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1. �o´�êAÛ?

(1) ��êÆ©|: é�!¯K!�{

(2) ïÄé�: �êqalgebraic variety§=õ�ª�":8xn + yn = zn

XêQ,C, �©(�!E(�!�ê(�

(3) Ø�ïÄü��êq�5�, �ïÄ�êq�m�N�, �êq�/C!©

a, I�Ú\�õ�Vg: V.!motive!stack;

(4) �êAÛ!êØ!ÿÀ!�©AÛ£EAÛ¤!êÆÔn, ~X: �²��i

\½n: PnC¥�Ef6/d�ê�§½Â.

2.�êAÛ�A:

(1) pÝÄ�: ^�ê£ãAÛ, ^AÛn)�ê

(2) pÝ�N: ¦^�©AÛ!ÿÀÆ�Æ�óä

(3) �óÊ·5

(4) /
þ�Ú�: ~X�Kz, ��nØ, Grothendieck IOß�.

(5) ��5: Hodge ß�, Weil ß�, Tate ß�

~1.1. (nØuÐ) Bezout ½n: �K²¡­���ê

](F ∩G) = degF · degG

Øf��ê3kn�de�ØC5 ��nØ(Hurzebruch-Riemann-Roch)
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Pascal ½n(1639): º:3�g­�þ�8>/é>�:��.

�­¡Vp(X
3
0 +X3

1 +X3
2 +X3

3 ) = P3
CþkTÐ27^�� Gromov-Wittenn

Ø

~1.2. Frankel ß�: �¡­Ç??���;KahlerE6/XÓ�u�K�mPnC.

Hartshorne ß�: XJ��1w�K�êqX��lTX´´L�(ample), @

où��êqÓ�u�K�m.

)û�Y: Mori’79, év
õ�kn­�P1, ké�^f : C → X, ,�Áã

/C(Bend-and-Break), /C�mH0(C, f ∗TX |C) ≥ deg f ∗TX + dimX(1 − g(C)),

æNH1(C, f ∗TX |C) = H0(C, ωC ⊗ (f ∗TX |C)∗).

�Y: �p��, ^FrobeniusN�EÜ, ¦�/C�mv
�, �½Ä:��

±�ªä�, ��kn­�, ���kn­�gê��; 2^HilbertV.�nØ�

�X þkn­�.

~1.3. Hodge ß�: �X´1w�K�êq. K

Hp,p(X,Q) := H2p(X,Q) ∩ (Hp,p(X,C) ⊆ H2p(X,C) ∼= H2p
dR(X/C))

���5
u�êfqéA�þÓNa.

3.�§8I: n)�êAÛ�Ä�Vg, Ýº�êÚAÛ�ó�=�, ÐÚ¦

^���ó, 
)�êAÛ¥�Ä��(Ø.

4. �Ø

(1) ²�¤140, �)��5©, ��35©

(2) Ï"�Á60

5. �áÚë�Ö

(1) W. Fulton, Algebraic Curves: An introduction to algebraic geometry, 2008.

(2) Igor R. Shafarevich, Basic algebraic geometry 1, 2017.

(3) R. Hartshorne, Algebraic geometry. Springer-Verlag, New York, Graduate

Texts in Mathematics 52, 1977.
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6. ��§SN

(1) �êq: ÄkïÄAn = kn½öPnk¥��êq, ,�Ä�Ñ�êq�Vg, ¿

^�ê�ó½Â1w!�ê�5�.

(2) �ÚV.�Ä�nØ

(3) ²¡­�, ��nØ

(4) Riemann-Roch½n, þÓNnØ{0
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2 �êq£Algebraic varieties¤

g�: rN�ê�AÛ�m�éA(¼êÚ�m), S%½Â, ^�ê�ó½Â

1w/Û:, �ê.

�k´���ê4�(�5¬�Ä�����).

2.1 ��(affine)�êq

2.1.1 ���ê8µõ�ª�ú�":8

½Â2.1. PAn
k = kn, ¡����m; Ù¥������ê8��

´k[x1, · · · , xn]¥�xõ�ªS�ú�":8:

V ((S) := {(a1, · · · , an)|f(a1, · · · , an) = 0, ∀f ∈ S}.

V (f)¡�Ak¥����­¡, �5òy²�ê8´k���­¡��8.

~f: V (x2 + y2 + 1) ⊂ A2.

·K2.1. (1) V (
⋃
i Si) =

⋂
i V (Si).

(2) V (S1) ∪ V (S2) = V ({figj|fi ∈ S1, gj ∈ S2}.

½Â2.2. ò�ê8�����mAn
k = kn�48, K��ZariskiÿÀ, ¿p�


���ê8þ�ZariskiÿÀ.

2.1.2 Neother �

±eÑy��þ���N�, �Ó�þ�N�Ó�.

£�:

(1) A¥���nnn���(ideal)��´A���f8I ⊂ A÷v

(a) I´(A,+)���f+§=∀x, y ∈ I§kx− y ∈ I;

(b) AI ⊂ I§=∀x ∈ A, y ∈ I§kxy ∈ I.
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(2) df8)¤�n�µ�S ⊂ A´A���f8§dS)¤�n�½Â�

(S) = {
k∑
i=1

xisi : xi ∈ A, si ∈ S, i = 1, · · · , k; k = 1, 2 · · · }.

�±�y(S)´A�n�.

(3) k�)¤�n�µ�I ⊂ A´A���n�, ¡I´kkk���)))¤¤¤���, XJ�3A�

k�f8S¦�I = (S).

(4) ûûû���(quotient ring): eI ⊂ A´A���n�, KA/I´���, ¡�A'

uI�û�, ·�kg,�ûN�A� A/I.

(5) ���ÓÓÓ���: �A,B´ü��, N�f : A→ B´���Ó�, ��´∀x, y ∈ A,

(i) f(x+ y) = f(x) + f(y);

(ii) f(xy) = f(x)f(y);

(iii) f(1) = 1.

(6) �Ó�½n: �f : A → B´�Ó�, Kker(f) ≤ A¿�Im(f) ∼= A/ker(f);

�I ≤ J , A/I ∼= A/J
I/J

; I + J/J ∼= I/(I ∩ J); A�n�ÚA/I�n�éA.

(7) ��(integral domain/domain):¡A���§XJA¥�"�ÑØ´"Ïf,

�d/`, x ∈ A, x 6= 0,XJxy = 0,Ky = 0.

(8) �(field): ¡A����§XJA¥�"�Ñ´ü �.

(9) 4�n�, �n�.

(10) ��Õf©)��(UFD), Ìn���(PID), îª��(ED).

·K2.2. �I ≤ A. K

(1) I´�n���=�A/I´��;

(2) I´4�n���=�A/I´�.

½Â-·K2.1. �A���N�. K±eü�^��d:

(1) ¤kn�Ñ´k�)¤�;

(2) A�z�n�,óª�, =ekI1 ≤ I2 ≤ I3 ≤ · · · ≤ In ≤ In+1 ≤ · · · K�
3N¦�IN = IN+1 = · · · .

d�¡A´��Noether�.
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y². (1) ⇒ (2): éu�½�n�,ó, kJ = ∪iIi´��n�. ��J =

(x1, · · · , xn). d�E�3N¦�{x1, · · · , xn} ⊆ IN , l
J = IN = IN+1 = · · · .

(2) ⇒ (1): �I ≤ A. b�IØ´k�)¤�. �±?1Xeö�:

�x1 ∈ I \ (0),

�x2 ∈ I \ (x1),

�x3 ∈ I \ (x1, x2),

...

l
��î�4O�n�,ó.

·K2.3. Noether��z���n�8Ük4��.

~f: PID (Z, k[T ])´Noether �.

·K2.4. Noether��û��´Neother�.

½n2.1. (Hilbert Basis) eR´Noether�, KR[x]´Noether�.

(⇒ R[x1, · · · , xn]´Noether�)

y². ·��yR[x]�n�´k�)¤�. �J ⊂ R[x]���n�.

PJn�J¥�ngõ�ª8Ü, ngõ�ª��Ä�XêÚ0�8ÜP�In.

N´�yIn ≤ R, 
�In, n = 0, 1, 2,´üN4On�. Ï�R´Noether, �

3N¦�JN = JN+1 = · · · , 
�éi = 0, 1·, N , �±b�In = (ai1, · · · , aili), u´
�3fij(x) ∈ Jn¦�fij = aijx

i + · · · .

�e5y²J = J ′ := ({fij(x)}0≤i≤N,1≤j≤li). |^8B{. ÄkJ0 = I0 ⊆ J ′.

y3b�Jn−1 ⊆ J ′. �f(x) ∈ Jn.

ü«n ≤ N��/.

��: (1) eA´Noether�, KA[[x]]´Noether�.

(2) ��: «m(0, 1)þ�ëY¢¼ê8C((0, 1))£½Â+, ·�¼ê�\{Ú¦
{¤Ø´Noether�.
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2.1.3 �Öá�: Noether �

½Â: XJR-�M÷vXe�d^���, K¡��Noether�.

(i) f�,óª�; (ii) M�z�f�Ñ´k�)¤�.

·K: (1) Noether ��f�Úû��ìA�;

(2) �k�Ü�0→M ′ →M →M ′′ → 0, XJM ′,M ′′Noether, M�´.

(3) Noether��k��Ú´Noether;

(4) �R´Noether�, Kk�)¤R-�´Noether�.

Proof. (2) ��é)¤�. (3, 4) 5
u(1,2).

2.1.4 �ê8�n��m�'X

�S ⊂ k[X1, · · · , Xn]´?�f8, PI = (S)´dS)¤�n�. K

V (S) = V (I).

Ïd, �ê8Ñ�±�¤V (I)�/ª, Ù¥I ⊂ k[X1, · · · , Xn]´��n�.

dNoether5, ��I = (f1, · · · , fr), KV (S) = V (I) = V (f1, · · · , fr).

·K2.5. �I, J ≤ k[X1, · · · , Xn].

(0) I ⊆ J , KV (I) ⊇ V (J);

(1) V (I + J) = V (I) ∩ V (J);

(2) V (I ∩ J) = V (I · J) = V (I) ∪ V (J).

½Â2.3. �I ⊂ A´n�, ½ÂI���

√
I = {f ∈ A : ∃m ≥ 0 s.t. fm ∈ I}.

�n�(radical ideal): ¡I����n�, XJI =
√
I.

N´�y:
√
I´n�,

√
I ⊃ I, ¿�V (

√
I) = V (I).

l
, ?��ê8ÑU�¤V (I)�/ª, Ù¥I =
√
I ⊂ C[X1, · · · , Xn]´�n

�.
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½Â2.4. éX ⊆ An, KI(X) = {f ∈ k[x1, · · · , xn]|f(X) = 0}´���n�, ¡

�X�"zn�.

·K2.6. (1)
√
I ⊆ I(V (I)); (2) V (I) = V (I(V (I))).

���ê8�±éA����n�, X = V (I)→ I(X), ù�éA´ü�.

¯K: ���ê8�±éA����n�, X = V (I)→ I(X), ù�éA´ü

�; ù�éA´Ä´��éA? I��y
√
I = I(V (I))?

��: (1) XJkØ´�ê4�, þ¡�é��Ø´���; (2)���ê8´

;�.

2.1.5 Hilbert":½n(Hilbert Nullstellensatz)

½n2.2. (Hilbert ":½n) �k´�êµ4�, A = k[x1, · · · , xn], K

(1) A�4�n�/X(x1 − a1, · · · , xn − an);

(2) XJn�I 6= R, KI¥�õ�ªkú�":.

½nw�·�X = V (I)þ�:Ú�¹I�4�n���éA, T½ny²�

���(�Ö).

��A^��

íØ2.1. �X = V (I), KI(X) =
√
I. l
An¥��ê8Ú�k[x1, · · · , xn]��

n���éA.

y². �Iy²I(X) ⊆
√
I. �f ∈ I(X).

�ÄAn+1, �I��x1, · · · , xn, y. -J = (I, 1 − yf). u´V (J) = ∅, l

J = (1).

-R = k[x1, · · · , xn]. KI[y] ≤ R[y]. 3R[y]/I[y] ∼= (R/I)[y]¥J/I[y] = (1).

u´�3u(x, y) ∈ k[x, y]¦�u(x, y)(1 − yf(x)) ≡ 1 (mod I[y]). �u(x, y) =

a0(x) + · · ·+ am(x)ym. K

(a0(x) + · · ·+ am(x)ym)(1− yf(x)) ≡ 1 (mod I[y])

u´��

a0 ≡ 1, a1 ≡ a0f, · · · , am ≡ am−1f, am ≡ 0 (mod I).
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ù¿�Xfm ∈ I.

2.1.6 �Ö: �*Ü�Ä��£

½Â: �R´S�f�, ����´ι : R→ S´N�Ó�.

(1) s ∈ S3Rþ���(integral), XJ�3Ä�õ�ªf(x) ∈ R[x]¦�f(s) = 0;

(2) XJS¥���3Rþ�, K¡S/R´���***ÜÜÜ;

~f: S = R[x]/(x2 − 1); Z ⊂ Z[x]/(2x2 − 1), x̄��, 2x̄3Z þ�, Ù�4�

´�o?

½n2.3. (�5Úk�) PÒXþ. �s ∈ S. TFAE

(1) s3Rþ�;

(2) R[s]´f.g. R-�;

(3) �3f�R ⊆ T ⊆ S¦�s ∈ T¿�T´f.g. R-�.

y². (3) ⇒ (1): ���f.g. R-�T = (t1 = 1, · · · , tn). K�3A ∈Mn(R)¦�

(st1, · · · , stn) = (t1, · · · , tn)A ⇒ (t1, · · · , tn)(sI − A) = 0

éüý·(sI − A)∗, ��det(sI − A) = 0.

Hamilton-Cayley ½n: �A ∈Mn(k), f(x) = det(xI − A), Kf(A) = 0.

·K: �k���¹'X: R ⊂ T ⊂ S, XJT´f.g. R-�(¡T/Rkkk���), S/T

k�, KS/R k�.

íØ: (1) �4��'u\~¦µ4, l
R′´S�f�(R′´S¥3Rþ��

��8Ü);

(2) �S´Rþ�f.g�ê, @oS/Rk�⇔ S/R�;

(3) �*Ü�EÜE´�*Ü.

2.1.7 �Ö: Hilbert":½n�y²

Äky²�����(Ø.
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½n2.4. (Noether�5z½n) �k´�, R = k[x1, · · · , xn]/I. K�3r ≥ 0,

y1, · · · , yr ∈ R ÷v:

(1) y1, · · · , yr�êÃ'; (2) R/k[y1, · · · , yr]´�*Ü.

y². Ø��I 6= 0, =x̄1, · · · , x̄n�ê�'. �
ÐyAÛ�*, ·��,b

�|k| = +∞. �f(x1, · · · , xn) ∈ I.

Claim: �±����5C�(p�
Ó�R = k[x1, · · · , xn]/I ∼=
k[y1, · · · , yn]/J), ¦�

f(x1(y1, · · · , yn), · · · , xn(y1, · · · , yn)) = yNn +aN−1(y1, · · · , yn−1)yN−1
n +· · ·+a0(y1, · · · , yn−1).

l 
R/k[ȳ1, · · · , ȳn−1]´ � * Ü. , � � ÄR′ = k[ȳ1, · · · , ȳn−1] =

k[y1, · · · , yn−1]/J ′, 8B=���y².

~2.1. AÛ¿Â: R = R[x, y, z]/(xyz+x2y+z2y),ÝK(x, y, z) 7→ (y′ = y−x, z′ =
z−x),|^CþO�y = y′+x, z = z′+x, xyz+x2y+z2y = 3x3 +a(y′, z′)x2 + · · ·
u´R/R[y′, z′] �k�*Ü.

y²(Hilbert ":½n). ¯¢þ�Iy²(1).

Äky²Ún:

Ún: �S´��, K´�, K/S´k�*Ü, @oS´�.

Proof. �I`²0 6= s ∈ S�_, =1/s ∈ S. ù´Ï�1/s3Sþ�.

£�½ny². �m´4�n�, K = R/m. �âNoether�5z½n,

·��±��3R¥y1, · · · , yr3k þ�êÃ'�¼ê, ¦�K/k[y1, · · · , yr]´
�*Ü. dÚn�, k[y1, · · · , yr]´�, l
r = 0, 2�âk´�ê4�, �k-�

êK = R/m ∼= k. �é{`, g,i\k → R/m´÷�, l
�3a1, · · · , an ¦
�āi = x̄i, u´��m = (x1 − a1, · · · , xn − an).

2.1.8 �Ö: ��ÛÜzÚÛÜ�

�R´��N�, b���f8S ⊂ R´¦¦¦555fff888, =÷v1 ∈ S, 
�X

Ja, b ∈ SKab ∈ S.
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~f: S = R∗; S = {1, s, s2, · · · , }; S = R \ PÙ¥P´S��n�.

Step 1: 3R × Sþ½Â�d'X“∼”, (r1, s1) ∼ (r2, s2) ⇔ ∃s ∈ S, s(r1s2 −
r2s1) = 0.

Step 2: -S−1R = R× S/ ∼, ��(r, s)P� r
s
u´

0

s1

=
0

s2

,
s

s
=

1

1
,
s′r

s′s
=
r

s
.

Step 3: ½Â\{“+”, “·”.

r1

s1

+
r2

s2

=
r1s2 + r2s1

s1s2

,
r1

s1

· r2

s2

=
r1r2

s1s2

N´�y$�´û½Â�, ¿�UD�S−1R�(�, "��0
s
, ü � s

s
.

´� r1
s

+ r2
s

= r1+r2
s

.

·�kg,Ó�ι : R→ S−1R. ¡S−1R´R�ÛÛÛÜÜÜzzz.

½n(ÛÜ���5�): �φ : R → R′´�Ó�, S ⊂ R´¦5f8. b

�φ(S) ⊆ R′∗(�_). @o�3���òÿ: φ̃ : S−1R→ R′.

R
φ

//

ι
��

R′

S−1R
φ̃

88

Proof. -φ̃ : S−1R→ R′, r
s

= φ(s)−1φ(r), T½Âû½.

½Â: XJRk���4�n�m (�duR∗ = R \m), K¡(R,m)�ÛÛÛÜÜÜ���,

k = R/m�333êêê���(residue field).

·K(��): �P ∈ Spec(R), S = R \ P K(RP := S−1R,PRP = S−1P )´Û

Ü�, RP/PRP
∼= Frac(R/P ).

Proof. XJr /∈ P , Kr/s3RP¥�_, ¤±(RP := S−1R,PRP = S−1P ). �

Äg,Ó�R/P → RP/PRP , ^�5��±y²ù�Ó�p�Frac(R/P ) ∼=
RP/PRP

·K: �R´��, éP ∈ Spec(R), kg,�i\R ⊆ RP ⊆ K(R). ·�k

R = ∩m∈Max(R)Rm.
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y²: ^̂̂üüü   ©©©)))������{{{.

?�α ∈ K, Kéuz�m ∈ Max(R), �3rm, sm /∈ m¦�α = rm/sm,

=smα ∈ R. d({sm}) = R, �3u1, · · · , ur ∈ R¦�

u1sm1 + · · ·+ ursmr = 1

l
α =
∑

i ui · (smiα) ∈ R.

