).

d©�π�?¿5k

σ+(φ(E)) 6 C σ+(E).

ùÒy²
(Ø1.

�y²(Ø2, �Iy²∂φ(D) ⊂ φ(∂D), @od(Ø1,

σ+(∂φ(D) 6 σ+(φ(∂D)) 6 Cσ+(∂D) = 0,

ù`²∂φ(D)´"ÿ8, ¤±φ(D)´�ÿ8.

?�y ∈ ∂φ(D), @o�3:�{xn} ⊂ D¦�φ(xn)→ y. duD k., :�{xn} k
., Ø��xn Âñux ∈ D = D◦ ∪ ∂D. dëY5��y = φ(x). duφ��3D◦þ´m

N�, @o§òD �SÜN¤φ(D)�SÜ(íØ17.3.4), l
xØáuD �SÜ, ÄKyÒ

¬áuφ(D) �SÜ. Ïd·�kx ∈ ∂D, ¤±y = φ(x) ∈ φ(∂D). �
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3þ��!·�®²y²�5C��1�ª�ýé�´3C��eNÈ���X

ê. �©�Ä��nw�·�, C1N�φ : U ′ → Rn (U ′´Rn�m8)3�:u ∈ U ′NC�
±^�©5���Cq, ÏdJacobi1�ª�ýé�J(u) = | det dφ(u)|�Ñ x = φ(u)N

C�NÈ���Xê�Cq.

±e·�b�U ′´Rn�k.«�, φ : U ′ → U´ëêC�. �½�:u, |^φ��

�5�

φ(u) = φ(u) + dφ(u)(u− u) + o(|u− u|),

l
��C�

φ1(u) = φ(u) + dφ(u)(u− u)

÷vσ(φ1(I)) = J(u)σ(I),ùp I´n�«m. �I�5���,Cq σ
(
φ(I)

)
≈ σ

(
φ1(I)

)
�

°Ý¬�5�Ð.Ïd·�Ï",eφ´ëêC�@oU = φ(U ′)�NÈTÐ´J(u)3U ′þ

�È©. �?�Ú, ·�òy²

½½½nnn 18.4.3 �φ : U ′ → U´ëêC�, ¿�φ�±òÿ�U ′4�þ�C1N�.

�U ′´�ÿ8, KU = φ(U ′)�´�ÿ8, éuUþ�?¿�È¼êf , kÈ©��úªˆ
U

f(x)dx =

ˆ
U ′
f ◦ φ(u)J(u)du.

ùp^�/φòÿ�U ′�4�þC1N�0´�: �3m8Ũ ⊃ U ′ÚC1N� φ̃ : Ũ →
Rn¦�φ̃(x) = φ(x), ∀x ∈ U ′; dx = dx1 · · · dxn, du = du1 · · · dun.

��BQã, 3dÚ?��PÒ. ½Â8ÜD ⊂ Rn�δ-��Dδ�8Ü

Dδ = {y ∈ Rn
∣∣ �3 x ∈ D ¦� |x− y| 6 δ}.

yyy²²² �â½n^�ÚÚn18.4.2, U = φ(U ′)´�ÿ8. Äk·�y²3U ′�?¿

�ÿ;�f8D′þÈ©��úª¤á, ,�^D′%CU ′5y²½n.

3Ù��Ún18.4.4¥, ·�òy²Xe(Ø: �D´U ′���;�f8, é¿©�

�ε > 0, �3δ > 0, eá�NIδ(u)�¥%u ∈ D, K∣∣∣σ(φ(Iδ(u))− J(u)σ(Iδ(u))
∣∣∣ 6 cnJ(u)σ(Iδ(u))ε,

ùpcn´�����ênk'�~ê.

�D′´U ′����ÿ;�f8, ���D′�δ0+�D
′
δ0
�¹uU ′. é¿©��ε > 0,

�3δ > 0 (δ < δ0/n)¦�þã(Ø3D′δ0¤á. �π´Rn���©�, ò©�¥�;�

8D′k��Ý/«m�NP�π′ = {Ij : j = 1, 2, · · · , k}, Ù¥z�Ij´±:uj�¥%!
>�= δ��á�N. �âδ��{, Ij�D

′k��§�¥%uj ∈ D′δ0 .

�f´½Â3Dþ��È¼ê,òf�"òÿ��Rnþ�¼ê,E,P�f ,K(f ◦φ) J

´½Â3D′ þ��È¼ê. k�f > 0, éz�á�NIj ∈ π′, A^cãÚn18.4.4�(
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Ø, Òk

(1− cnε)σ(Ij)J(uj) 6 σ(φ(Ij)) 6 (1 + cnε)J(uj)σ(Ij), 1 6 j 6 k

þªü>¦þf(xj) = f ◦ φ(uj)¿¦Ú, Òk

(1− cnε)
∑
j

J(uj)f ◦ φ(uj)σ(Ij) 6
∑
j

σ(φ(Ij))f(xj)

6 (1 + cnε)
∑
j

J(uj)f ◦ φ(uj)σ(Ij).

�δ → 0�, Ï� ∑
j

f ◦ φ(uj)J(uj)σ(Ij)→
ˆ
D′
f ◦ φ(u)J(u) du,

∑
j

f(xj)σ(φ(Ij))→
ˆ
D

f(x) dx,

¤±�d·�®²y², éu�K¼êÚ�ÿ;�f8, ½n(Ø¤á.

é����È¼êf , -

f+ = (f + |f |)/2, f− = (−f + |f |)/2,

Kf+, f−´�K�È¼ê, �f = f+ − f−. È©��\5ÒíÑ, È©��úª3�ÿ

;�f8þ¤á.

��·�y²(Ø3U ′þ¤á. é?¿ε > 0, �;��ÿ8D′ ⊂ U ′ ÷v

σ
(
U ′ \D′

)
< ε,

ù��D′ �±æ�Xe�ª��µ�©�π, ¦�

σ+
π (U ′)− σ−π (U ′) < ε,

D′�±���¹3U ′¥�«m�¿.

é�È¼êf , ·�kˆ
φ(D′)

f(x) dx =

ˆ
D′
f ◦ φ(u)J(u)du,

¤± ˆ
U

f(x)dx−
ˆ
U ′
f ◦ φ(u)J(u)du =

ˆ
U\φ(D′)

f(x)dx−
ˆ
U ′\D′

f ◦ φ(u)J(u)du.

Ún18.4.2�íÑ ∣∣∣ ˆ
U ′\D′

f ◦ φ(u)J(u)du
∣∣∣ 6 sup |f | · sup J · σ(U ′ \D′)

6 sup |f | · sup J · ε,
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U\φ(D′)

f(x)dx
∣∣∣ 6 sup |f | σ(φ(U ′ \D′)) 6 sup |f | · C · ε.

nÜ±þ©Û, ½n¤á. �

½ny²¥�k��(Ø�y, ùÒ´XeÚn, §�y²k6u�
°[�©Û.

·�ò¦^�ê‖ · ‖∞, §�Euclid �ê| · | kXe'X

‖x‖∞ 6 |x| 6
√
n‖x‖∞.

ÚÚÚnnn 18.4.4 �φ : U ′ → U´ëêC�. éu ∈ U ′, ½Â

φ1(u) = φ(u) + dφ(u)(u− u).