2.1.9 �ê8�Ø��©|©)

±e�ê83An¥.

½Â2.5. �ê8XXJ÷vXe^�:eX = X1∪X2,Ù¥Xi´�ê8(Zariskiÿ

Àe�48), K7kX = X1½öX = X2, K¡X´Ø���(irreducible).

5: Ø���ê�ê8�z���m8È�, ?¿ü���m8��.

·K2.7. �ê8XØ����=�I(X)´�n�.

y². “⇒”: ÄK�3f, g ∈ (A \ I(X)), fg ∈ I(X). -Y = VX(f) :=

V (f, I(X)), Z = VX(g). ����yY, Z´X�ý4f8, 
�X = Z ∪ Y .

“⇐”: ��.

·K2.8. (1) �ê8î�üók��Ý.

(2) �ê8X�±��©)�X = X1 ∪ X2 ∪ · · · ∪ Xm, Ù¥z�XiØ��,


�pØ�¹. ·�¡Xi�X�Ø��©|.

y². (1) �âNeother5�.

(2) �35: XJXØ��, K(Ø¤á. ÄKX = X1 ∪X2, ±daí��ü

ó. ��5: ��.

��: (1) r�­¡V (F = x2 · (y2(x − 1) + x3))©)�Ø��©|¿8; (2)

rV (x2, y2(x− 1) + x3)©)�Ø��©|¿8.

½Â2.6. �X´���ê8, kg,Ó�k[x1, · · · , xn] → Func(X → k), �8P

�Poly(X) := Im(k[x1, · · · , xn]→ Func(X → k), ¡�õ�ª¼ê. u´
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Poly(X) ∼= k[x1, · · · , xn]/I(X).

5: (1) Xþ�:ÚPoly(X)�4�n���éA; (2) X�z�48/

XVX(f1, · · · , fm), Ù¥fi ∈ Poly(X).

2.1.10 ���êq±9þ¡�¼ê

Ø����8¡����������êêêqqq, /XX = V (P ), Ù¥P´���n�.

��: �f ∈ Poly(X), Kf : X → A1´ëYN�.

·K2.9. (1) X´�êq��=�Poly(X)´��;

(2) �X´��q, XJü�õ�ª¼êf1, f23����m8U ⊆ Xþ��

��, @of1 = f2.

y². (2) X = Ū ⊂ VX(f1 − f2).

½Â2.7. �X´��q, PK(X) = Frac(Poly(X)), ��¡�Xþ�kn¼ê.

�ϕ ∈ K(X), x ∈ X, XJ�3f, g ∈ Poly(X)¦�ϕ = f/g ±9g(x) 6= 0, K

¡ϕ3x?k½Â, ¤kk½Â�:Dom(ϕ)¡�kn¼êϕ�½Â�.

~2.2. X = An; -X = V (xy − zw) ⊂ A4, kn¼êϕ = x/z = w/y, 3z 6= 0, y 6=
0´k½Â�; X = V (y2 − x3) ⊂ A2, kn¼êϕ = (y/x)2 = x ??k½Â.

·K2.10. (��) �X´�����êq.

(1) ��kn¼ê�½Â�´X�m8.

(2) XJü�kn¼êϕ1, ϕ23����m8��N�3U ⊆ Xþ����,

@o3K(X)¥ϕ1 = ϕ2.

¯K: éϕ ∈ K(X), XJDom(ϕ) = X, @oϕ ∈ Poly(X)?

2.1.11 ÛÜ�K¼ê

½Â2.8. �X´���êq, �U ⊆ X´����m8, ��¼êf : U → k�

¡�Uþ��K¼ê, XJé?¿x ∈ U , �3x�m��Vx±9kn¼êϕx¦

�f |Vx = ϕx|Vx . Uþ��K¼ê8ÜP�Reg(U).
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5: X�?¿ü���m8��¿�K(X)¥�¼êd3��m8þ���

(½, ¤±f ∈ Reg(U)���±±±������///���K(X)¥¥¥���������LLL���, lll


Reg(U) = {ϕ ∈
K(X)| U ⊆ Dom(ϕ)}.���òòòReg(U)ÀÀÀ���K(X) ���fff���.

½Â2.9. �X´���êq, ��:x ∈ X, 3x�����¥�K�¼ê(u =

f/g : V → k)8ÜP�Rx. XJu, v ∈ Rx3x¥�,�����, K¡¦��

d, P�u ∼ v. ´�∼´���d'X, -OX,x = Rx/ ∼, ¡�3x?�K¼ê

ª(stalk). ¯¢þ, OX,x��±½Â�3x:NCk½Â�kn¼ê�8Ü.

·K2.11. �X´���êq, K

(1) �òOX,xÀ�K(X)�f�, Reg(U) =
⋂
x∈U OX,x;

(2) PmX,x�OX,x¥3x�":�¼ê8Ü. K(OX,x,mX,x)´��ÛÜ�, g

,N�k → OX,x/mX,x ´Ó�.

(3) Pmx´Poly(X)¥3x�"�õ�ª¼ê8, KOX,x = Poly(X)mx.

y². (1) �Äg,N�Rx → K, �y∼TÐéAN��Ø.

(2) �±���ymX,x´4�n�, ,��yØ3p¡�¼ê�_.

(3) 3K(X)¥�yp��¹'X.

½n2.5. �X´���êq, K

(1) Reg(X) = Poly(X), ±�P�Γ(X).

(2) �f ∈ Γ(X), DX(f) := {x ∈ X|f(x) 6= 0}¡�X���ÌÌÌmmm888.

KΓ(D(f)) = Γ(X)f .

y². (1) |^���ê¥�(Ø:

·K: �R´��, éP ∈ Spec(R), kg,�i\R ⊆ RP ⊆ K(R). ·�k

R =
⋂

m∈Max(R)

Rm.

(2) �±�ì±þy²��: �ϕ ∈ Reg(D(f)), �y²ϕ ∈ Γ(X)f . 1�Úy

²�3k�õ�L��ªϕ = u1/v1 = u2/v2 = · · · = ur/vr¦�VX(v1, · · · , vr) ⊆
VX(f), l
�3m > 0, ¦�fm ∈ (v1, · · · , vr), u´fm = a1v1 + · · · + arvr, ?


��

fmϕ = a1u1 + · · ·+ arur ∈ Γ(X).
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���êº��y²: òΓ(D(f)),Γ(X)fÀ�K(X)�f8, w,Γ(X)f ⊆
Γ(D(f)). 5¿Max(Rf ) = {m ∈ Max(R)|f /∈ m}. ¤±

Γ(D(f)) = ∩f(x) 6=0Reg(X)mx = ∩f /∈mxPoly(X)mx = ∩f /∈mx(Γ(X)f )mx = Γ(X)f .

��: (1) Qã��4��½Â;

(2) OX,x = lim−→x∈VReg(V ).

2.1.12 ���êq�m�N�

�X ⊆ An, Y ⊆ Am´���ê8. ¡��N�φ : X → Y´��õõõ���ªªªNNN

���, XJφ = (ū1, · · · , ūm), Ù¥ūi ∈ Γ(X).

·K2.12. N�φp�k-�êÓ�

φ∗ : Γ(Y ) = k[y1, · · · , ym]/I(Y )→ Γ(X) = k[x1, · · · , xn]/I(X)

h(y1, · · · , ym) 7→ h ◦ φ = h(ū1(x), · · · , ūm(x)), φ∗ȳi = ūi(x).

~2.3. (1) -φ : X = V (xy − 1) ⊂ A2 → A1, (x, y) 7→ x. Kφ∗ =?.

(2) -φ : A1 → V (y2 − x3) ⊂ A2, t 7→ (t2, t3). Kφ∗ =?

½n2.6. õ�ªN�8Poly(X, Y )Úk-�êÓ�8Homk−alg(Γ(Y ),Γ(X))��é

A.

y². ����Poly(X, Y ) → Homk−alg(Γ(Y ),Γ(X)), φ 7→ φ∗, ´�φ∗´k-�ê

Ó�.

��, �½k-�êÓ�η : Γ(Y ) = k[y1, · · · , ym]/(I(Y )) → Γ(X) =

k[x1, · · · , xn]/(I(X)), -

ū1 = η(ȳ1), · · · , ūm = η(ȳm) ∈ k[x1, · · · , xn]/(I(X)).

½Âφ : X → Am, x 7→ (ū1(x), · · · , ūm(x)).

�yφ(X) ⊆ Y , ¿�φ∗ = η.
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½Â2.10. �X ⊆ An, Y ⊆ Am´���êq. ��knN�ψ : X 99K Yd�|

kn¼êv1, · · · , vm ∈ K(X) �Ñ: �3X�����m8U , ¦�

∀x ∈ U, ψ(x) = (v1(x), · · · , vm(x)) ∈ Y.

knN�ψ�½Â�Dom(ψ) =
⋂
iDom(vi). XJknN�ψ�½Â

�Dom(ψ) = X, Kψ´õ�ªN�.

~2.4. ψ : X = V (xy − z2) 99K A1, (x, y, z) 7→ z/x.

¯K: knN��Ä.£“¼ê”? A1 99K A2, x 7→ (1/x, 1/x2).

¯¢þ: ψ∗ : Γ(Y )→ Reg(U = Dom(ψ)) ⊂ K(X).

½Â2.11. �ψ : X 99K Y´knN�. XJ�8ψ(X)3Y¥È�, K¡ψ´|�

�(dominant).

A1 99K V (z = y2) ⊆ A2, x 7→ (1/x, 1/x2).

·K2.13. (1) knN�ψ : X 99K Y´|����=�ψ∗ : Γ(Y ) → Reg(U) ⊂
K(X)´ü�.

(2) � 3 8 Ü m � � � é A: | � N � 8DomRat(X, Y ) �

Homk−alg(K(Y ), K(X)).

y². �X ⊆ An, Y ⊆ Am, ±9ψ = (v1(x), · · · , vm(x)). k½Â:

ψ∗ : Γ(Y ) = k[y1, · · · , ym]/I(Y )→ Reg(U) ⊂ K(X), ȳi 7→ vi.

d|�5�, ��ψ∗´ü�, l
òÿ�ψ∗ : K(Y )→ K(X).

��: (1) õ�ªN��EÜ´õ�ªN�.

(2) knN�´ÄU
�EÜN�?

(3) |��knN��±EÜ�|��knN�.

(4)(�~k]Ô5, À�) ¡|�knN�ψ : X 99K Y´VVVkkknnn���, XJψ∗ :

K(Y ) ∼= K(X). �y²éuVknN�ψ : X 99K Y , �3_N�φ : Y 99K X, ÷

v
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• �3X�m8UÚY�m8V ¦�ψ : U → V±9φ : V → Up�_N�.

φ ◦ ψ : X 99K X�±òÿ�ð�N�.

~f: ψ : A1 99K A1, t 7→ 1/t. ¦Ù_N�.
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2.2 �K�êq

¯K: ��o�Ú\�K�êq? (/
þ�Ú�)

2.2.1 �K�mÚ�K8

½Â2.12. n��K�m: Pnk = kn+1 \ {0}/k∗ = {[X0 : · · · : Xn] : Xi ∈
kØ��0}/ ∼. ���K�mP1

k¡��K��, P2
k¡��K²¡.

·�kPn���©):

Pn =
n⋃
i=0

Ui, Ui = {[X0 : · · · : Xn] ∈ Pn : Xi 6= 0}.

φ0 : U0
∼= kn, [X0, · · · , Xn] = [1, x1 = X1

X0
, · · · , xn = Xn

X0
] 7→

(
X1

X0
· · · , Xn

X0

)
.

3g,kn+1 \ {0} → Pnke, Pnk¥�:éAL�:���, U0TÐéAù
�

�ÚX0 = 1��:.

*	: f ∈ k[X0 : · · · : Xn], Pf = fd + fd−1 + · · · + f1 + f0, Ù¥fi´igàg

õ�ª, K

f(λ[X]) = λdfd(λ[X]) + λd−1fd−1(λ[X]) + · · · .

¯¢þf(λ[X])¿Ø´Pnkþ�¼ê, �´�±�Ä�±�Ä":8Ü,

f(λ[X]) ≡ 0 ⇔ ∀i, fi([X]) = 0.

�Äàgõ�ª�":´k¿Â�.

½Â2.13. ���K�ê8½Â�Pn¥,�
àgõ�ª�ú�":, �S ⊆
k[X0, · · · , Xn] ´�
àgõ�ª, PVp(S)�éA��K�ê8"

�K�ê8��48½ÂPnk¥�ZariskiÿÀ, �K�ê8U«ZariskiÿÀ.

~2.5. Vp(XY − ZW ) ⊂ P3; Vp(X − Z, Y −W ) ⊂ P3.

·K2.14. (1) Pn¥��K�ê8ÚU0��8´���ê8.

(2) U0��3�K�mPn�m8, U«�Zariski ÿÀÚÙ���ZariskiÿÀ

´���.

y². (1) Vp(F (X0, · · · , Xn) ∩ U0 = V (F (1, x1, · · · , xn)).
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(2) �½f(x1, · · · , xn), �±àgz�F = XN
0 f . KVp(F ) ∩ U0 = V (f). l


ü«�ª���48´¬Ü�.

��: r~f¥��K�ê8������mU0 = {X 6= 0}¥(½½Â�§.

2.2.2 ©g�Úàgn�

©©©ggg���(graded ring): ��©g�S´���, �±©)�Abelf+��

ÚS =
⊕
d≥0

Sd, ÷v∀d, e ≥ 0, Sd · Se ⊂ Sd+e. Sd¥���¡�dgàg��§Ï

dS¥?�������¤k��àg���Ú"

~X: S = k[X0, · · · , Xn] =
⊕
d≥0

Sd§Sd = {¤kdgàgõ�ª}.

àààgggnnn���(homogeneous ideal)µ�S =
⊕
d≥0

Sd´��©g�, ¡��n�I ⊂

S ´��àgn�§XJ

I =
⊕
d≥0

(Id = I ∩ Sd).

dd·���©©©gggûûû���S/I :=
⊕
d≥0

(Sd(I ∩ Sd)).

·K2.15. PÒXþ.

(1) n�I´àg���=�I�dàg��)¤;

(2) eI, J´àgn�, KI + J, IJ, I ∩ J,
√
IÑ´àgn�.

(3) àgn�P´�n���=�: éàg��x, y ∈ S, ekxy ∈ P , K7

kx ∈ P½öy ∈ P (��).

y². (1) �y“⇐”. �I�yéa ∈ I, ea = a0 + · · ·+ an´©g©), Kad ∈ Id.
�w, �ý´.

(2) �²��/I ∩ J,
√
I. éa ∈ I ∩ J , ea = a0 + · · · + an´©g©),

Kad ∈ Id ∩ Jd.
√
I��/3���.
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��(�Ö):

(1) �X ⊆ An+1, XJX´��L�:�I, KI(X)´��àgn�; ��X

JI´àgn�, KV (I)´��L�:�I.

(2) eX ⊂ Pn, �½ÂIp(X), ù´��àg�n�.

(3) eX´�K�ê8, KX = V (Ip(X)).

g�: �K�ê8Úàgn��m�éA.

2.2.3 àgn�Ú�K�ê8

5: 3g,kn+1 \ {0} → Pnke, �K�ê8Vp(S)éAV (S) ⊆ kn+1, ù´�

�I(cone, Û�I?). ����, ��8ÜX ⊆ Pn3kn+1¥éA��IC(X).

éX ⊆ Pn, �±½ÂIp(X) := {F ∈ k[X0, · · · , Xn]|F (λ[X]) ≡ 0,∀λ ∈ k}. ´
yIp(X) = I(C(X))´àgn�.

½n2.7. (�KHilbert ":½n) �I ≤ k[X0, · · · , Xn]´àgn�, X = Vp(I) ⊆
Pn. K

(i) X = ∅��=�
√
I ⊇ (X0, · · · , Xn)§��=�∃N > 0 s.t. I ⊃

(X0, · · · , Xn)N§=¤kgê≥ N�àgõ�ªþ3I¥.

(ii) eX 6= ∅§KIp(X) = Ip(Vp(I)) =
√
I.

y². Ø��I 6= (1), �∅ 6= V (I) ⊆ An+1. 5¿

Vp(I) = ∅ ⇔ V (I) = (0, 0, · · · , 0),

dHilbert ":½n�±��(1).

òXéAukn+1¥�IC(X), KI(C(X)) = Ip(X).

·K2.16. �K�ê8XØ����=�Ip(X)´�n�.

·K2.17. (1) �K�ê8üókk��Ý.

(2) �K�ê8X�±��©)�k�õ�Ø��©|�¿8.

20



2.2.4 �KqÚ¼ê

Ø���K�ê8¡����KKK���êêêqqq, Ù/XX = Ip(P )Ù¥P´��àg�

n�, u´��©g�SX := k[X0, · · · , Xn]/P .

½ Â2.14. �X = Ip(P )´ � K q, Ù ¥P´ � � à g � n �, S :=

k[X0, · · · , Xn]/P , �F (X0, · · · , Xn), G(X0, · · · , Xn) ∈ Sd, b �deg(F ) =

deg(G)¿�Ḡ 6= 0, Ku = F (X0,··· ,Xn)

G(X0,··· ,Xn)
3X�m8G 6= 0 þ���¼ê, ¡��

KqX þ�kn¼ê.

kn¼ê8K(X)´���, ¡�X�kn¼ê�.

·K2.18. (1) �X ⊆ Pn´�K�êq, �Y := X ∩ (U0
∼= An) 6= ∅. KY´��

�êq, 
�K(X) = K(Y ).

(2) ��, �
���êqY ⊆ U0
∼= An, K�3����K�êqX¦

�Y = X ∩ U0.

y². (1) �X = Vp(F1, · · · , Fm), Ù¥P = (F1, · · · , Fm)´��àg�n�.

dX ∩ U0 6= ∅, ��X0 /∈ P .

-fi = F (1, x1, · · · , xn). KY = V (f1, · · · , fn). ´y(f1, · · · , fn) ⊂
k[x1, · · · , xn]´���n�.

N´ïáK(X)ÚK(Y )�m�g,���éA.

(2) �Y = V (Q)Ù¥Q ∈ Spec k[x1, · · · , xn]. -X = Y ⊆ Pn, KY = X ∩
U0´X���m8. Ï�YØ��, ¤±X Ø��.

g�: (1) XÛ½Â�K�êqþ��K¼ê? Pnþ´Ä�3�K¼ê?

(2) XÛ½Â�K�êq�m�N�?

2.2.5 �Ö: Pn�é¡5

Pn´àg�m

Pn = PGL(n+ 1, k)/PGL(n+ 1, k)p,
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Ù¥PGL(n+ 1, k)p�p ∈ Pn��½f+"

PGL(n+ 1, k) = GL(n+ 1, k)/k∗, k∗ ↪→ GL(n+ 1, k), λ 7→


λ

. . .

λ


PGL(n+ 1, k)ÏLXe�ª�^3Pnþµ

PGL(n + 1, k)× Pn → Pn, (A,Z)→ AZ,A = (aij)(n+1)×(n+1), Z =


Z0

...