�D′´U ′�;�f8, ∀ε > 0, ∃δ > 0, é?¿u ∈ D′,
1. á�NIδ(u) ⊂ U ′, �∀u ∈ Iδ(u),∥∥∥(dφ(u)

)−1(
φ(u)− φ1(u)

)∥∥∥
∞
< ε‖u− u‖∞;

2. �ε¿©��, �3���ênk'�~êcn¦�eãØ�ª¤áµ∣∣∣σ(φ(Iδ(u))− J(u)σ(Iδ(u))
∣∣∣ 6 cnJ(u)σ(Iδ(u))ε.

yyy²²² �Ún^�, U ′´m8, D′´§�;�f8, ¤±�3��δ1 > 0, D�δ1−�
�D′δ1 ⊂ U ′. ~ê

M = sup
u∈D′δ1

‖
(
dφ(u)

)−1‖ <∞,

N�dφ3;8D′δ1þ��ëY. ¿�, u ∈ D′�, á�NIδ1/n(u) ⊂ Dδ1 .

ddφ���ëY5, ?�ε > 0,�3δ > 0(δ < δ1/n), �u, u ∈ D′δ1 , |u− u| < δ�,

‖dφ(u)− dφ(u)‖ < ε

M
√
n
.

�½u ∈ D′, -
Φ(u) =

(
dφ(u)

)−1(
φ(u)− φ1(u)

)
.

eu ∈ Iδ(u), d[�©¥�½n17.2.7, �3u�uë�þ��:ξ÷v

|Φ(u)| = |Φ(u)− Φ(u)| 6 ‖dΦ(ξ)‖|u− u|,

5¿�|ξ − u| 6 |u− u| < δ, Ïd

‖dΦ(ξ)‖ =
∥∥∥(dφ(u)

)−1(
dφ(ξ)− dφ(u)

)∥∥∥
6
∥∥(dφ(u)

)−1∥∥‖dφ(ξ)− dφ(u)‖ < ε√
n
,
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¤± ∥∥∥(dφ(u)
)−1(

φ(u)− φ1(u)
)∥∥∥
∞

= ‖Φ(u)‖∞ 6 |Φ(u)|

6
ε√
n
|u− u| 6 ε‖u− u‖∞.

ùÒy²
(Ø1.

�y²(Ø2, I�©Ûá�NIδ(u)3N�ψ =
(

dφ(u)
)−1
◦ φe��. Äk·�k

�ª

ψ(u)− ψ(u) =
(

dφ(u)
)−1(

φ(u)− φ(u)
)

=
(

dφ(u)
)−1(

φ(u)− φ1(u)
)

+ (u− u),

(Ü(Ø1, �±��Xeü��Oª:

‖ψ(u)− ψ(u)‖∞ 6
∥∥∥(dφ(u)

)−1(
φ(u)− φ1(u)

)∥∥∥
∞

+ ‖u− u‖∞

6 (1 + ε)‖u− u‖∞,

±9

‖ψ(u)− ψ(u)‖∞ > ‖u− u‖∞ −
∥∥∥(dφ(u)

)−1(
φ(u)− φ1(u)

)∥∥∥
∞

> (1− ε)‖u− u‖∞.

l1���Oª�±wÑ, �u ∈ Iδ(u)�, ‖u− u‖∞ 6 δ/2, ùíÑ

‖ψ(u)− ψ(u)‖ 6 (1 + ε)δ/2,

¤±

ψ
(
Iδ(u)

)
⊂ I(1+ε)δ

(
ψ(u)

)
.

e¡y²1���Oª�±íÑ

ψ
(
Iδ(u)

)
⊃ I(1−ε)δ

(
ψ(u)

)
.

ù´Ï�ψ´C1Ó�, ¤±ψ(Iδ(u))´��lëÏ;�«�, ¿�ψòIδ(u)�S:N

�ψ(Iδ(u)) �S:, ψ(∂Iδ(u)) = ∂ψ(Iδ(u)). eu∗0 = ψ(u0) ∈ ∂ψ(Iδ(u)), Ku0 ∈ ∂(Iδ(u)),

Ïd

‖u∗0 − ψ(u)‖ = ‖ψ(u0)− ψ(u)‖ > (1− ε)δ
2
,

ù`²

ψ(Iδ(u)) ⊃
{
u ∈ Rn

∣∣∣ ‖u− ψ(u)‖∞ 6 (1− ε)δ
2

}
= I(1−ε)δ(ψ(u)).

|^�¹'Xª

I(1−ε)δ(ψ(u)) ⊂ ψ
(
Iδ(u)

)
⊂ I(1+ε)δ(ψ(u))
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O�NÈ, ��

(1− ε)nσ(Iδ(u)) 6 σ
(
ψ(Iδ(u))

)
6 (1 + ε)nσ(Iδ(u)).

�3~ê cn, � ε < 1�

(1− ε)n > 1− cnε, (1 + ε)n < 1 + cnε.

|^ù�¯¢, ¿(Ü�ª

σ
(
ψ(Iδ(u))

)
= det

(
dφ(u)

)−1
σ
(
φ(Iδ(u))

)
= J−1(u)σ

(
φ(Iδ(u))

)
,

��·���

(1− cnε)J(u)σ(Iδ(u)) 6 σ
(
φ(Iδ(u))

)
6 (1 + cnε)J(u)σ(Iδ(u)).

�

|^ n �¥�IC�, ·�­#O�31�þ §10.4 ¥®²?ØL�n �¥�NÈ

¯K, 3@p·�´æ^��{´\gÈ©. �d, ·�?Øe�����(J.

~~~ 18.4.1 �f�Rnþ��È¼ê, |^n�4�I(~17.3.3), ·�kXe�È©

��úª ˆ
Rn
f(x1, · · · , xn)dx1 · · · dxn

=

ˆ
En

f(r, θ1, · · · , θn−1)rn−1 sinn−2 θ1 · · · sin θn−2drdθ1 · · · dθn−1.

ùp

En = {(r, θ1, · · · , θn−1)}

Ù¥

0 < r <∞, 0 < θ1 <�, · · · , 0 < θn−2 <�, −� < θn−1 <�,

ef´»�¼ê, =f��6u

r = |x| =
√
x2

1 + · · ·+ x2
n,

@oÏLz\gÈ©, þãúªk��{'�L«µˆ
Rn

f(|x|) dx1 · · · dxn = cn

ˆ ∞
0

f(r)rn−1 dr,

Ù¥cn´�����ênk'�~ê

cn =

ˆ �
0

sinn−2 θ1dθ1 · · ·
ˆ �

0

sin θn−2dθn−2

ˆ �
−�

dθn−1.
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w,, |^\gÈ©Úe�®�(J

ˆ �
0

sinn dx = 2

ˆ �
2

0

sinn dx =

2 (n−1)!!
n!! , n �Ûê,

� (n−1)!!
n!! , n �óê.

Ò�O�Ñ cn äN��. ùp·�Ø��æ�ù«�¡O�, 
´/ÏÈ©ˆ
Rn

e−|x|
2

dx1 · · · dxn.

�,ù´�� n ­��~È©, �´�È¼ê´��, Ïd���ì1�þ'u¼

ê e−(x2+y2) 3²¡þ��~È©�?n, �AÏ�&¦4O��òÈ©z�e�\g

È© ˆ
Rn

e−|x|
2

dx1 · · · dxn =

(ˆ ∞
−∞

e−t
2

dt

)n
=�n/2.

ùp·�^�
®�(J ˆ ∞
−∞

e−t
2

dt =
√
�.

,��¡|^4�I��úªkˆ
Rn

e−|x|
2

dx1 · · · dxn = cn

ˆ ∞
0

e−r
2

rn−1 dr

=
cn
2

ˆ ∞
0

tn/2−1 e−t dt

=
cn
2

Γ
(n

2

)
.

u´·���

cn =
2�n/2

Γ
(
n
2

) .
äN/`,

c2n =
2�n

(n− 1)!
, c2n+1 =

2n+1�n

1 · 3 · 5 · · · (2n− 1)
.

|^þã�{Ú(J, ·����O� n �¥

Bn(a) = {(x1, · · · , xn) : x2
1 + · · · x2

n 6 a2}

�NÈÚL¡È, ùp a L«¥��».

äN5`, ÏL4�I��, n �¥N�NÈ�

σ(Bn(a)) =

ˆ
Bn(a)

dx1 · · ·xn

= cn

ˆ a

0

rn−1dr =
cna

n

n

=