Zn

 ù
«�^¡��5�^, ½ö(�K)�5gÓ�.

d�^´�[�transitive§=∀p1, p2 ∈ Pn§∃g ∈ PGL(n + 1, k) s.t. p2 =

g(p1), �½ü��K�²¡H1, H2, ��3���K�5�^H1 = g(H2).

��: �½�K��P1þ�n:P1, P2, P3±9Q1, Q2, Q3, K�3�5gÓ

�T¦�T (Pi) = Qi, i = 1, 2, 3.
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2.3 Ä��êq�½ÂÚ��

8I: l�IX¥�é��S%½Â.

2.3.1 Ä��êq±9þ¡�¼ê

½Â2.15. ���êqX´��K�êqX ⊆ Pn���m8, ®²3Xþ½Â


kn¼ê.

�U ⊆ X´����m8, ��¼êf : U → k�¡�Uþ��K¼ê, XJ

é?¿x ∈ U , �3x�m��Vx±9kn¼êϕx¦�f |Vx = ϕx|Vx . Uþ��K¼
ê8ÜP�Reg(U).

5: X�?¿ü���m8��¿�K(X)¥�¼êd3��m8þ���

(½, ¤±f ∈ Reg(U)�±��/�K(X)¥���L�, l
Reg(U) = {ϕ ∈
K(X)| U ⊆ Dom(ϕ)}.�òReg(U)À�K(X) �f�.

��:x ∈ X, 3x�����¥�K�¼ê8ÜP�Rx. XJu, v ∈
Rx3x¥�,�����, K¡¦��d, P�u ∼ v. ´�∼´���d'X,

-OX,x = Rx/ ∼, ¡�3x?�K¼êª.

éx ∈ X, �±½ÂOX,x, ,��±uyOX,x = OX,x

�êqþ��K¼êΓ(X).

|^½Â, ·��±��:

·K2.19. �X´�êq§��K�êqX ⊆ Pn���m8. K

(1) éx ∈ X ∩ U0, -Y = X̄ ∩ U0 (���êq) KOX,x = OX̄,x = OY,x.

(2) �òOX,xÀ�K(X)�f�, éum8U ⊆ X, Γ(U) = ∩x∈UOX,x.

·K2.20. �X´�êq§��K�êqX ⊆ Pn���m8. K

(3) X´[[[;;;���(quasi-compact), =X�z�m8´;�.

(4) XJf ∈ Γ(X), KVX(f)´X�48.

y². (3) Ø���5, ·�y²X´;�. �X = X \ Vp(I), X =
⋃
t∈T (Ut =

X \ Vp(It)). K
⋂
t Vp(It) = Vp(I). dNeother5�, �3k��48

⋂i=r
i=1 Vp(Iti) =

Vp(I), l
X =
⋃i=r
i=1 Uti .
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(4) �X = X \ Vp(I), �3f��|L��ªF1/G1, · · · , Fr/Gr¦�X ⊆⋃
t(X \ Vp(Gt)). u´

VX(f) =
⋃
t

(X \ Vp(Gt))
⋂

Vp(Ft).

2.3.2 �êq�m�N�

½Â2.16. �X ⊆ Pn, Y ⊆ Pm´�êq. XJ��N�φ : X → Y÷v

(a) φ´ëYN�, �I��y48���´48;

(b) é?Ûm8U ⊂ X, XJφ(U) �¹3Y�m8V¥, Kφ p�k-�êÓ

�φ∗ : Γ(V )→ Γ(U),ù�dué?¿x ∈ X, φ∗ : OY,φ(x) → OX,x
K¡φ´����. �êqXÚY�m���8P�Mor(X, Y ).

·K2.21. (1) ���EÜ´��.

(2) mi\§4i\Ñ´��.

½ n2.8. �X, Y´ � ê q, Y´ � � � ê q. @

oMor(X, Y )ÚHomk−alg(Γ(Y ),Γ(X))�m�3��éA.

l
, XJX, Yþ����êq§@oMor(X, Y ) = Poly(X, Y ).

y². �Y = V (Q) ⊆ Am.

Uì½Â, �½φ : X → Y ∈Mor(X, Y ), g,kφ∗ : Γ(Y )→ Γ(X).

��, ekη : Γ(Y )→ Γ(X), �±½ÂXeN�

φη : X → Y, x = (a1, · · · , an) 7→ (φ∗y1(x), · · · , φ∗ym(x)).

�±�y

(1) φη ëY;

(2) é?¿x ∈ X, φ∗η : OY,φη(x) → OX,x;

(3) φ∗η = η.

N´`²±þéA´p_�.
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½Â2.17. �X ⊆ Pn±9Y ⊆ Pm�ü��êq. ��knN�φ : X 99K

Ydm+ 1�Ø��"�kn¼ê�Ñ

φ = [u0, u1, · · · , um], ui ∈ K(X).

��y�á3Y¥, g,�é?¿F ∈ Ip(Y ), kF (u0, · · · , um) = 0. -X ′ =⋂
iDom(ui), ¤±φ3��m8U = X ′ \ VX′(u0, · · · , um)þ½Â
���Y�N

�.

�φ = [u0, · · · , um] : X 99K YÚψ = [v0, · · · , vm] : X 99K Y´ü�knN�,

¡§��d, XJ�3w ∈ K(X)¦�(u0, u1, · · · , um) = (wv0, · · · , wvm). ·�r

�d�VknN�3ÙNaive�ú�½Â�þéA�N�´¬Ü�, ¤±·��

±ÊÜ§�, �Ó���, ¡[u0, u1, · · · , um]´φ���L��ª.

½Â�Dom(φ)´¤kL��ªk½Â���8Ü§I��	5¿òÿ��

N�I��y�8á3Y¥, 
Ø´==á3Y .

��: PÒXþ, XJknN�φÚψ3����m8��, Kφ = ψ.

~2.6. (1) φ = [1, t2, t3] : P1 99K P2, Ù¥t = X1/X0;

(2) φ = [1, X1/X0] : P2 99K U0 ⊂ P1;

(3) φ = [1, y/x] : V (y2 − x3) 99K P1;

5¿: (1) XJY ⊆ V0 = {Y0 6= 0} ⊂ PmTÐ´���êq, KknN

�φ = [u0, ·, um] : X 99K Y�½Â�TÐ´
⋂
iDom(ui/u0).

(2) knN��½Â�Dom(φ)´�m8.

(3) XJknN�φÚψ3����m8��, Kφ = ψ.

½n2.9. ��N�φ : X → Y´����, ��=�, φ´knN�¿�½Â

�Dom(φ) = X.

y². “⇐” b�φ = [u0, ·, um]. -Y ′i = Y ∩ {Yi 6= 0}, X ′i = φ−1Y ′i .

�g�y:

(1) X ′i´m8. Ï�X�;, �3k�õ�L�ª

φ = [F0,t/G0,t, · · · , Fm,t/Gm,t], t = 1, 2, · · · , r
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¦�X =
⋃
t(X

′′
t = X \ Vp(G0,t · · ·Gm,t) \ Vp(F0,t, · · · , Fm,t)). X ′i =

⋃
t(X

′′
t ∩X ′i =

X ′′t \ Vp(Fi,t)).

(2) φ|X′i : X ′i → Y ′i´ëYN�, l
φëY. ±φ|X′0 = [1, v1, · · · , vm] : X ′0 →
Y ′0�~. 5¿�Y ′iþ�48/XVY ′i (g1, · · · , gr), gi(y1, · · · , ym) ∈ k[y1, · · · , ym], �

±wÑφ−1VY ′0 (g1, · · · , gr) = VX′0(φ
∗g1 = g1(v1, · · · , vm), · · · , φ∗gr) ´X ′0�48.

(3) é?¿x ∈ X, φ∗ : OY,φ(x) → OX,x. ?�ϕ ∈ OY,φ(x), �±L«�ϕ =

F/GÙ¥G(φ(x)) 6= 0. ,	φ3xNC�±L��φ = [u0, ·, um]§Ù¥ui(x)k½

Â, 
�Ø��". �±wÑφ∗ϕ = F (u0, ·, um)/G(u0, ·, um) ∈ K(X)§¿�3xk

½Â.

“⇒” ÏL�Y�4�, �±b�Y ⊆ Pm´�K�êq. Ø��Y ′0�

�, l
´�����êq, φ−1Y0 ⊂ X´��m8. d���^�, �

�φ∗y1, · · · , φ∗yn´X ′0��K¼ê, l
y²φ|X′0 = [1, φ∗y1, · · · , φ∗yn]´��k

nN�. ��du3X ′i�m���/�½Â�N���, ¤±3z�¡X ′iþ�L

�ª´�d�, l
φ(¢´��knN�.

¯K:¯¢þ±þ�Ñ
�êq�ü«�d½Â, =�«�g,? Ù`³´�

o?

½Â2.18. �±½Â�êq�Ó�, ,�½ÂÓ�¿Âe����êq, �K�ê

q��.

��: (1) y²N�φ : P2 → P2, [X, Y, Z] 7→ [X2, Y 2, Z2]´����.

(2) A1 \ {1, 2, 3}´Ä´���êq.

(3) -X = A2 \ (0, 0). O�Γ(X), X´Ä´�����êq.

~2.7. A1 \ {0} ∼= V (xy − 1) ⊂ A2.

·K2.22. (1) �X´���êq, @oX�z�Ìm8D(f)�´���êq;

(2) ��m8´�êq�m8Ä;

(3) z��êq�±©)�k�õ���m8�¿8.

y². (1) �X = V (P ) ⊆ An, f = F (x1, · · · , xm) ∈ k[x1, · · · , xn]/P . �Ep_�

�

φ = (x1, · · · , xn,
1

F
) : D(f)→ Y = V (P, yF − 1) ⊆ An+1, x 7→ (x,

1

f(x)
)
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Ú

ψ = (x1, · · · , xn) : Y = V (P, yF − 1)→ D(f), (x1, · · · , xn, y) 7→ (x1, · · · , xn).

(2) ¯¢þ�I�y²z��êqXþ���:x3X¥k����m�

�=�. �X ⊆ Pn§Ø��x ∈ U0. 5¿Y = X̄ ∩ U0 ´�����êq,

X ′0 = X ∩ U0 = Y \ V (I)´Y�mf8. �3f ∈ I¦�f(x) 6= 0, �
x ∈ DY (f),


DY (f) = Y \ V (f) ⊆ Y \ V (I) = X.

(3) �;5.

½Â2.19. XJknN�φ : X 99K Y´�_�, =�3_N�ψ : Y 99K X, K

¡φ : X 99K Y´VknN�, X ÚYVkn�d.

½n2.10. �êqXÚYVkn�d

(1) ��=��3X, Y���m8U ∼= V ;

(2) ��=�kk-�êÓ�K(X) ∼= K(Y ).

y². (1) ����“⇒”´N´�. y3y²���. b�φ : X 99K YÚψ :

Y 99K X´p_�Vk|N�, é��m8��m8φ : U ∼= V . ���m

8-U1 ⊆ Dom(φ), V1 ⊆ Dom(ψ). -U = U1 ∩ φ−1V1, V = V1 ∩ ψ−1U1. �y:

φ(U) ⊆ V, ψ(V ) ⊆ U , ?
y²U ∼= V .

(2) ����“⇒”´N´�. y3y²���. Ø���5b�X ⊆
An, Y ⊆ Am´���êq§¿b�kk-�êÓ�η : K(Y ) → K(X). u

´η(y1), · · · , η(ym) ∈ K(X). �U ⊆ X´ù
¼ê�ú�½Â�. �±½Âk

nN�

φ := (η(y1), · · · , η(yn)) : U 99K Am

¿�±�yφ(U) ⊆ Y , ÷vη = φ∗, �ö´Ï�K(Y ) = k(y1, · · · , yn)§k�êÓ

�d)¤���(½. aq�{�±dη−1�E��ψ : Y 99K X. N´�yùü

�knN�p_.

~2.8. X = V (x2 + y2 + z2 + 1) ⊆ A3 ÚY = A2 Vkn�d, �äN���Ó

�K(X) ∼= K(Y ).

X = V (x3 + y3 + z3 + 1) ⊆ A3 ÚY = A2Vkn�d(3Xþéü^��).

X = V (x4 + y4 + z4 + 1) ⊆ A3 ÚY = A2ØVkn�d(VknAÛ).
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X = V (x3 +y3 +z3 +w3 +1) ⊆ A4 ÚY = A3´ÄVkn�d?(Hodge theory,

Intermediate Jacobian, Clemens-Griffiths criterion (72)).

2.3.3 XJý�{ø�I5½Â�êq?

XÛ£ã����±9�y��N�����?

���êq�±dÙ�K¼êÏL4�n�­�Ñ5§��q�m���

dÙ�K¼ê��Ó�(½§��m8´�êq�m8Ä. ¤±£ã±9½Â�

���, ·��±3��m8þ½Â=�§�´I�3���/�÷v�N5'

X.

�X, Y´�êq, φ : X → Y´��N�. @oφ´����, ��=��

3Y�k���mCX{V1, · · · , Vl}, ±9éz�Vi, φ−1Vi´��m8, 
�k��

��mCX{Ui1, · · · , Uiki}¦�φ|Uij ∈Mor(Uij, Vi).

XÛa'6/�½Â, ÏLÊÜ�E�êq?

�X = U1∪U2∪· · ·∪Ur§Ù¥z�Ui´�����êq,¿�Uij = Ui∩UjU
«�Ui, Ujþ�êq�(�´��(Ó�)�.

5¿: ù«�ª½Â�é�¡�Ä��êq§§Ø�½U¢y��Kq�m

8; �Kq�m8k�ÿ�¡�[�Kq(quasi-projective variety).

2.3.4 g�

3A1 × A1þ½Â¦ÈÿÀ, ´ÄÓ�uA2?

3Pn×Pm½Â48§��48/XVp(F1(X0, · · · , Xn;Y0, · · · , Ym), F2, · · · , Fr),
Ù¥z�Fi(X0, · · · , Xn;Y0, · · · , Ym)´Vàgõ�ª, ~XF = X2

1Y0 +X0X2Y1.

�g�y:

(1) �±^þã�ª½Â48§l
½ÂÿÀ;

(2) -Ui = {Xi 6= 0} ∼= An ⊂ Pn, Vj = {Yj 6= 0} ∼= Am ⊂ Pm. 3Pn × Pm½Â
48¦�3Ui × Vjþp��ÿÀÚAn+mþ�ZariskiÿÀ��. þã�ª½Â�ÿ

À3Ui × Vjþp��ÿÀÚAn+mþ�ZariskiÿÀ��.
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(3) �ÄSegrei\ι : Pn × Pm → P(n+1)(m+1)−1,

[X0, · · · , Xn]× [Y0, · · · , Ym] 7→ [Zij = XiYj, i = 0, 1, · · · , n; j = 0, 1, · · · ,m]

`²ι´ü�, 
�Im(ι)´��48.

(4) `²ι : Pn × Pm → Im(ι)ïá
48�m���éA, l
Im(ι)´Ø�

��, �
´�K�êq.

(5) a'6/�½Â, ÏLÊÜ�EPn × Pm��êq(�, ¿`²ù��ê

qÓ�uIm(ι).

2.3.5 gÆ: ��ÛÜz

½Â: �M´R-�, S ⊂ R´¦5f8, M'uS�ÛÜz½Â�

S−1M = R×M/ ∼, (x1, s1) ∼ (x2, s2)⇔ ∃s ∈ S, s(x1s2 − x2s1).

,�S−1R× S−1M → S−1M, ( r
s
, x
s′

) 7→ rx
ss′
D�S−1M��S−1R�(�.

d�EL§���3g,�R-�Ó�ι : M → S−1M .

½n(�5�): PÒXþ. �N´S−1R�, ψ : M → N´R-�Ó�. @o�3

���òÿ: ψ̃ : S−1M → N .

Proof. ��.

½n: S−1M ∼= M ⊗R S−1R.

Proof. ÛÜz��5��Ñφ : S−1M → M ⊗R S−1R, x
s
→ x⊗ 1

s
. ,��¡

V�5N�Ψ : M × S−1R→ S−1M , p�ψ : M ⊗R S−1R→ S−1M .

·K: S−1´��Ü¼f(l
�Ü): �½�Ü�0 → M ′ → M , ·�k0 →
S−1M ′ → S−1M .

Proof. ^½Â�y.

·K: (1) S−1R�²"R-�; (2) S−1(M
⊕

N) ∼= S−1M
⊕

S−1N ; (3)

S−1(M ⊗R N) ∼= S−1M ⊗S−1R S
−1N .

Proof. (3) £�:�R→ S, M´R-�, N´S- �, @oMS ⊗S N ∼= M ⊗R N .

S−1(M⊗RN) ∼= S−1R⊗R(M⊗RN) ∼= (S−1R⊗RM)⊗RN ∼= S−1M⊗RN ∼= S−1M⊗S−1RS
−1N.
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ÛÜz�AÛ¿Â: ÛÜzéAur���3��m8þ.

(1) Z-�M = Z/(60), S1 = {1, 2, 22, · · · }, S2 = {1, 7, 72, · · · }, �ÄS−1M±

9M ⊗ Z/(22).

(2) �ÄR = k[x, y]-�M = k[x, y]/(xy, x(x− 1)). K

k[x, y]x ⊗RM ∼= k[x, y]/(y, (x− 1)); k[x, y]/(x)⊗RM ∼= k[x, y]/(x)

·K: �M´R-�, TFAE:

(1) M = 0; (2) MP = 0,∀P ∈ Spec(R); (3) Mm = 0,∀m ∈ Max(R).

Proof. (3) ⇒ (1). ÄK, ��x ∈ M , x 6= 0, Ann(x) ( R. �3m ∈ Max(R),

¦�Ann(x) ⊆ m. -S = R \m, Kx 6= 0 ∈ S−1M .

Ún: �J´�R�Jacobson�n�(¤k4�n���). K

(1) �a ∈ R, a ∈ J��=�1 + (a) ⊆ R×.

(2)(Nakayama Ún) �M´k�)¤R-�. XJJM = M , KM = 0.

·K(��). �(R,m)´ÛÜ�.

(1) XJM´k�)¤R-��M ⊗R (R/m) = 0, @oM = 0 (J«:

^Nakayama Lemma).

(2) �f : M → N´k�)¤R-�Ó�. XJfp�÷Ó�M ⊗R R/m →
M ⊗R R/m, Kf´÷Ó�. (J«: �Äcoker, ^Nakayama Lemma).
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2.4 �êq��ê

½Â-·K2.2. �K/k´��k�)¤�. K

(1)�3x1, · · · , xr ∈ K¦�k(x1, · · · , xr)/k´X��*Ü, K/k(x1, · · · , xr)´
�ê*Ü, ¡x1, · · · , xr´�|��Ä.

(2) y²rØ�6ux1, · · · , xr�À�, ¡�K/k���gê, P�tr. degkK,

x1, · · · , xr¡��|��Ä.

y². ÚnµeF (T1, · · · , Tn) ∈ k[T1, · · · , Tn]´Ø��õ�ª,
�TnÑy3F¥.

eF (x1, · · · , xn) = 0, Kxn´k((x1, · · · , xn−1)þ��ê�. ��§�¤á.

(1) �K = k(x1, · · · , xn), ÏL�ê�'5V\�êÃ'�.

(2) �ü|��Ä, ÏLÅgO�5y²���ê��, [!3���.

½Â2.20. �X´�êq, ½ÂdimX = tr. degkK(X).

~2.9. dimAn = n, ��Ø���­¡��êdimV (F ) = n − 1 (�F =

am(x1, · · · , xn−1)xmn + · · · + a0(x1, · · · , xn−1), am 6= 0, ,	x1, · · · , xn−1�êÃ

').

íØ2.2. �char k = 0, n��êqVkn�duAn+1¥����­¡. (�5¬

y²?¿A�þ�^�ê­�Vkn�du��²¡­�.)

y². �X´�êq, n = dimX = tr. degkK(X). K�3�êÃ'��

�x1, · · · , xn ∈ K(X)¦�K(X)/k(x1, · · · , xn)´k�*Ü§duchar k = 0§d

*Ü7��©*Ü, l
´ü*Ü. �

K(X) ∼= k(x1, · · · , xn)[y]/f(x1, · · · , xn, y)

�±b�f(x1, · · · , xn, y) ∈ k[x1, · · · , xn, y]´Ø���. -Y = V (f) ⊂ An+1.

l
Γ(Y ) = k[x1, · · · , xn, y]/(f), K(Y ) = k(x1, · · · , xn)[y]/f(x1, · · · , xn, y) ∼=
K(X).

·K2.23. (1) éum8U ⊆ X, dimU = dimX.

(2) éuØ��48Z ⊆ X, KdimZ ≤ dimX, �Ò����=�Z = X.
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y². (1) �â½Â.

(2) ��Z ⊆ X ⊆ AN´���êq. �T1, · · · , TN�AN��I. ´�§

K(Z) = k(T1, · · · , TN), K(X) = k(T1, · · · , TN) (d?E^PÒrTi��X,Zþ�

¼ê), 
�XJTi1 , · · · , Tin3Zþ�êÃ', K§�3Xþ��êÃ'. ¤±§

dimZ ≤ dimX.

y3b�dimZ = dimX = n, Iy²Z = X. ÄK�30 6= f ∈ Γ(X)§¦

�Z ⊆ VX(f).Ø��T1, · · · , Tn ∈ Γ(Z)þ�êÃ'§¤±��¼ê´K(X)��

�Ä§l
Kf÷v��õ�ª(Ø��)

am(T1, · · · , Tn)ym + · · ·+ a0(T1, · · · , Tn) = 0

¤±�f = 0�, l
3Zþ, ·�da0(T1, · · · , Tn) = 0. ùÚT1, · · · , Tn3Zþ�
êÃ'gñ.

·K2.24. �X´�êq.

(1) dimX = 0 �duX = {pt}.

(2) �X = V (I) ⊆ A2, ¿�dimX = 1, KI = (f(x, y)).

(3) z�1��êqVkn�du��²¡­�.

y². (1) Ï�k´�ê4�.

(2) ��: �I ≤ k[x, y]´�n�. XJIØ´Ìn�, K

(2.1) I���¹ü�p��õ�ªf(x, y), g(x, y);

(2.2) V (f, g)�õ�¹k�õ�:.

u´dimX = 0.

(3) ·��I?nchar k = p ��/. �L = K(X), ��êgd�x ∈ K(X).

KL´k(x)�k��ê*Ü. �K´k(x)3L¥��©�ê4�, KK = k(x, z) ∼=
k(x)[z]/(f(x, z)). XJK = L, K®²�¤. ÄKA^XeÚn.

Ún: XJL/K´k�XØ�©*Ü, @o�3p-gXØ�©*Ü�

K = K0 ⊂ K1 ⊂ · · · ⊂ Kr = L, Ki = Ki−1(αi),

Ù¥αpi = ai−1 ∈ Ki−1.
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�±y²K1 = k(x
1
p , z

1
p ) (y²[k(x

1
p , z

1
p ) : K0] = p), ?
8By²y²L =

k(x
1
pr , z

1
pr ).

¯¢þ·�y²
�3x′ ∈ K¦�K/k(x′)´�©*Ü.

2.4.1 �Ö: Krull �ê

½Â2.21. �X´��ÿÀ�m, �Ä±eØ��4f8�î�4üó

X0 ⊃ X1 ⊃ X2 ⊃ · · · ⊃ Xr

½ÂX�|Ü�ê�±þó����Ý.

�A´Noether�, ½ÂÙKrull�ê�SpecA�|Ü�ê, éAu�n�ó�

���Ý.

Atiyah-Macedonald: ���ê�Ú, Chap 10.
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2.5 1w:ÚÛÉ:

2.5.1 1w5

é�����êqX = V (P = (f1, · · · , fm)) ⊆ An, ²;���m

Tx := {v ∈ kn|Jx · v = 0}.

S%½ÂXe:

½n2.11. �x ∈ X, (OX,x,mX,x)´ÛÜ�, K�3k-�5Ó�T ∗x
∼= mX,x/m

2
X,x.

(�Ò´3Ó�¿Âe�±½Â��m, {��m)

y². �3g,Ó�T ∗x
∼= (kn)∗/SpankJx. �Iy²�3g,Ó�

mX,x/m
2
X,x
∼= (kn)∗/SpankJx

cö�Ú��(�k'.

Ø��x = (0, 0, · · · , 0), Pmx = (x1, · · · , xn). ��fi := li + hi Ù¥li´�5

¼ê, hi ∈ n2
x, d�SpankJx = Spank{l1, · · · , lm}.

mX,x

m2
X,x

= S−1mx + P

m2
x + P

∼=
mx + P

m2
x + P

∼=
mx/m

2
x

(m2
x + P )/m2

x

∼=
Spank{x1, · · · , xn}
Spank{l1, · · · , lm}

.

d?
mX,x
m2
X,x
À�

OX,x
mX,x

∼= k-�, ?
�ÛÜz�S��JÓu

S̄ = k× ⊂ OX,x
mX,x

∼= k.

½Â2.22. �x ∈ X, XJdimkmX,x/m
2
X,x = dimX, ¡x´��1w:, ÄK¡�

ÛÉ:. (Ø�6ui\, ¤±�±�½��i\, ^Jacobi�O{)

~2.10. V (y2 − x3)�1w:ÚÛÉ:.

·K2.25. �X´�êq, x ∈ X. KdimkmX,x/m
2
X,x ≥ dimX.
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y². vk�ÑÐ��y², �ë�����ênØ.

±e´��~£.

Ø��X ⊆ An´��4fq, x = (0, · · · , 0). b�I(X) = (f1, · · · , fm), ¿�

b�rankJx = r, Jxdf1, · · · , fr��5Ü©)¤.

�e5y²dimX ≤ n− r.

-Z1´V (f1)��¹�:�Ø��©|, ¤±´���êq; Z2´V (f1, f2)�

�¹�:�Ø��©|; ±daí½ÂZ3, · · · , Zr.

Ún: ��êqX3:x?1w, f ∈ mX,x \m2
X,x. KVX(f)k���Ø��©

|Z�¹x, �Z3x:1w, mZ,x = mX,x/(f).

½n2.12. �X´Ø�����­¡. KX�1w:8Xsm´����m8.

y². �X = V (F (x1, · · · , xn)), Ù¥FØ��. Äk´yÛÉ:�¤48, ,�

y²���� �êØ�u"l
Ø�F�Ø, ù¿�XÛÉ:�¤ýf8.

2.5.2 ­��Û:Ú1w5

½n2.13. �X´���ê­�, -A = Γ(X). KA��²��n�´4�n�.

y². �y{. b�Ak�n�ó0 ⊂ P ⊂ Q. duA´­��¼ê�, �u ∈
P \ {0}, KK(X)/ku)´k�*Ü.

,��v ∈ Q \ P , K�3Ø��õ�ªf(x, y)¦�f(u, v) = 0. �±y²

(i) f = xg(x, y) + h(y), Ù¥h(y) 6= 0.

(ii) u´g(v) = bmv
m + · · ·+ b0 = bm(v − c1) · · · (v − cm) ∈ P .

dP´�n�§·���gñ.

½Â2.23. �R´��, R3K(R)¥��4�Rν¡�R��5z(normalization).

XJR = Rν , K¡R´�5�.

R = k[u, v]/(u2 − v3) ∼= k[x2, x3], (k[x2, x3])ν = k[x].
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½n2.14. �k´�ê4�, R´k�)¤k-�ê
�´��. @oRν/R ´k�*

Ü.

y². XJchar k = 0 ½ötr. degK(R) = 1, �±|^e�!�(Øy². éuA

�p��/, ¯¢þ�I�b�k´�ê4�(ØÒ¤á.

½Â2.24. �R´��, XJ�3D�v : K \ {0} → Z¦�R = {v ≥ 0}, ÷v: (1)

v(1) = 0; (2) v(r1r2) = v(r1) + v(r2); (3) v(r1 + r2) ≥ max{v(r1), v(r2)}; (4) �

3x ∈ K¦�v(x) = 1, K¡R´lÑD��(DVR).

´�: R´ÛÜ�, m = {r|v(r) > 0}´R�4�n�, 
�R´PID.

£�:

Ún: �J´�R�Jacobson�n�(¤k4�n���). K

(1) �a ∈ R, a ∈ J��=�1 + (a) ⊆ R×.

(2)(Nakayama Ún) �M´k�)¤R-�. XJJM = M , KM = 0.

·K. �(R,m)´ÛÜ�.

(1) XJM´k�)¤R-��M ⊗R (R/m) = 0, @oM = 0 (J«:

^Nakayama Lemma).

(2) �f : M → N´k�)¤R-�Ó�. XJfp�÷Ó�M ⊗R R/m →
M ⊗R R/m, Kf´÷Ó�. (J«: �Äcoker, ^Nakayama Lemma).£�:

½n2.15. �X´�ê­�, �:P ∈ X. K±e^��d

(1) P´1w:;

(2) (OX,P ,mX,P )´DVR;

(3) (OX,P ,mX,P )´�5�, d�¡P´�5:.

y². (2) ⇒ (1, 3) w,.

(1) ⇒ (2) d^��±b�mX,P/m
2
X,P = spank(ū)Ù¥u ∈ OP¿�u(P ) = 0.

|^NakayamaÚn, mX,P = (u), l
mr
X,P = (ur).

äó: J =
⋂
rm

r
X,P = (0). (�ymX,PJ = J .)
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y33OP þ½ÂD�. ?�0 6= f ∈ OP , �3r¦�f ∈ mr
X,P \ mr+1

X,P , u

´f = εur, Ù¥ε(P ) 6= 0, ½ÂD�vP (f) = r.

(3) ⇒ (1). �Iy²dimkmX,P/m
2
X,P = 1. ÄK�u, v ∈ mX,P¦

�ū, v̄3mX,P/m
2
X,P¥�5Ã'. d�, �3Ø��õ�ªf(x, y) ¦�f(u, v) = 0.

�±P

f(u, v) = fd(u, v) + fd+1 + · · · = 0

Ù¥fd 6= 0.

XJd = 1, 'Xf ≡ u+ av mod m2
X,P , K��gñ.

ÄK, �±����5C�, ¦�f = ud + · · ·+ fd+1 + · · · , l


f/vd = (1 + c(u, v))(u/v)d + · · · = 0

�â�55, �±u/v ∈ OX,P .

5: ��R´�5���=�Ù3z�4�n��ÛÜz´�5�; ¤±é

u�ê­�, ·�������5z��êö�Ò�±��1w­�.

½n2.16. �X´1w�ê­�, ϕ : X → Pn´��knN�, Kϕ´����.

y². �ϕ = [f0, · · · , fn]. ?�P ∈ X, Ø�b�

vP (f0) = min{vP (f0), · · · , vP (fn)}.

u´uyϕ = [1, f1/f0 · · · , fn/f0]3P:k½Â.

2.5.3 �5�Ú�5z

½Â: �R´S�f�.

(1) PR′´S¥3Rþ����8Ü, ®²y²R′´���, ¡�R3S¥����

444���; eR = R′, K¡R 3S ¥���444(integrally closed).

(2) XJR´��, R3K(R)¥��4�Rν¡�R����555zzz(normalization).

·K: ��Ïf©)��´�5�.
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Proof. �R´UFD. �y{. XJu/v ∈ K(R)3Rþ�, �´u/v /∈ R, Ø�

�gcd(u, v) ∼ 1. ®��3a0, · · · , an−1 ∈ R¦�

(
u

v
)n + an−1(

u

v
)n−1 + · · ·+ a0 = 0.

Ï©���gñ.

~f: Z, k[x]�5; (k[x2, x3])ν = k[x].

½n(�5´ÛÜ5�): �R´��, S´Ù¦5f8.

(1) y²XJR´�5�, @oS−1R�´�5�;

(2) XJé?¿4�n�m, Rm´�5�, @oR�´�5�.

½n2.17. �char k = 0, R´k�)¤k-�ê
�´��, @oRν/R ´k�*

Ü.

y². I�ìA�5z½n. dìA�5z½n, ��R/k[y1, · · · , yr]´k�*
Ü. KK(R)/K(y1, · · · , yr)´k�*Ü, �±�yRνTÐ´k[y1, · · · , yr]3K(R)¥

��4�, u´Rν�¹3k�)¤k[y1, · · · , yr]-�¥(ùÚ4J, ±e½n), ¤±

´k�)¤k[y1, · · · , yr]-�, l
�´k�)¤R-�.

Rmk: (ØéA�p���¤á, y²I�Ú\XØ�©�*Ü�Vg, k

��*Ü�±©)��©*ÜÚXØ�©*Ü�EÜ, p-gXØ�©*Ü/

XK[x]/(xp − a).

½n: �R´���555������, K = K(R), L/K´k����©©©�*Ü. KR3L¥��

4�S´��[L : K]�gd��f�.

Rmk: XJR´Noether�, @oS´k�)¤R-�.

£�ý��£:�L/K´k��*Ü. �u ∈ L, ÏL¦{éA��Lþ��

�K�5C��5C�Au (�_). u´½ÂTrL/K(u) = Trace(Au), NL/K(u) =

det(Au). �±�½L��|Äv1, · · · , vn, O�Ý
�trace!norm.

·K: �L/K´k�Galois*Ü. @oéu ∈ L·�kTrL/K(u) =
∑

σ∈G σ(u)

±9NL/K(u) =
∏

σ∈G σ(u).

XJu1, · · · , ut�u��Ý�, ·�kTrL/K(u) = (
∑

i ui) ·
[L:K]
t

.
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·K: XJL/K�©, @oTrL/K(xy)½Â
Lþ��òzK-V�5..

Proof. Äky²Xe

Ún: �R´��, K = K(R) ⊂ L´�©�ê*Ü, �α ∈ L3Rþ�,

Pα3Kþ�4�õ�ª�f(x) = xm + cm−1x
m−1 + · · ·+ c0(ÚR÷v�õ�ª�

7��). Kci 3Rþ�.

Úny²: �I5¿�±e¯¢

(1) Pα1, · · · , αt�α�3�ê4�¥��Ý�, Kαi3Rþ�;

(2) ci�±L«¤α��Ý��é¡õ�ª.

£�½ny²: �L/K��|Äu1, · · · , un, ÏL¦þR¥���, ��±b

�u1, · · · , un3Rþ�. �â±þ·K, ��v1, · · · , vn¦�TrL/K(uivj) = δij.

äó: S ⊂
⊕

iR · vi.

?�s ∈ S, Ksui ∈ S, dÚn��bi = TrL/K(uis) ∈ K3Rþ�, 2dR´�

5�, �bi ∈ R. l
s =
∑

i bivi ∈
⊕

iR · vi.

~f: Z ⊂ Z[
√

2
2

] ∼= Z[x]/(2x2 − 1)¥��4�.
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3 �(sheaf)ÚV.(scheme)

3.1 �

3.1.1 ��½Â

½Â3.1. �X´��ÿÀ�m, PS�X�¤km8��Æ, ��Abel+(8Ü,

�)ý�(presheaf)F´��¼f

F : Sop → A, U 7→ F(U)

�Ò´:

(a) éz�m8U , F(U)´��Abel+; (b) éV ⊆ U , k����N�, ù´

+Ó�rU,V : F(U)→ F(V ), ÷vXe^�:

(0) F(∅) = 0; (1) rU,U = id; (2) W ⊆ V ⊆ U , rU,W = rV,W ◦ rU,V .

¡s ∈ F(U)´F3Uþ����¡(section), ���f8VþP�s|V .

éx ∈ X, -Fx = lim−→x∈UF(U), ¡�F3x?�ª(stalk), ��^�L�L«,

P�[SU ] ½ös̄U .

és ∈ F(U), -sx�s3Fx¥��.

XJý�F÷v: XJkmCXU = ∪iVi±9Viþ��¡si¦�si|Vij = sj|Vij ,
K�3���s ∈ F(U)¦�s|Vi = si, �Ò´±eS��Ü

0→ F(U)→
∏
i

F(Vi)→
∏
ij

F(Vij)

K¡F´�.

�F´Xþ�, Ù�N�¡P�Γ(X,F), �����N�¡.

f�, fý�.

·K3.1. (1) Fx¥���dsU ∈ F(U)L�, P�s̄U .

(2) s̄U = 0��=��3x���V ⊆ U¦�sU |V = 0.

(3) �½s ∈ F(U), K{x ∈ U |sx = 0}´��m8; s = 0 ⇔ ∀x ∈ U, sx = 0.
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~3.1. �X = (0, 1), ém8U ⊆ X, -C∞(U)�Uþ1w¼ê8Ü. KC∞ ´��
�.

�X = (0, 1), ém8U ⊆ X, -L1(U)�Uþýé�È¼ê8Ü. KL1´��

�í?

�X´���©6/, ém8U ⊆ X, -ΩX(U)�Uþ1w�©/ª, KΩX´

���; B1
X(U)�UþT�1w�©/ª. KB1

X ´��ý�; Z1
X(U)�Uþ41w

�©/ª. KZ1
X ´���.

�X´��ÿÀ�m, ém8U ⊆ X, -CX(U) =
⊕

Ui
C Ù¥Ui´U�ëÏ

©|. KCX´���.

�X´�êq, ém8U ⊆ X, -OX(U)�Uþ�K¼ê8Ü, KOX´��
�, Ox.

½Â3.2. �F ,G´Xþ�ü�ý�, ý��Ó�η : F → Gd3¤km8þ�+Ó
�½Â

ηU : F(U)→ G(U)

ù
+Ó�Ú��N�´���.

XJéz�m8U , ηU : F(U) → G(U)´ü�, K¡η´üÓ�. aq½Â½

ÂÓ�.

·K(��): é��ÓÓÓ���η : F → G, ½Âý�ker(η) : U 7→ ker(F(U) →
G(U). Kker(η)´���.

g�: XÛ½Â÷Ó�? XÛ½ÂIm(η)? 5¿ý�η(F) : U 7→ Im(F(U)→
G(U))Ø´���.