�n/2

Γ
(
n
2 + 1

)an.
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�
O� n− 1 �¥¡

Sn(a) = ∂Bn(a) = {(x1, · · · , xn) : x2
1 + · · · x2

n = a2}

�¡È, ©O�Ä¥¡�/þ0�¥Ú/e0�¥

xn = ±
√
a2 − (x2

1 + · · ·+ x2
n−1), (x1, · · · , xn−1) ∈ Bn−1(a)

aqn��m¥��­¡ S : z = z(x, y), (x, y) ∈ D ¡ÈO�úª£�1�

þ§11.2.1¤

σ(S) =

ˆ
D

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy

¿�âé¡5, Sn(a) �¡È½Â�

σ(Sn(a)) = 2

ˆ
Bn−1(a)

√
1 +

(
∂xn
∂x1

)2

+ · · ·+
(

∂xn
∂xn−1

)2

dx1 · · · dxn−1

= 2a

ˆ
Bn−1(a)

1√
a2 − r2

dx1 · · · dxn−1

ùp r2 = x2
1 + · · ·+ x2

n−1, Ïd, ÏL��, n �¥¡�¡ÈXe

σ(Sn(a)) = 2a

ˆ
Bn−1(a)

1√
a2 − r2

dx1 · · · dxn−1

= 2acn−1

ˆ a

0

rn−2

√
a2 − r2

dr

= 2an−1cn−1

ˆ 1

0

sn−2

√
1− s2

ds

= an−1cn−1

ˆ 1

0

t
n−3
2 (1− t)−

1
2 dt

= an−1cn−1 B

(
n− 1

2
,
1

2

)
.

/Ï B ¼ê� Γ ¼ê�m�'X, ·��� n �¥�L¡Èúª:

σ(Sn(a)) =
2�n/2

Γ
(
n
2

) an−1.

SSSKKK18.4

1. �GL(n, R)L«n× n�_Ý
��N, �±r§w¤Rn2
�m8. �f : Rn2 → R´

ëY�Käk;�|8�¼ê. y²: éu?¿y ∈ GL(n, R), ¤áˆ
GL(n,R)

f(xy) | det x|−n dx =

ˆ
GL(n,R)

f(x) | det x|−n dx.

q¯XJrxy�¤yx, (Ø´Ä¤á? J«: �ÄÝ
�=�.
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2. Xe½ÂR2n+1þ�¦{: (x, y, t)◦(x′, y′, t′) = (x+x′, y+y′, t+t′+〈x, y′〉−〈x′, y〉),
x, y ∈ Rn, t ∈ R1. �R2n+1þ�äk;�|8�ëY¼êf , y²: éu?¿

�(x′, y′, t′) ∈ R2n+1, ¤á
ˆ
R2n+1

f
(
(x, y, t) ◦ (x′, y′, t′)

)
dxdydt =

ˆ
R2n+1

f(x, y, t)dxdydt.

3. �f�Rnþ�äk;�|8�ëY¼ê.

(1) é?¿t > 0, tx = (tx1, · · · , txn), y²
ˆ
Rn

f(tx)dx = t−n
ˆ
Rn

f(x)dx.

(2) 2�f3�:�����Sð�", y²
ˆ
Rn

f(tx)

|x|n
dx =

ˆ
Rn

f(x)

|x|n
dx,

ˆ
Rn

f(x/|x|2)

|x|n
dx =

ˆ
Rn

f(x)

|x|n
dx.
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