·K3.2. �η : F → G´��Ó�.

(1) η´üÓ�⇔ é?¿x ∈ X, ηx : Fx → Gx´üÓ�.

(2) η´üÓ�⇔ ker(η) = 0.

(3) η(F)x = η(Fx) ⊆ Gx.

y². (2) ⇒ ���y; ⇐ es ∈ ker(F(U) → G(U), Kdux ∈ X, ηxü, ¤

±sx = 0 ∀x ∈ U , l
s = 0.

(2) |^(1).
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(3) cö[η(sU)], �öη([sU ]).

~3.2. d : C∞X → ΩX .

XJX = R, Ké?¿U , d : C∞X (U)→ ΩX(U)´÷�.

XJX = S1, Ké?¿U 6= X, d : C∞X (U) → ΩX(U)´÷�, �´d :

C∞X (S1)→ ΩX(S1)Ø´.

�X = R2, KdØ´÷�, XÛ?�? -ZX ⊂ ΩX�LÛÜþ´d-closed

1-form. K3z�:x ∈ X, éu��� ��Ux, C∞X (U) → ZX(U)´÷�, �´

éuØ� m8�7.

½n3.1. (�zsheafication) �F´X���ý�, K�3���F+±9Ó�θ :

F → F+ ÷vXe5�

• XJG´���, η : F → G´Ó�. @o�3���Ó�η+ : F+ → G¦
�η = η+ ◦ θ.

þãF+3Ó�¿Âe��, ¡�F��z. ,	é?¿x ∈ X, ·�kθ : F+
x
∼=

Fx.

y². Äk½Âý�F+, ém8U ⊆ X,

F+(U) = {f : U →
∐

x∈U Fx| ∀x ∈ U,∃Vx, sVx ∈ F(Vx)s.t., f |Vx(y) = sVx(y)}. d
¼ê�g,ÊÜ5��±�yF+´���.

�Eη+ : F+ → G, ��f ∈ F+(U)�±L��(Vi, sVi ∈ F(Vi)), η
+(f) =

(Vi, η(sVi))�ö�±ÊÜ¤G(U)¥���, Ï�η(sVi)x = η(sVj)x∀x ∈ Vij.

Ó���5d�5�û½.

���ÑF+
xÚFx���éA'X(��).

½Â3.3. �η : F → G�Xþ��Ó�, ò�8Im(η)½Â�ý�η(F) : U 7→
η(F(U)) ⊆ G(U)��z. Im(η)(U)¥���/Xf = (Vi, η(sVi)i, Ù¥η(sVi)x =

η(sVj)x = ∀x ∈ Vij.

l
kη+ : Im(η) → G, �±y²ù´��üÓ�(3ªþw), ±�Im(η) ⊆
G. XJ“=” ¤áK¡η ´÷Ó�.

½ÂCoker(η) = G/Im(η)�ý�G/η(F) : U 7→ G(U)/η(F(U))��z.

éf�F ′ ⊆ F , �±½Âû�F/F ′, F/F ′(U) = (Vi, s̄i)i, (si − sj)x ∈ F ′x.
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½n3.2. �η : F → G´ÿÀ�mXþ���Ó�.

(1) η : F → G´÷Ó�⇔ é?¿x ∈ X, ηx : Fx → Gx´÷Ó�.

(2) η´Ó�⇔ ηQüq÷, ⇔ é?¿x ∈ X, ηx : Fx → Gx´Ó�.

y². (1) “⇒” �I�yη(F)+
x = η(F)x = η(Fx) = Gx.

“⇐” ét ∈ G(U), Kdη(F)+
x = Gx, é?¿x ∈ U , sx ∈ Fx¦�η(sx) = tx, l


�3��Vx±9sVxÓ�÷v

sx = (sVx)x, η(sVx) = t|Vx .

,��yη(sVx)3η(F)¥÷vÊÜ^�, l
�Ñη(F)+(U)��¡.

(2) y²ηQüq÷⇒ η´Ó�. Ï�ηü, �±y²ý�η(F)´���, l


F ∼= η(F) ∼= G.

5: £ã����'X, '�´£ãª�m�'X.

½Â3.4. �f : X → Y´ÿÀ�m�ëYN�, F´Xþ��, G´Yþ��.

½ÂXþ��f−1G, ÏLý�f−1G(U) := lim−→f(U)⊆V G(V )½Â.

(��) y²f−1Gx ∼= Gx.

Yþ�ý�f∗F : V 7→ F(f−1V ) ´���(��).

Ö¿��VgF�|8Supp F = {x ∈ X|Fx 6= 0, ù´�48.

·K3.3. (��) PÒXþ. ��N�8�m�3��éA

HomX(f−1G,F) ∼= HomY (G, f∗F).

y². �x½ö½ÂÓ�η : f−1G → F), �I�½Âý��Ó�.

~3.3. (��) �i : Z ↪→ X´4i\. i∗OZ(U) = Γ(Z ∩ U,OZ∩U)?; (i∗OZ)x =

OZ,x; (i−1OX)z = OX,z (Ï�z3Zþ���dz3X¥���p�).

3.1.2 ���Ü�Ú�N�¡¼f���Ü5

½n3.3. b�Xþk��á�Ü�0 → F1 → F2 → F3 → 0(�y��S��Ü,

�I�yéuz�:x, k0→ F1,x → F2,x → F3,x → 0).
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Kk±e�Ü�

0→ Γ(X,F1) = F1(X)
η1−→ Γ(X,F2)

η2−→ Γ(X,F3).

y². 1��ü�Γ(X,F1)→ Γ(X,F2)±9EÜN��0Ñ´���.

y3�y¥m ���Ü5. �½s2 ∈ ker(η2), Ké?¿x ∈ X, (s2)x ∈
η1(F1,x). rF1w�F2�f�,��s ∈ Γ(X,F1).

3.1.3 XÛÊ��

½n3.4. �{Ui}´X�mCX, XJ3z�Uiþ½Â
���Fi, 2½Â��Ê
ÜN�ϕij : Fi|Uij → Fj|Uij . XJÊÜN�÷vϕij = ϕikϕkj, @o�3���F¦
�F|Ui ∼= Fi.

y². ½Âý�F :

ém8U , F(U) := {(si)i ∈
∏

iFi(U ∩ Ui) | ϕij(si|U∩Uij) = sj|U∩Uij}. ��N��
±g,½Â.

�±�yF=�¤¦(��, Ø7¦��)

½n3.5. (�Ö) �B = {Ui}´ÿÀ�mX���m8Ä, ½Â��B-ý�

F : Bop → A, Ui 7→ F(Ui).

XJF ÷v: XJUi = ∪j∈JUj, F(Ui) = ker(
∏

i(F(Uj)→
∏

j1j2
(F(Uj1j2) K�Ï

LXe�ª�����F̃ : F̃(U) := ker(
∏

i(L|Ui(U ∩ Ui)→
∏

ij(L|Ui(U ∩ Uij)
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3.2 V.

3.2.1 �z�m

½Â3.5. ���z�m´(X,OX), Ù¥OX´����.

�z�m(X,OX), (Y,OY )�N�d(f, f ])�Ñ, Ù¥f : X → Y´ëYN�,

f ] : f−1OY → OX´��Ó�(é?¿f(U) ⊆ V , k�Ó�OY (V )→ OX(U)).

ÛÜ���m(X,OX)I÷vOX,P´ÛÜ�, ÛÜ���m�N�I�÷v

p��Ó�

ηP : OY,Q=f(P ) := lim−→Q∈V → lim−→Q∈VOX(f−1V )→ OX,P

´ÛÜ�Ó�, �Ò´η−1
P mX,P = mY,Q.

��: �X´�©6/, �¯(X, C∞X )´Ä´ÛÜ���m? XJY´��

�©6/, K1wN�f : X → Y´Äp���ÛÜ���m�N�(f, f ∗) :

(X, C∞X ), (Y, C∞Y )?

��:�X´�êq, (X,OX)´Ä´ÛÜ���m? �êqm���f : X →
Y´Äp���ÛÜ���m�N�(f, f ∗) : (X,OX), (Y,OY )?

3.2.2 ���ê�O�

�A´��N�, Ù�n�8P�Spec(A), ¡�A�Ì, þ¡�±½

ÂZariskiÿÀ: 48/XV (I) := {P ∈ Spec(A)| I ⊆ P}. �±�yV (I · J) =

V (I)∪ V (J)±9V (
∑

k Ik) = ∩kV (Ik). �f ∈ A, /XDX(f) := Spec(A) \ V (f)�

m8¡�ÌÌÌmmm888.

·K3.4. Ìm8�¤X = Spec(A)�m8Ä.

y². �I`²z�m8U = Spec(A) \ V (I)�±L«�Ìm8�¿8. ¯¢þ

�I = ({fi}), KD(fi) ⊆ U . d½Â��U =
⋃
iD(fi).

�
{ü�¯¢:

(1)�S´A�¦5f8, KA→ S−1Ap�
Spec(S−1A)→ Spec(A), ùTÐ

�Ñ
Spec(S−1A)ÚA��S����8��n�8Ü���éA. ~X

D(s) : {P ∈ Spec(A)| s /∈ P} = Spec(As)
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.

3ù�éAeV (I) ∩ Spec(S−1A) = V (S−1I).

(2)
⋂
P∈Spec(A) P´d�"�)¤�n�. ¯¢þ, XJs��"�, K�3�

n�P , ¦�s /∈ P , ù��±�ÄÛÜzA→ As�m�Ì8�éA'X��.

(3) V (I) = Spec(A/I),
√
I =

⋂
P∈V (I) P . Hilbert":½ny²�´: XJk´

�ê4�, I ≤ k[x1, · · · , xn], K
√
I =

⋂
m∈Vmax(I) m.

(4) XJA´Noether�, KSpec(A)´quasi-compact, �Ò´z�m8Ñ´;

�.

(5) ·K: �M´R-�,

(5.1)�x ∈M , x = 0 ∈ S−1M ⇔ ∃s ∈ S, sx = 0 ∈M .

(5.2) TFAE:

(1) M = 0; (2) MP = 0,∀P ∈ Spec(R); (3) Mm = 0,∀m ∈ Max(R).

3.2.3 ��V.

½Â-·K3.1. �X = Spec(A), ½Â�

OX(U) := {f : U →
∐
P∈U

AP |

∀P ∈ U, ∃s ∈ A \ P and h ∈ A, s.t.f |SpecAs = h/s}.

K(X,OX)´ÛÜ�z�m(OX,P = AP ), ¡���V..

y². N�÷v��ÊÜ^�, ¤±OX´����.

�e5�yOX,P ∼= AP .

(1) ��¡�yN�AP = {[h/s]|...} → OX,P , [h/s] → [f |SpecAs = h/s]´û

½Â��Ó�: e[h1/s1] = [h2/s2]3AP¥, K�3s 6= P ¦�s(s2h1 − s1h2) = 0,

l
3D(ss1s2)þ½Â
Ó��N�.

(2) ,��¡é[f ] ∈ OX,P , Ù¥f = h/s : U →
∐

Q∈U AQ¢y, ,��

yOX,P → AP , [f ] 7→ [h/s]�´ûÐ½Â�: e[h1/s1] = [h2/s2]3OX,P¥, Kw
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,h1/s1 = h2/s2 ∈ AP¥.

�ö´p_�N�.

·K3.5. �(X = Spec(A),OX)´��V.. (d?I�A´Noether�?)

(1) Γ(X) := OX(X) = A.

(2) �f ∈ A, ��"�. K(U = DX(f) := Spec(A) \ V (f),OX |U) Ó�

u(Y = Spec(Af ),OY ).

y². (1) �f ∈ Γ(X). K�â½Â�±�X =
⋃
D(si)±9f = (hi/si : D(si) →∐

P∈D(si)
AP ). db� ⋂

i

V (si) = V (I = ({si})) = ∅.

¤±I = A. u´�3k����s1, · · · , sn ±9a1, · · · , an ∈ A ¦�

1 = a1s1 + · · ·+ ansn.

l
f = a1h1 + · · ·+ anhn.

þãy²�Ø.

�f ∈ Γ(X). K�â½Â�±�X =
⋃n
i=1D(si) ±9f = (hi/si : D(si) →∐

P∈D(si)
AP ). 5¿D(si) ∩ D(sj) = D(sisj) = SpecAsisj . dhi/si|D(sisj) =

hj/sj|D(sisj), =é?¿P ∈ SpecAsisjkhi/si = hj/sj ∈ AP , ��hi/si = hj/sj ∈
Asisj . l
�3N(Ø�6ui, j)¦�(sisj)

N(hi/si − hj/sj) = 0 ∈ A.

db� ⋂
i

V (si) = V (I = ({si})) = ∅.

¤±I = A. u´�3k����s1, · · · , sn ±9a1, · · · , an ∈ A ¦�

1 = a1s
N
1 + · · ·+ ans

N
n .

l
'X3D(s1)þ, ·�k

h1/s1 = a1s
N−1
1 h1 + (a2s

N
2 h1/s1 = a2h2s

N−1
2 ) + · · · (anhnsN−1

n ).

(2) �y:
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(2.1) �Ó�η : A → Afp��φ : Y = Spec(Af ) → DX(f) = Spec(A) \
V (f)´��éA;

(2.2) �yφ´ëYN�, φ−1V (I) = V (IAf ); φ−1 : Spec(A) \ V (f) →
Spec(Af ) ëY, φ(V (J ≤ Af )) = V (J c) ∩ (Spec(A) \ V (f));

(2.3) dOY,P = (Af )P ∼= AP = OX,P ±93m8þ�¡��E(��¼ê)é

?¿m8U ⊆ Y, V = φ(U), ´�OY (U) ∼= OX(V ), 
�ù�Ó�Ú��N��

N.

3.2.4 V.

½Â3.6. ��V.´��ÛÜ�z�m(X,OX)÷v: ?¿P ∈ XÑk����
m��, X¡�«1ÿÀ�m(underlying space), OX ¡�(��(structure sheaf).

V.�m���²~{P�f : X → Y .

�½ÂX�mfV.

�Z ⊆ X´X���4f8, XJ�3��|8�Z���OZ , ¦

�(1) (Z,OZ)´��V.; (2) �3n��IZ ⊂ OX¦�OZ = OX/IZ . K

¡(Z,OZ)�X�4fV., IZ¡�(Z,OZ)3X¥�½Ân��.

V.�mE\(open immersion): j : U ↪→ X, XJj´mi\, 
�j−1OX ∼=
OU , KIm(j) ∼= (U,OU) �X �mfV..

V.�4i\ (closed submersion): i : Z ↪→ X, XJi´4i\, 


�i−1OX → OZ ´÷Ó�, ¡Im(i) ∼= (Z,OZ)�X�4fV..

½n3.6. ��V.(X = Spec(A),OX)Ú(Y = Spec(B),OY )�m���

8Mor(X, Y )ÚHomring(B,A) ��éA.

y². �½N�Ó�η : B → A, N´�yp��N�φη : SpecB → SpecA´V.

�m��.

���
��φ : X → Y , Kφp�φ∗ : φ−1OY → OX , l
����Ó

�η : B → A. y3�yφ = φη. ¯¢þ�Iy²:8þN�¬Ü=�.

I�^�“ÛÜ5”. �P ∈ Spec(A), -Q = φ(P ) ∈ Spec(B). duφ´ÛÜ

���m�N�, ·�kÛÜ��N�φ∗ : BQ → AP , ù�N�Úη �N, u´�
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�φη(P ) = Q.

·K3.6. �I´A�n�, K(Z = SpecA/I,OZ)´(X = Spec(A),OX)4fV..

y². �En�f�I(U) = {f ∈ OX(U)|∀P ∈ X, fP ∈ IP}.

·K3.7. �X´V., f ∈ Γ(X). y²: Z(f) = {x ∈ X|f ∈ mX,x}´X�48.

±�PDX(f) = X \ Z(f).

53.1. (1)��V.���m8´V.�ÿÀÄ.

(2) ��V.�Ìm8�¤m8Ä.

(3) 4fV.ÛÜþd��m8þ���n�½Â. (�Z ⊆ X´��4

fV., Ø��X��. �Z���m8Z ′, �3m8U ⊆ X, Z ′ = U ∩ Z. �

3f ∈ Γ(X)¦�DX(f) ⊆ U . �±y²DZ(f) ⊆ Z ′±9DZ(f) = DZ′(f)´���

�m8, l
����V.DX(f)¥�����4fV.DZ(f).

·K: �X = SpecA, Z = SpecB´X���4fV.. KZdA���n�

½Â. (y²A→ B´÷Ó�, ØITÐ½ÂZ.)

3.2.5 XÛÊÜV.±9V.�m���

ÊÜV.: �{Ui}i∈I�X�mCX, (Ui,OUi) �V.. XJkÊÜê

â(id, ηij) : (Uij,OUi |Uij)→ (Uij,OUj |Uij)÷vÊÜ^�, K�±Ê¤V..

g�: XÛÏLÊÜ£ã±9½Âü�V.�m�N�?

f : X → Y , ©OéY��|��mCX{Vi}, I�éz�Vi, U
é��mC
X©)f−1Vi = {Uij}©), ©O£ãfij : Uij → Vi, ����½Â�{I�fij÷v

ÊÜ^�,   Uij ∩ Ukl�´����m8, ���yÛÜ�þp��N���Ò

�±.

Ún: �ηi : A→ B, i = 1, 2��Ó�. XJé?¿Q ∈ SpecB.

~3.4. �±ÏLÊÜ½ÂV.Pnk :

Step 1: ½ÂAn
k = Speck[x1, · · · , xn].

Step 2: �½àg�I[X0, · · · , Xn]. ½ÂUi = Speck[X0/Xi, · · · , Xn/Xi].

49



Step 3: ½Â

Uij = Spec(k[X0/Xi, · · · , Xn/Xi]Xj/Xi = k[X0/Xj, · · · , Xn/Xj]Xi/Xj).

u´Uij =∼= DUi(Xj/Xi) ∼= DUi(Xj/Xi).

Step 4: aq½ÂUijk, ,�ÏLÊÜ½ÂPnk =
⋃

(Ui,OUi).

�±½Â�KV., [�KV.; é��[�KV.�±½ÂÙ�êdimkX,

?
é[�KV.�±½ÂÙ�ê�Ø���©|��ê����.

�I´k[X0, · · · , Xn]�àgn�, ÏL3��¡An
kþ½Â��V., ,�g,

ÊÜ��K4fV.Vp(I) ⊆ Pnk .

~3.5. òf : P1 → P2, [X, Y ] 7→ [X2, XY, Y 2]Ö¿�V.�m���.

3.2.6 V.�Ä�5�

��(reducible): X��ÿÀ�mØ��. �~X = Spec(k[x, y]/(xy) ⊂ A2.

Rmk: éuØ��V., ?¿ü�m8��.

Q�(reduced): ÛÜþU = SpecA, A¥vk�"�. �~X = Speck[x]/(x2).

�V.(integral scheme): z�m8U , Γ(U)´��, ù%¹XX´Ø���.

é�V.X�½Â¼ê�K(X): �U = SpecA�X���m8. ½

ÂK(X) = FracA. y²: é?¿x ∈ X, �3g,i\OX,x ⊆ K(X).

·K3.8. V.X´����=�X´Ø���ÚQ��.

y². ⇒ �yØ��. ÄKb�X = X1 ∪ X2. -Ui = X \ Xi. KUi��, 


�U1 ∩ U2 = ∅. d�OX(U1 ∪ U2) = OX(U1)×OX(U2)Ø´��.

·K3.9. �X´��V., K�3��Q��4fV.Xred ⊆ X
��ök�Ó

�|8.

y². �±½Â�"n��N ⊂ OX (éNoetherV.�±��½Â§ÄKI��

��z�L§). -

(Xred = X,OXred = OX/N .

~f(��): -X = Speck[x, y]/(x2, xy), £ãXred.
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3.2.7 V.Ú�êq�m�éX

b�k´�ê4�.

�Var/k´kþ�êq�Æ; Sch/k´k-V.�Æ: é��V.X±9���

�X → Speck(P�X/k), ���X/k → Y/k.

·K3.10. �3��§¢¼fVar/k → Sch/k.

y². �êqÚV.Ñ´��é�ÊÜ
¤, ÊÜ��þ��. ¤±·��I�

�E��é��Æ�m�¼f

Aff−Var/k → Aff−Sch/k, X = V (I)(⊆ An) 7→ Xsch := Spec(Γ(X) ∼= k[x1, · · · , xn]/I(X))

�yMorvar/k(X, Y ) = Morsch/k(Xsch, Ysch).

b�k´�ê4�. �«©, ·�^Xsch = Vsch(I) ⊆ An
k�LV.Spec(A =

k[x1, · · · , xn]/I), Xvar = V (I) ⊆ An
k�L�ê8.

l8Ü��Ý, cö�)A��n�, �ö�)4�n�.

¼ê�Ý, 34�n�?�ÛÜ���.

���Ý, ü����ê8Ú��V.���kg,�éA.

V.�'�êq�)
¼ê�&E, 'XSpeck[x]/(xn) ÚSpeck[x]/(x)��

�êq�Ã{«©, ���V.´ØÓ�; ,	�Ä�n�8Ü��.�m, 3�

�ê4�þ�¿Ø��&E. 'XSpecR[x, y]/(x2 + y2 + 1)¿Ø´�8, �±À�

¢ê�þ��ê­�.

� �: �k´ � ê 4 �. £ ãkV . � m � � �

8Morsch/k(Speck[t]/(t2), Speck[x, y]).

3.2.8 ��V.�O{

½n3.7. ��V.�4fV.´��V..

Ún3.1. (��V.�O{) �V.X÷v: �3f1, · · · , fn ∈ Γ(X)¦�Xfi´�

�V.
�(f1, · · · , fn) = A. KX´��V..
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3.3 CartierØfÚ�_�

3.3.1 �_�

½Â3.7. �X´��V., M´Xþ��. ¡M´��OX-��, XJéz�m

8U , M(U)´OX(U)-�.

�M1,M2´OX-��. ���Ó�ϕ : M1 → M2, �	I�M1(U) →
M2(U)´OX(U)-�Ó�.

~3.6. OX , IZ , i∗OZ = OX/IZ ; XJX´�V., ¼ê�~��K(X).

·K3.11. (��) PÒXþ. ��Ó�8Ü, P�HomOX (M1,M2), �kg,

�OX(X)-�(�. (XÛ½ÂHomOX (M1,M2)?)

½Â3.8. �X´��V., ��1�ÛÜgdOX-�L¡����_�, äN£ã:

�3X�mCX{Ui}±9��Ó�ηi : L|Ui ∼= OUi , K¡L ´���_�. d�k

Ó�ηij := ηjη
−1
i : OUij → OUij E´��Ó�, ÷vηij = ηikηkj.

g�: XÛ£ã���_�?

XJ�3mCX{Ui}, XJ½Â
ηi : L|Ui ∼= OUi , Psi = η−1
i (1) ∈ L(Ui).

KL|Ui = OUi · si. @o3Uijþ�3fij ∈ Γ(Uij)
×¦�si = fijsj, ùp5¿fij =

fikfkj.

���ÑmCX{Ui}±9fij ∈ Γ(Uij)
×÷v^�fij = fikfkj, K�±ÏLXe

ÊÜ�ª½Â���_�L

L|Ui = OUi · si, ϕij : OUij · si → OUij · sj, si 7→ fijsj.

~3.7. X = Pn = ∪iAn
i , ½ÂO(d)|Ani = O · (si = Xd

i ). u´si = sj(
Xi
Xj

)d.

�d = 0�, O(0) = O; �d > 0�, Xd
i ∈ Γ(X,O(d)).

��: �d ≥ 0�, Γ(X,O(d)) = Spank{X i0
0 X

i1
1 · · ·X in

n }i0+···+in=d.

5: �X´�V., L´���_�. b��½mCX{Ui},±9L|Ui = OUi ·si.
Kz��¡s ∈ Γ(X,L)�±dÙ¥��m8þ�L�ª��(½, =L�

�s = ai0 · si0 . ¤±��xΓ(X,O(d)), 5¿XJg´l-gõ�ª, K

g(x1, · · · , xn)s0 =
G(X0, X1, · · · , Xn)

X l
0

(X0/Xi)
dsi,

l
Γ(X,O(d)) = {f(x1, · · · , xn)s0| deg f ≤ d}.
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~3.8. X = P1, ΩX(U)�m8U��©/ª8Ü. �£ãΩX , �±rP1©¤ü�

����.

��: ΩP1
∼= O(−2).

·K3.12. �Z�Xþ�4fV., kn��I½Â. ½ÂL|Z½Â�û�

0→ I · L → L → L|Z → 0.

KL|Z´Zþ��_�.

3.3.2 Øf

½Â3.9. �X´���êq(Ø���V.), ��Cartier ØfD´�|ê

â{(Ui, fi)}Ù¥0 6= fi ∈ K(X), ÷v∀i, j, fi/fj ∈ Γ(Uij)
×, �ó�, fiÚfj�

":Ú4:3Uijþ��.

ØfD�Ñ
~��K(X)����_f�OX(D)|Ui := OX · 1
fi
⊂ K(X).

(1)ü|êâ{(Ui, fi)}Ú{(Vj, gj)}½ÂÓ��Øf,XJ3Ui∩Vjþ,�3u ∈
OX(Ui ∩ Vj)∗ ¦�fi = ugj. '���±ÏL\[b�Ui = Vi.

(2) ¡ü�ØfD1 : {(Ui, fi)}ÚD2 : {(Vj, gj)}�5�d, XJ�3h ∈
K(X)¦�{(Ui, fih)}Ú{(Vj, gj)}½ÂÓ��Øf. �5�d'XP�D1 ∼ D2.

(3)éØfD : {(Ui, fi)}, XJz�fi ∈ Γ(Ui), K¡D´k�Øf, P�D ≥ 0.

�±y²XJü|êâ{(Ui, fi)}Ú{(Vj, gj)}½ÂÓ��Øf, Kü|êâ½

Â��_�L1,L2Ó�. �«*:´�öÀ�K(X)�f�fÐ´���; ,�

«´���EÓ�: �±ÏL\[b�Ui = Vi. 3Ui þ, �3ui ∈ OX(Ui)
∗ ¦

�fi = uigi. ,�½Â

η : L1|Ui = OUi
1

fi
→ L2|Ui = OUi

1

gi
, f · 1

fi
7→ (uif) · 1

gi

½n3.8. ü�Øf�5�d��=�éA��_�´Ó��.

y². b�D1 ∼ D2 ©OéAü|êâ{(Ui, fi)}Ú{(Ui, gi = hfi)}. K�±�E
ü|êâ½Â��_�L1,L2Ó�

η : L1|Ui = OUi
1

fi
→ L2|Ui = OUi

1

gi
, f · 1

fi
7→ f · 1

gi
.
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~3.9. b�X = Vp(X
3
0 − X3

1 − X3
2 ) ⊆ P2. ØfD: (V0 = U0 ∩ X,X1/X0 −

1), (V1, X0/X1 − 1), (V2, 1).

~3.10. X = Pn = ∪iAn
i , �F (X0, · · · , Xn)´��dgàgõ�ª, u´½ÂØ

fDF := {(An
i , F/X

d
i )i}.

(1) dgàgõ�ª½Â�Øf�5�d.

(2) O(DF )|Ani = O · si(:= Xd
i /F ), si = (Xi/Xj)

dsj.

(3) O(DF ) ∼= O(d).

3.3.3 �_��Üþ

½Â3.10. �X´��V., M´Xþ��_�, L´Xþ��_�. ½Â��Ü

þÈM⊗L�ý�U 7→ M(U)⊗OX(U) L(U)��z.

¯¢þ, XJL1,L2´Xþ��_�, b�¦�dXe�ª�ÑLt|Ui = OUist,
KÙÜþÈL1 ⊗ L2|Ui = OUi(s1s2) E´���_�(XÛ�y? ¯¢þ3Uiþ®

²´���).

Øf\{D1 +D2 := {(Ui, figi)}, D1 : {(Ui, fi)}, D2 : {(Ui, gi)}.

·K3.13. �L´Xþ��_�, dêâ(Ui, si)�Ñ. �±½ÂL−1|Ui = OUi 1
si

.

�L1,L2´Xþ��_�, K

(1) HomOX (L1,L2) ∼= L−1
1 ⊗ L2,

(2) HomOX (L1,L2) ∼= Γ(X,L−1
1 ⊗ L2).

(3)�X´�V., D1, D2�Øf. KOX(D1)⊗OX(D2) ∼= OX(D1 +D2).

y². (1) �L1|Ui = OUi · si, L2|Ui = OUi · ti.

�E: ηi : HomOX (L1,L2)|Ui ∼= OUi · ti/si.

�Hompre
OX (L1,L2)´��ý�, U 7→ HomOX(U)(L1(U),L2(U)). ·��I�

�Eý�Ó�Hompre
OX (L1,L2)|Ui → OUi · ti/si¿��y3z�:?�ªþ´Ó�

=�. éV ⊆ Ui, kg,Ó�:

ηi(V ) : HomOX(V )(L1(V ) = OX(V )si,OX(V )ti)→ OX(V ) · ti/si, φ 7→
φ(si)

ti
· ti/si.
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���yηi�±ÊÜ.

(2,3) N´.

·K3.14. �X´V.. K

(1) Xþ��_�8Ü�Ó�a3ÜþÈe�¤����+, ¡����kkk+++, P

�Pic(X), ü �´OX .

(2) b�X´�V.. KX�Øf8ÜDiv(X)´��\{+.

(3) N�Div(X) → Pic(X), D 7→ OX(D)´��+Ó�, ØP(X) = {D|D ∼
0}¥�Øf¡�ÌÌÌØØØfff(principal divisor).

·K3.15. �X´��V., D´X���k�Øf, d{(Ui, fi)}�Ñ

(1) OX(D) k��g,��¡sD|Ui = fi · 1
fi

;

(2) ��n��OX(−D), ¿����V.D. ·�kXe�Ü�

0→ OX(−D)→ OX → OD → 0.

Üþ���_�L, ��0→ OX(−D)⊗ L → L → OD ⊗ L ∼= L|D → 0.

y². Ø��Ui = SpecAi´��V., fi ∈ Ai, ½ÂV.D =
⋃
i(V (fi) =

SpecAi/(fi)).

��: �k´�, char k 6= 2, 3. �C = Vp(X
2
0 −X2

1 −X2
2 ) ⊂ P2.

(1) y²C ∼= P1; (2) O�dimk Γ(C,OP2(1)|C);

(3) XJchar k = 2 Q? g�=�.

(4) -C ′ = Vp(X
3
0 −X3

1 −X3
2 ) ⊂ P2. g�dimk Γ(C ′,OP2(1)|C′).

55



4 �K²¡þ��AÛ

�k´�ê4�, X ⊆ P2
k´��[�KV.. dimX½Â�ÙQ�©|�4�

�ê.

4.1 ���êý��£

4.1.1 ��ÛÜz

·K: �M´R-�, TFAE:

(1) M = 0; (2) MP = 0,∀P ∈ Spec(R); (3) Mm = 0,∀m ∈ Max(R).

Proof. (3) ⇒ (1). ÄK, ��x ∈ M , x 6= 0, Ann(x) ( R. �3m ∈ Max(R),

¦�Ann(x) ⊆ m. -S = R \m, Kx 6= 0 ∈ S−1M .

4.1.2 Artin �

½Â: XJR�z�n�üóª�, KR¡�Artin���; XJR-�Mz�f�

üóª�, KM¡�Artin���.

·K: Artin ��f�Úû�Ñ´Artin�.

·K: �R´Artin�. K

(1) R�kk�õ�4�n�m1, · · · ,mn.

(2) R
m1∩m2∩···∩mn

∼= R/m1 × · · · ×R/mn.

(3) R¥��n�´4�n�.

(4) -J = m1 ∩m2 ∩ · · · ∩mn, K�3k¦�Jk = 0.

(5) R ∼= R/mk
1 × · · · ×R/mk

n.

(6) R´Noether�.

Proof. (1) ^ù�(Ø: n���P1 ∩ · · ·Pn ⊆ Q, XJQ´�n�, K���

�Pi ⊆ Q.

(2) ¥I�{½n.
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(3) ��n�P ⊂ R, @oR/P´��. �x̄ ∈ R/P , XJx̄Ø�_, @o(x̄n)´

î�üN4ü�n�.

(4) Äk�Än�üóJ ⊇ J2 ⊇ J3 ⊇ · · · . dArtin5�, �3k¦�Jk =

Jk+1. XJJk 6= 0, �Än�8ÜX = {I ⊆ J | IJk 6= 0}, KXk4��I0. d�

��I0 = (x), xJk = xJk · Jk 6= 0, dI0�4�5�xJk = I0, l
�3y ∈ Jk¦
�x = xy. �´1− y´�_�.

(5) �k¦�Jk = 0, Kmk
1 ∩ · · · ∩mk

n = 0, @o,��â¥I�{½n�±�

�(Ø.

(6) �I�ÄR/mr. ér8B, 5¿mr−1/mr��R/mr-�, ¯¢þ´k =

R/m�, dArtin5���mr−1/mr´k���k-�5�m.

·K: XJR-�MQ´Artinq´Noether, @oMk�±©)�ü��Ü¤

�.

4.1.3 k[x, y]¥�n�

�I ≤ k[x, y]´�²�n�.

Case 1: I = (F )Ù¥F ∈ k[x, y]. I´�n���=�FØ��. XJF =

F n1
1 · · ·F nm

m , �PVsch(I) = n1V (F1) + nmV (Fm).

Case 2: IØ´Ìn�.

Case 2.1 I ⊂ (F1). KI = (F1) · I1, 8B��I = (F ) · I ′, Ù¥I ′Ø�¹3?
Û�²�Ìn�¥. V (I) = V (F ) ∪ V (I ′).

Case 2.2: IØ�¹3?Û�²�Ìn�¥, ¤±I¥�õ�ª��úÏf²

�.

Step 1(��): �3f, g ∈ I, gcd(f, g) ∼ 1.

Step 2(��): V (I) = {P1, · · · , Pm}.

Step 3: 5¿I(V (I)) = mP1 · · ·mPm , ��3r > 0¦�mr
P1
· · ·mr

Pm
⊆ I ⊆

mP1 · · ·mPm .

Step 4: -k[x, y]/mr
P1
· · ·mr

Pm
∼=

⊕
(k[x, y]/mr

Pi
) → k[x, y]/I →

k[x, y]/mP1 · · ·mPm
∼=
⊕

k[x, y]/mPi
∼= kPi .

57



¤±k[x, y]/I´Artin �.

Step 5: �mi ≤ k[x, y]/I´mPié A � 4 � n �(ker(k[x, y]/I →
k[x, y]/mPi)), k[x, y]/I ∼=

⊕ k[x,y]/I
mri

∼=
⊕

k[x, y]/Qi. -Qi = ker(k[x, y] →
k[x, y]/mr

P1
→ k[x,y]/I

mri
), Kmr

P1
≤ Qi ≤ mP1 , d�I =

∏
iQi.

~4.1. I = (x2(y − 1), (x− 1)2y2), k[x, y]/I ∼=?

4.2 0�fV.

4.2.1 Artin ��ÌV.

�R´Artin �. K

(1) z��n�4�, 
��kk�õ�4�n�m1, · · · ,mn, �3N > 0¦

�mN
1 · · ·mN

n = 0.

(2) R ∼= R1(:= R/mN
1 ) × · · · × Rn(:= R/mN

n ). (^¥I�{½n, 5¿mN
i +

mN
j = R.)

(3) (X = SpecR,OX) =
∐

i(Pi = SpecRi,OX,Pi = Ri).

(4) XJL´Xþ��_�, KL ∼= OX .

~f: (1) XJR´k�)¤k-�ê, XJdimk Rk�, KR´Artin�.

(2) �f, g ∈ [x, y], gcd(f, g) ∼ 1, KR = k[x, y]/(f, g)´Artin�.

��: ��dim(R = k[x, y]/(x2 − y3, x3 − y2))�þ., Ø�¦°(; é��

�f, g, �Ä��þ.?

��: dim k[x1, · · · , xn]/(m1 · · ·mr)
N =?.

· K4.1. �k´ � ê 4 �. Kk[x1, · · · , xn]/I´Artin� � � = �V (I) =

{P1, · · · , Pr}. d�I = I1 · · · Ir¦�
√
Ii = mPi, l


X = tiSpeck[x1, · · · , xn]/Ii.

y². ⇐:
√
I = m1 · · ·mr. �Pi = (ai1, · · · , ain). Km1 · · ·mr =

({
∏

i(xji − aiji)}j1,··· ,jr). �3N > 0 ¦�
∏

i(xji − aiji)
N ∈ I, b�)¤
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�kM�, K(m1 · · ·mr)
MN ≤ I. �âk[x1, · · · , xn]/(m1 · · ·mr)

rN < +∞,

�dim(k[x1, · · · , xn]/I) < +∞. ¤±k[x1, · · · , xn]/I´Artin�

���±�âk[x1, · · · , xn]/I ∼=
∏

i
k[x1,··· ,xn]/I

mPi
N , u´�±-Ii = I + mN

Pi
. ,

�«�Y´-Ii = ImPi ∩mPi , ,��yImP = (I1 · · · Ir)mP .

4.2.2 [�K0�fV.

�k´�ê4�, X ⊆ Pnk´��[�KV.. K��ÿÀ�mX kk�õ

�Ø��©|X1, · · · , Xr. £�: ·�Q²ïá
��l�êq�Æ��k-V

.�§¢¼f, ¯¢þz�Xi5
u���êqXvar
i �V.z�ÿÀ�m, ½

ÂdimXi = dimXvar
i . dimX½Â�ÙQ�©|�4��ê.

·K4.2. �X ⊂ An
k´0�4fV.. KX = Spec k[x1, · · · , xn]/I, Ù

¥k[x1, · · · , xn]/I ´Artin�.

y². ·�30��/y²��V.��4fV.d��n�½Â.

Step 1. X = {P1, ·, Pr}. Ï�X´4fV., �3fi ∈ k[x1, · · · , xn]¦�Pi =

D(fi) ∩X, ¿�

OX,Pi) = Ri =
k[x1, · · · , xn]fi

Ji
∼=
k[x1, · · · , xn, y]

Ii

Ù¥
√
Ii´4�n�, ¤±Ri´ArtinÛÜ�.

Step 2. dStep 1 �X ∼= Spec
∏

iRi. V.�i\X → An
kp�


k[x1, · · · , xn]→
∏

i

k[x1,··· ,xn]fi
Ji

.

Step 3. y²k[x1, · · · , xn] →
∏

i

k[x1,··· ,xn]fi
Ji

´�÷Ó�. -Qi = Ji ∩
k[x1, · · · , xn].

é�½�i, ηi : k[x1, · · · , xn] → k[x1,··· ,xn]fi
Ji

, du�ö´ArtinÛÜ�,

Kk[x1,··· ,xn]
Qi �´ArtinÛÜ�, k���4�n�, N´�y

√
Qi = mPi .

y3y²ηi´÷Ó�. é?¿ ḡ

fNi
∈ k[x1,··· ,xn]fi

Ji
, 5¿fi = fi(Pi) + hiÙ

¥fi(Pi) 6= 0¿�hi ∈ mPi , Khi3
k[x1,··· ,xn]fi

Ji
¥7��"�, ¤±(TaylorÐ

m) ḡ

fNi
= giÙ¥gi ∈ k[x1, · · · , xn].

��|^Q1, · · · ,Qrp�4�§-I = Q1 · · · Qr, d¥I�{½n��(
Ø.
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·K4.3. �X ⊂ Pnk´kþ�[�K0�4fV.. K

X =
t∐
i=1

(Pi,OX,Pi = k[x1, · · · , xni ]/Ii)

Ù¥

(0)
√
Ii = mPi.

l


(1) X ∼= Spec
∏

i(k[x1, · · · , xni ]/Qi)´����V..

(2) X´Pnk�4fV..

(3) �3���IC�¦�X ⊂ {X0 6= 0}, l
X´An���4fV..

(4) -J = ({Xdeg f
0 f |f ∈ I}). KX = Vp(J)´Pnk��KV..

y². Ï�Pnk�z�m8Ñ´;�, KX�±À�k��Pnk���k-V.��

�4fV., z���±À�An
k���Ìm8D(f) = Speck[x1, · · · , xn]f ∼=

Speck[y1, · · · , ym], ¤±Ó�uSpeck[y1, · · · , ym]/J , .

Step 1: Äkb�X´Speck[y1, · · · , ym]/J���4fV.. b�X = V (J) ⊂
Am
k . u´Xkk�õ�Ø��©|, qduX´0��, ��X = {P1, · · · , Pr}, z
�PiQ´m8�´48, ¿�

√
J = mP1 · · ·mPr , �3N¦�m

N
P1
· · ·mN

Pr
≤ J . l


k[y1, · · · , ym]/J´Artin�.

N´y²OX,Pi = (k[y1, · · · , ym]/J)mPi
∼= k[y1, · · · , ym]/Qi, Ù¥

√
Qi = mPi .

Step 2: u´�±�X = {P1, · · · , Pt}, ?
X =
∐t

i=1(Pi,OX,Pi).

Step 3: y3y²(Pi,OX,Pi)´Pnk�4fV.. Ø�b�Pi ∈ {X0 6= 0}. �Ä
g,�i\��(Pi,OX,Pi)→ An

k(��V.)éAk-�êÓ�,

k[x1, · · · , xn]→ k[x1, · · · , xn]f → k[x1, · · · , xn]Pi → OX,Pi .

�ây²L§k[x1, · · · , xn]Pi → OX,Pi´÷Ó�, S−1mPi → mX,Pi´÷�. 2

dmN
X,Pi

= 0, �±���y ḡ
s̄

= h̄ (TaylorÐm), �Ò´��EÜÓ�´÷Ó�,

l
(Pi,OX,Pi)´An
k�4fV., �´Pnk �4fV..

Step 4: ±þy²
(1,2). �±����5C�¦�Pi ∈ {X0 6= 0}, ,�
�(0,3).
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Step 5: �Iy²Vp(J) ∩ {X0 = 0} = ∅.

~4.2. F = X,G(X, Y, Z) = X2 + Y Z. Vp(F,G) = (P1 = [0, 0, 1], k) t (P2 =

[0, 1, 0], k). XÛ����5C�������²¡þ?

4.3 ²¡þ�4fV.

4.3.1 ²¡þ���4fV.: ­�

��~��õ�ªf ∈ k[x, y], ¡Cf = V (f) := Spec(k[x, y]/(f) ⊂ A2�^�

�­�­�.

XJf(x, y)Ø��, KCf´�^�­�; ÄKf = f r11 · · · f rmm , d�Ï~P

�Cf = r1Cf1 + · · ·+ rmCfm , d�dimCfi = 1.

aq�, ��²��àgõ�ªF ∈ k[X, Y, Z], ¡CF = V (F ) ⊂ P2�^�

K­�. XJFØ��, KCF´�^�­�; ÄKF = F r1
1 · · ·F rm

m , d�Ï~P

�CF = r1CF1 + · · ·+ rmCFm .

¯¢: ��-x = X
Z
, y = Y

Z
. �F ∈ k[X, Y, Z]�d-gàgõ�ª, f(x, y) =

F/Zd.

(1) d1 := deg f ≤ d, F ′ = Zd1f ∈ k[X, Y, Z]�àgõ�ª, F = F ′Zd−d1 ;

(2) FØ��⇔ fØ���ZØ�ØF .

4.3.2 ²¡þ�"�4V.

½n4.1. b�X ⊂ P2[X, Y, Z]´��"�4fV., @o

(1) �3���IC�¦�X = {P1, · · · , Pt} ⊂ {Z 6= 0}, l
X´A2(x =

X/Z, y = Y/Z)���4fV.;

(2) b�X = V (I) ⊂ A2, @oI =
∏l

i=1 Qi, Ù¥
√
Qi = mi´��4�n�;

(3) A/I ∼=
⊕

k[x, y]/Qi ´��Artin �.

íØ4.1. �F,G´àgõ�ª, b�F,GvkúÏf, K(1) Vp(F,G) ´��4f

V.; (2) �3���IC�¦�Vp(F,G)´{Z 6= 0} = A2���4fV., d

�Vp(F,G) = Speck[x,y]
(f,g)

, Ù¥f = F/Zd1 , g = G/Zd2.
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y². �Iy²F ∩ Gkk�õ��:. ù�±3z���²¡þwf =

F/Zd1 , g = G/Zd2�,´p��.

½n4.2. �f(x, y), g(x, y), h(x, y) ∈ k[x, y], -I = (f, g). XJé?¿444:::P ∈
A2(éA4�n��:), h ∈ IP (3P:�ÛÜz), @oh ∈ I.

y². Ï�A2�4�n�Ú:��éA, d��ÛÜz(Ø��.

Ö¿: �J ≤∈ k[X, Y, Z]�àgn�. �P ∈ P2, KPéAàgn�P . ·��

±�ÄàgÛÜz

k[X, Y, Z]P =
⊕
d

{A
S
| A, S homogenous, degA− degS = d, S(P ) 6= 0}/ ∼

ù´��©g�. �Ä"gÜ©k[X, Y, Z]
(0)
P = OP . Kk[X, Y, Z]P = OP ·

k[X, Y, Z].

eP = [0, 0, 1] ∈ A2, k[X, Y, Z]
(0)
P =

k[x,y](0,0)
(x,y)(0,0)

.

JP ≤ k[X, Y, Z]P´��àgn�, KJP = OP · J . -T = Vp(J). KJ (0)
P =

IT,P , OT,P = (k[X,Y,Z]P
JP

)(0).

½n4.3. (Max Noether)�F (X, Y, Z), G(X, Y, Z), H(X, Y, Z) ∈ k[X, Y, Z],-I =

(F,G). b�F,GvkúÏf, �Vp(F,G)´��"�V.. �P ∈ P2, KPéAà

gn�P,

XJé?¿4:P ∈ P2, H ∈ IP (3:P÷vNoether^�), @oH ∈ I.

y². Ø��Vp(F,G) ⊂ {Z 6= 0} = A2 = Spec(k[x = X/Z, y = Y/Z]). ÏLØ

±Z��, F,G,H©OéAf(x, y), g, h ∈ k[x, y]. db���

(1) Vp(F,G, Z) = ∅, u´F1(X, Y ) = F (X, Y, 0)ÚG1(X, Y ) = G(X, Y, 0)p

�.

(2) h = a(x, y)f+b(x, y)g,ÏLàgz���3r ≥ 0¦�, ZrH = AF +BG.

Ø��r��.

��r > 0. PF = F1(X, Y ) + ZF2, G = G1(X, Y ) + ZG2, A = A1(X, Y ) +

ZA2, B = B1(X, Y ) + ZB2. u´

ZrH = A1F1 +B1G1 + ZC
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u´A1F1 +B1G1 = 0, l
G1|A1, ��A = GA′ − ZA′′, u´�±P�

ZrH = (GA′ − ZA′′)F +BG = ZA′′F +B′G.

duZØ´G�Ïf, ��Z|B′, ùÚr�4�5gñ.

·K4.4. �F,G,H´k[X, Y, Z]¥�àgõ�ª. b�FéA�­�CF3:P1

w(�du(FX , FY , FZ)|P 6= 0), u´(OCF ,P ,mCF ,P = (t)) ´DVR, PéA�D�

�vP . XJvP (H) ≥ vP (G), KH3P:÷vNoether ^�, =H ∈ (F,G)P .

y². Ø��P = [0, 0, 1], OCF ,P =
k[x,y](0,0)

(f(x,y))(0,0)
,mCF ,P =

(x,y)(0,0)
(f(x,y))(0,0)

= (t)). Ph =

u1 · tn1 , g = u2 · tn2 , ui ∈ (k[x, y](0,0))
×.

Kn1 ≥ n2 ⇔ ((̄h)) ≤ (ḡ) ⇔ (h)(0,0) ≤ (f, g)(0,0).

4.4 ��ê

½Â4.1. �F,G ∈ k[X, Y, Z]´àgõ�ª,b�F,GvkúÏf,u´Vp(F,G) ⊂
P2´0�4fV., Ø��T = Vp(F,G) = {P1, · · · , Pt} ⊂ A2, P�F ∩ G =

Spec(A), Ù¥A´Artin�.

½Â­�F,G���ê�I(F,G) = lengthkA =
∑

i dimk(OT,Pi = APi).

�P ∈ A2, ÀA�k[x, y]-�, F,G3P :�ÛÜ��ê½Â�IP (F,G) =

lengthk(AP ). XJ4:P ∈ {Z 6= 0}, KIP (F,G) = dimk(
k[x,y]P
(f,g)P

. ¤±P ∈
Vp(F,G)⇔ IP (F,G) > 0

��: �X = VP (J) ⊆ Pn´�KV.. éP ∈ X, éAk[X0, · · · , X0]àg�n

�, �yOX,P ∼= ( k[X0,··· ,X0]P
JP

)(0).

·K4.5. b�±eÑy�õ�ªþ�k[X, Y, Z]¥�àgõ�ª, �Ä��ê�g

Ä÷vp�^�. K

(1) I(F,G) =
∑

P IP (F,G);

(2) IP (F1 · F2, G) = IP (F1, G) + IP (F2, G).

(3) IP (F,G) = IP (F,G+HF ).

y². (1) d½Â��.
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(2) ÛÜþI�y²: b�f1, f2Úgp�, dimk
k[x,y]

(f1f2,g)
= dimk

k[x,y]
(f1,g)

+

dimk
k[x,y]
(f2,g)

. (���Ü�).

(3) ��.

~4.3. F = X,G(X, Y, Z) = Y X + Y Z.

·K4.6. eIP (F,G) = 1, KP´F,G�1w:, 
�F,G3P:î���, =Ø�

�P ∈ A2, Kf�mTF,P , TG,P ⊂ TA2,P î�.

y². Ø��P = [0, 0, 1], f = ax+by+..., g = cx+dy+... ∈ k[x, y]. �m = (x, y).

KIP (F,G) = 1 ⇔ (f, g)m = (x, y)m, 
ù�duad− bc 6= 0 (��).

��: -F = X − Y,G(X, Y, Z) = Y 2X + Y 2Z. ¦I(F,G).

��: b�char k = 0. O�F = X2Z − Y 3, G = Y 2Z −X33z�:?��

�ê.

4.5 Bezout½n9ÙA^

½n4.4. �F,G ∈ k[X, Y, Z]´àgõ�ª, b�F,GvkúÏf, @oI(F,G) =

degF · degG.

y². PO�P2�(��, KO(−F ),O(−G) ⊂ O�½ÂF,G�n�. -T =

Vp(F,G). KT´0�4fV..

u´k±eá�Ü�

0→ O(−F −G)→ O(−F )
⊕
O(−G)→ IT → 0, 0→ IT → O → OT → 0

ÜþO(d)���Ü�

0→ O(d−F−G)→ O(d−F )
⊕
O(d−G)→ I(d)→ 0, 0→ I(d)→ O(d)→ OT (d)→ 0.

±eb�T ⊂ A2, �T = Spec
⊕

i(k[x, y]/Qi), mN
Pi
⊆ Qi ⊆ mPi ,

Pdimk(k[x, y]/Qi) = ri.

äó: dimk Γ(OT (d)) = r1 + · · ·+ rt. �¡/Xf(x, y) · Zd.

y². Ï�T´"�V., OT (d) ∼= OT .
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äó: �d¿©��, KΓ(O(d))→ Γ(OT (d))´÷�.

y². Γ(O(d))¥���Úd-gàgõ�ª��éA, 3A2þ�L�ª/

Xf(x, y)Zd, Ù¥deg f ≤ d.

®�k[x, y] →
⊕

i(k[x, y]/Qi)´÷Ó�, ¤±z�f ∈ Γ(OT )�±¢y���

gê≤ d �õ�ª, l
Γ(O(d))→ Γ(OT (d))´÷�.

äó: Γ(O(d− F )
⊕
O(d−G))→ Γ(I(d))´÷�.

y². Max Noether ½n.

-d¿©�, ��

I(F,G) = dim Γ(OT (d)) = dim Γ(O(d))− dim Γ(I(d))

= dim Γ(O(d))− (dim Γ(O(d)⊗O(−F )) + dim Γ(O(d−G)))

+ dim Γ(O(d−G− F ))

= degF · degG.

4.5.1 ng²¡­��+(�

�C´�^1w²¡ng­�Vp(F ) ⊂ P2. �½�:O ∈ C. ?¿�^��

ÚC�un:, u´ÏL����½Â: ψ : C × C → C. ?�P,Q ∈ C. y3½Â

\{

P +Q = ψ(O,ψ(P,Q)).

�y(ÜÆ.

4.5.2 Pascal ½n

·K4.7. �CF , CG�ng­�, F · G = P1 + · · · + P9. �CQ´���g­�,

Q · F = P1 + · · ·+ P6. b�P1, · · · , P6´Cþ�1w:. KP7, P8, P9��.

y². |^Max Noether ½n�G ∈ (F,Q), PG = aF + QL, l
P7, P8, P9 ∈
CL.
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4.6 �K�êqþ��K¼ê

íØ4.2. �C ⊆ P2´1w�K­�. KΓ(C) = k

����, ·�k±e(Ø.

½n4.5. �X ⊆ Pn´�K�êq. KΓ(X) = k.

y². �f ∈ Γ(X). �Xd��àg�n�½ÂX = Vp(J), PSX =

k[X0, · · · , Xn]/J . duX ∩ {Xi 6= 0}´An���4fV., u´�3N1 > 0¦

�XN1
i f ∈ SX .

äó: �3N > 0¦�fS
(≥N)
X ⊆ S

(≥N)
X .

5¿S
(≥N)
X ´k�)¤SX-�(n�), 
�Ï�SX´��, ·���f3SXþ

´��. �

fm + Am−1f
m−1 + · · ·+ A0.

�Äàg0gÜ©, ��f ∈ k.

·K4.8. �X ⊆ Pn´�K�V.. K�3��àg�n�J¦�X = Vp(J).

y². �ÄXéA��êqXv. -J = Ip(Xv). ,��yJ´àg�n�±9XT

Ð´Vp(J).

J«: �±3z���¡þ��½Ân�, ,�àgz.
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5 ­��5zÚÛ:)�

�k´�ê4�.

5.1 ý��£

1. z�1��êqVkn�du��²¡­�.

2. �R´k�)¤k-�ê
�´��, @oRν/R ´k�*Ü.

3. �X´�ê­�, �:P ∈ X. K±e^��d

(1) P´1w:;

(2) (OX,P ,mX,P )´DVR;

(3) (OX,P ,mX,P )´�5�, d�¡P´�5:.

é­�
ó, �5zÒ´��)�.

4. �/Ún: b�k±e�Ü����ã

0

��

0

��

0

��

R

��

S

��

T

��

A u //

v
��

B //

��

C //

��

0

0 // A′ //

��

B′ //

��

C ′

��

U

��

V

��

W

��

0 0 0

@ok±e�Ü�

R→ S → T → U → V → W.

5.2 �Kqþ��K¼ê

½n5.1. �X´1w�K²¡­�. KΓ(X) = k.
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y². ^Noether½n.

5.3 ­���5zÚ)�

½Â5.1. �X´���K�êq. ��1w)�´��Vkn��µ : X̃ → X,

Ù¥X̃´��1w�K�êq.

½n5.2. �C´����K­�. XJC�)��3K3Ó�¿Âe��.

y². £�: 1w­���K�m�knN��±òÿ���.

�±�z�y²:

äó(��): XJψ : C̃ → C̃´����, ÷vψ∗ = id : K(C̃) → K(C̃).

Kψ = idC̃ .

½n5.3. �C = VP (F ) ⊂ P2´�K­�, ν : Cν → C´�5z. KCν´�^1w

�K­�.

y². 1�«�Y: ν : C̃ → C ´k���. �{Ui}´C�k���mCX, -U´

§���. K{Uν
i }´Cν���mCX, Uν

i → Ui´��V.��. KUν
i → Ani →

Pni . �Äé����U →
∏

i Pni , ,�y²Ù�8�4�´�KV.(I�XÚ

5�'u�K���ý��£), TÐÓ�uCν .

1�«�Y: ÏL�»ö�, �±��1w�K�)�π : X → C. ��¡

�â1w­��5�ν : Cν → C �±J,�Cν → X. -��¡�â�5z�

�X → Cν ù�Ù¢éAOC 3π∗OX¥��5z.

5: 3A�0þ, �êq�3)�(Hironaka’60s); 3A�pþ, �dimX ≤ 3�,

®²y²�3)�(Cossart-Piltant’08); ToricÛ:.

5.4 ²¡­���»ö�

5.5 Û:)�

½n(n��), Hironaka). �k�A�0��. �½n�|(X, I,D), Ù

¥X´kþ�1wq; I´Xþ��"n��; D´Xþ�{üî�Øf. K�

68



3�X��»�EÜ ∏
: Xr

πr−→ Xr−1 −→ · · ·
π1−→ X0 = X.

Ù¥z�πi : Xi → Xi−1´÷1w4fqZi ⊂ Xi−1��». AO/,
∏
´Vk

n��!�K��. ¿�, T�E÷v±e5�: z�ZiÑ�D Ú�Zj, j < i�

��{üî���; Xi¥dπ
−1
i I)¤�n��´,�{üî�Øf�n��;∏

3IéA�4fq�	´Ó�; T�E'u1w��äk¼f5: é?Û1w�

�f : Y → X, n�|(Y, f−1I, f−1D)�n��)�u(X, I,D)�n��)÷f.

£, �Ií�@
.£�C¤÷∅�»�N�.

aq/, T�E'u�*ÜK/k äk¼f5.

½n: �k�A�0��, X´kþ��êq; D´Xþ�{üî�Øf. K�3

�X��»�EÜ ∏
: Xr

πr−→ Xr−1 −→ · · ·
π1−→ X0 = X.

Ù¥z�πi : Xi → Xi−1´�», ¦�Xr´1w�êq;
∏
3DÚÛÉ:�	´Ó

�, Ö8´{üî����; T�E'u1w��Ú�*Üäk¼f5.
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6 ­��Riemann-Roch½n

½n6.1. (Riemann-Roch½n) �C´1w�K­�, D´Cþ�Øf, PK�C�

;�Øf, g�Cº�. @ol(D)− l(K −D) = degD + (1− g).

6.1 ­�þ�Øf

6.1.1 1w­�þ�Øf

�C´1w­�. ��Øf/XD = n1P1 + · · · + nrPr, Ù¥Pi ∈ C´��4
:.

·K6.1. �C´1w­�, 0 6= f ∈ Γ(C). K�±½Âdiv(f) =
∑

P∈C vP (f)P , 5

¿vP (f) = dimOC,P/(f)P . ?
ékn¼êϕ, �±½Âdiv(ϕ).

~6.1. -C = V (x3 − y3 − 1) ⊂ A2, f = x
y
.

·K6.2. �C´1w­�. KCþ�CartierØfÚ±þ½Â�Øf´�d�.

y². �½CartierØfDc : (Ui, fi = ui
vi

)Ù¥ui, vi ∈ Γ(Ui). K�±½ÂD =∑
P∈C vP (fi) (û½Â).

��, �½ØfD = n1P1 + · · · + nrPr. �mC,Pi = (ti). �Pi���Ui¦

�ti ∈ Γ(Ui) 
�Pi´ti���":. -U0 = C \ {P1, · · · , Pr}. ,��...

~f(��): �C = V (Y 2Z −X3). rD = 2 · [1, 1, 1]¢y�CartierØf�/

ª.

6.1.2 CartierØf�gê

�C´�K­�. �½CartierØfDc : (Ui, fi = ui
vi

). ½ÂDc�gê

degDc =
∑
P

(dimk
OC,P
(ui)P

− dimk
OC,P
(vi)P

).

N´�y±þ½Â´û½Â�, XJP´1w:, Kdimk
OC,P
(ui)P

− dimk
OC,P
(vi)P

=

vP (ui)− vP (vi).
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6.1.3 Øf�.£

é­�m�|���φ : C ′ → C. éuCþ�CartierØfD, �±½Âf ∗D,


�kOC′(f ∗D) ∼= f ∗OC(D).

½n6.2. �C´�K­�, ν : Cν → C��5z. éuCþ�CartierØfD, k

degD = deg ν∗D.

y². Ø��D´k�Øf, ,��z�±e·K.

·K6.3. �f ∈ k[x, y]Ø��, C = V (f) ⊂ A2, ν : X → C´�5z. K

(1) dimk(Γ(X)/Γ(C)) k�(Γ(X)´k�)¤Γ(C)�);

(2) �g ∈ k[x, y]Úfp�, P´f, g����:, Kν−1P = {Q1, · · · , Qm}, 

�

IP (f, g) = (
k[x, y]

(f, g)
)P =

∑
i

vX,Qi(g).

y². -A = Γ(C), B = Γ(X). KA→ B´��i\, 
�B/A´k��*Ü.

(1) ®�Γ(X)´k�)¤Γ(C)�, �)¤�f1, · · · , fr. ù
��3Γ(C)þ�,

l
�30 6= h ∈ Γ(C)¦�hfNi ∈ Γ(C). K(h)Γ(X) ⊆ Γ(C).

Ún: V (h)´X�"�V., ¤±dim Γ(X)/(h) < +∞.

(2) |^�/Ún.

����, ·�kXe�'����ê(Ø.

·K6.4. �R´k�)¤k-�ê, M´k�)¤R-�. b�Ann(M) = I =

Q1 · · ·Qr, Ù¥
√
Qi = mi´4�n�. K

(1) M ∼=
⊕

Mmi;

(2) dimkM < +∞.

6.1.4 ÌØf

½n6.3. �C´1w�K­�, 0 6= f ∈ K(C). Kdeg div(f) = 0.
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y². �3Vkn��φ : C → C ′ ⊂ P2�²¡�K­�. b�f = F/G,

Kdiv(f) = φ∗div(F/G). dBezout½ndeg div(F/G) = 0, �deg div(f) = 0.

5: éu;iù¡, éA�(Ø|^Stokes½n�Äω = df
f
�3ê.

6.2 Øf��5X

6.2.1 �N�¡�m

�C´1w�K­�, D´Øf. %@div(0)´Ã¡��Øf. -

L(D) = {f ∈ K(X) | div(f) +D ≥ 0}.

�±�yù´���5�m, ¿�Ó�uΓ(C,OC(D)).

·K6.5. (1) L(0) = k;

(2) L(D) ∼= Γ(C,OC(D)), l
eD1 ∼ D2, KL(D1) ∼= L(D2);

(3) eD1 ≤ D2, KL(D1) ⊆ L(D2);

(4) �P ∈ C, dimk(L(D+P )/L(D)) ≤ 1. Pl(D) := dimk L(D) ≤ degD+ 1.

y². (1) d�K5�.

(2) À�~�K(X)�f�, �D : {(Ui, hi)}, kL(D) → Γ(C,OC(D)) f →
sf : sf |Ui = fhi§L(D)← Γ(C,OC(D)), gi/hi ← s : s|Ui = gi

1
hi

.

(3) ���y.

(4) �Ä�Ü�0→ OC(D)→ OC(D + p)→ Op(D + p)→ 0.

½Â6.1. Pl(D) := dimk L(D) ≤ degD + 1.

��: )ºdimk
L(D+P )
L(D)

= 1Ú= 0�¿Â.

~f: (1) �C = P1, D = n[0, 1].

(2) �C = Vp(X
3 − Y 3 − Z3), D = 1 · (P1 = [1, 0, 1]). J«: �P1 + P2 +

P3´O(1)éA���Øf, L(C,D) ⊆ L(P1 + P2 + P3), éf ∈ L(D), ��f =

L1/L2 ∈ L(P1 + P2 + P3) ∼= Γ(C,OC(1)) (L1, L2´�g�), ?
�L(D) = k.
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6.2.2 �5X

P|D| = P(L(D)), ¡�D����5X(complete linear system); l =

dimL(D), l − 1¡��5X��ê. XJl = 0, K|D| = ∅.

·K6.6. �l > 0, K|D|¥����éAu{D′ ≥ 0|D′ ∼ D}. ±�ò�ö�Ó.

½Â6.2. �|D| 6= ∅. XJ�3P ∈ C¦�, L(D) = L(D − P ), Kéuz�D′ ∈
|D|, ·�kD′ − P ≥ 0, d�¡P��5X|D|�Ä:.

�±�Ñ, �3��������k�ØfV (�±�0), ¦�z�D′ ∈ |D|,
·�kD′ − V ≥ 0, ¡V´|D|��½Ü©. ´�L(D − V ) = L(D).

·��±P|D| = |M |+ VÙ¥|M |vkÄ:, ¡�|D|�gdÜ©.

XJ|D|¥���vkú�Ü©, K¡�5X|D|vkÄ:(base point free).

• �D : {(Ui, hi)}L�, 3Ó�L(D) ∼= OC(D)e, �½f ∈ L(D), ��3Uiþ

éAOC(D)�¡�sf |Ui = fhi · 1
hi

, ¤±sf�":TÐéAØfdiv(f) +D.

• �f1, · · · , fl ∈ L(D) ⊂ K(C), 3Ó�L(D) ∼= OC(D)e, ��3UiþéA�

¡ÚØf/X

f1hi, · · · , flhi ∈ Γ(Ui), div(fjhi)Ui = (div(fj) +D)Ui .

• V |UiTÐéAf1hi, · · · , flhi�ú�":.

• UXe�ª½ÂknN�φ|D|, 3Uiþ

φi : Ui 99K Pn−1, P 7→ [f1hi(P ), · · · , fnhi(P )]

K(i) φi3Ä:±	´ûÐ½Â�, (ii) φiÚφj´�±ÊÜ�.

·K6.7. PÒXþ.

(1) þãN�z:ûÐ½Â���=�V = 0;

(2) 3ØÓ�Äe, þã�ª½Â�N�fÐ����_�5C�; ¤±·�

rþãÊÜ¤�N�P�φ|D|.

(3) φ|D| �±òÿ���φ|M |.

(4) XJ|D|vkÄ:, �H´Pl−1����²¡Øf, KØf�.£φ∗|D|H ∈
|D − V |. ¯¢þPl−1����²¡8ÜÚ|D|¥�ØfÏLù«�ª��éA.
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y². ·�)º(4).

Äk3Xe�/e�±½ÂØf�.£(·��c=é|���½Â, �´

�_�.£o´Ün�). �φ : X → Y´�êq�m���, D´Yþ�Øf, 3

���CXþL«�(Vi, gi). b�

• D´k�Øf, =gi ∈ OY (Vi), ¿�φ(X) ∩ ViØá3V (gi)¥, ù�du0 6=
φ∗gi ∈ OX(φ−1Vi).

K�±½Âφ∗D�(φ−1Vi, φ
∗gi), ù´Xþ�k�Øf.

y3£�·���/φ = φ|D| : C → Pl−1. �Pl−1�àg�I�X1, · · · , Xl,

-Vj = {Xj 6= 0}. -H1éAX1 ½Â��²¡, 3VjþdX1/Xj½Â. y3�

Äφ∗H1. 3Uiþ

φi : Ui 99K Pn−1, P 7→ [f1hi(P ), · · · , flhi(P )]

Ï�|D|vkÄ:, þã½ÂûÐ. �Uij = Ui ∩ φ−1Vj, K3Uijþfjhi ∈ OX(Uij)
×,

φ∗H1|Uij = div(f1gi
fjgi

) = div(f1gi). ¤±3Uiþphi
∗H1|Ui = div(f1gi) = div(f1) +D,

3��Cþ, φ∗H1 = div(f1) +D.

~f: (1) �C = P1, D = n[0, 1]. £ãφ|D|.

(2) �C = Vp(X
3− Y 3−Z3), �D = P1 +P2 +P3´O(1)éA���Øf, £

ãφ|D|.

6.2.3 N�Ý

½n6.4. �η : C ′ → C´1w�K­��|�N�. é?¿4:P , kdeg η∗P =

[K(C ′) : K(C)].

y². 5¿C ′¯¢þ�±À�C3K(C ′)��5z: éC���CXC = ∪Ui,
-U ′i = Spec Γ(Ui)

ν
K(C′), U

′
iÊ¤­�C

′.

£�: Γ(Ui) → Γ(Ui)
ν
K(C′)´k��Ó�, Γ(Ui)

ν
K(C′)��Γ(Ui)-�´ÃL�,

u´��(Γ(Ui)
ν
K(C′))P ´gdΓ(Ui)P�, ��[K(C ′) : K(C)].

�ÛÜëêt ∈ mC,P , =mC,P = (t), K

deg η∗P = dimk((Γ(Ui)
ν
K(C′))P/(t)

∼= (Γ(Ui)
ν
K(C′))⊗ k(P )) = [K(C ′) : K(C)].
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6.3 �©Ú;�Øf

6.3.1 �©

½Â6.3. �A´k-�ê, M´��A-�. ��k-�5N�dM : A → M , XJ÷

vNewton-Leibniz{K

dM(a · b) = adM(b) + bdM(a)

K¡dM´��A�M��©. 5¿okd(1) = 0, df(a1, · · · , an) =
∑

i fxidai.

~6.2. -R = k[x1, · · · , xn], ΩR/k =
⊕

R · dxi. Ï~��©

d : k[x1, · · · , xn]→ ΩR/k, f 7→
∑
i

fidxi.

K±þ$�÷vXe�5�.

½Â6.4. �A´k-�ê, XJA-�ΩA/k, ±9�©d : A→ ΩA/k÷vXe�5�:

• é?¿�©dM : A → M , �3���A-�Ó�ϕ : ΩA/k → M¦�dM =

ϕ ◦ d,

K¡ΩA/k�A�ék��©�.

½n6.5. �A´k-�ê. K�©��3.

y². �J ≤ A⊗k Ad1⊗ a− a⊗ 1)¤�n�, A⊗k Al�>½Â�A-�.

d : A→ ΩA/k =
J

J2
, a 7→ 1⊗ a− a⊗ 1

N´�yÙ÷v�5�.

½n6.6. �A = k[x1,··· ,xn]
(f1,··· ,fm)

´k�)¤k-�ê. K

d : A→ ΩA/k =

⊕
A · dxi∑
j dfj

, g → dg.

�A�ék��©�(�é�©).
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y². ���y.

·K6.8. �©�ÚÛÜz���, =ΩS−1A/k
∼= S−1ΩA/k.

y². �±^�5�, ��±^AÏ��E:'X�ÄAf ∼= A[y]
(yf−1)

, ·�kΩAf/k =
AfΩA/k

⊕
Af ·dy

A·(fdy+ydf)
∼= f−1ΩA/k.

6.3.2 ­���©�

�X´�êq. ½Â�©ý�

Ωpre
X/k(U) = ΩΓ(U)/k

�z����©�ΩX/k, ¿��±½Â�©$�d : OX → ΩX/k.

·K6.9. XJX = Spec(A)´���êq,KΩX/k(X) = ΩA/k. d�ΩX/k = Ω̃A/k.

Ö¿: �X = Spec(A)´��V., M´A-�, K½Â�

M̃(U) = {s : U → tP∈UMP | ∀P ∈ U,∃ nbhd V = D(f), t ∈Mf , s|V (z) = tz}.

�yM̃(X) = M, M̃(D(f)) = Mf .

�C´1w­�, P ∈ X, f ∈ OX,P . XJ(f − f(P ))P = mX,P , K¡f´P:

�ÛÜëê.

·K6.10. �C´1w­�, P ∈ X. XJf´P:�ÛÜëê. K

(1) �3��U , f ∈ Γ(U)´z�:?�ÛÜëê.

(2) ΩC/k,P = OC,P · df , l
ΩC/k´�_�. ¯¢þ·�kΩC/k,P⊗OC,P ∼=
mC,P
m2
C,P

.

y². (1) Ø��C = V (f1, · · · , fm) ⊂ An´��­�. �I = (f1, · · · , fm), A =

k[x1, · · · , xn]/I.

£�
mC,P
m2
C,P

∼=
⊕
i dxi

Spank{df1,··· ,dfn}
��1, 
�ég ∈ mC,P , ḡ ∈ mC,P

m2
C,P
�"⇔ mC,P =

(g). 3þãÓ�e, g 7→ dg|P .

5¿�f3P:´ÛÜëê��=�(±ef ∈ k[x1, · · · , fn]�Lf�J,)

rank(JP =
∂(f, f1, · · · , fm)

∂(x1, · · · , xn)
|P ) = n,
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���4��:8´��m8, ¤±�3P���¦�f ∈ Γ(U)´z�:?�Û

Üëê.

(2) Ø��f3Cþ´ÛÜëê.

��¡·�k

ΩC/k(C) =
A · dx1 ⊕ · · · ⊕ A · dxn∑

j A · dfj
ÛÜþ

ΩC/k,P =
OC,P · dx1 ⊕ · · · ⊕ OC,P · dxn∑

j OC,Pdfj
.

,��¡d(1)�y²��, �3é?¿P ∈ C,

OC,P · dx1 ⊕ · · · ⊕ OC,P · dxn∑
j dfj

⊗OC,P (k(P ) =
OC,P
mC,P

) = k(P ) · df.

dd�ÑΩC/k(C) = A · df¿�ΩC/k = OCdf .

��df3A ·df¥´ÃL�,ÄK�3g ∈ A, g ·df = 0,K3Ìm8D(g)þdf =

0, �´ΩC/k ⊗ k(P ) = k(P ) · df´���.

nþ��ΩC/k(C) = OC(C)df´gd�.

~6.3. �C = P1. ÏLÛÜëê, £ãΩC/k, `²ΩC/k
∼= O(−2).

�C = Vp(X
3 − Y 3 − Z3) ⊂ P3. £ãΩC/k, `²ΩC/k

∼= OC .

éÛÜëê{X,Z 6= 0}, dx; {Y, Z 6= 0}, dy; {Y,X 6= 0}, d(x/y), dy =
x2

y2
dx...3e�!)û.

6.3.3 kn�©Ú;�Øf

½n6.7. �C´�ê­�, f ∈ K(C)�,�:P�ÛÜëê. KΩK(C)/k = K(C) ·
df .

y². dNL-{K, 3OC,P��©û½
K(C)��©, u´ΩK(C)/k = K(C) · df .

½ö��^�©�ÚÛÜz�����.

½Â6.5. �C´�ê1w�K­�, ΩK(C)/k = K(C) · df , ����ω ∈ ΩK(C)/k¡

�kn�©. XJω 6= 0, Kéuz�:P , �tP�PNC�ÛÜëê, �Pω =

fPdtP ∈ ΩC/k,P = OC,PdtP . -vP (ω) := vP (fP ). ½Â

div(ω) =
∑
P

vP (fP )P
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¡�C���;�Øf.

·K6.11. �C´�ê1w�K­�, �0 6= ω ∈ ΩK(C)/k. K3þã½Â¥,

(1) 3z�:P , Ø�6uÛÜëê�À�;

(2) �kk�õ�P¦�vP (ω) 6= 0;

(3) ;�Øf*dVkn�d, P�KC, ØÚåÜÂ�¹eP�K;

(4) OC(K) ∼= ΩK(C)/k.

y². (1) duü�ÛÜëêt′, t, dt′/dt ∈ O×C,P .

(2) Pω = gdf . K�3��m8U¦�g, f ∈ Γ(U)
�f3Uþz�:´ÛÜ

ëê. ¤±�vP (ω) 6= 0u)�, 7LP ∈ VC(g)½P ∈ C \ U .

(3) ω′ = g′df , Kdiv(ω′) = div(ω) + div(g′).

(4) £�é�_�L : {(Ui, si)}, ��kn�¡ω = {(Ui, gisi)} éA�Ø
fdiv(ω) := {(Ui, gi)}, éA��OC(div(ω)) := {(Ui, 1/gi)}, ù��ÚLÓ�.

6.4 Riemann-Roch½n±9A^

6.4.1 ½n��ãÚ)Ö

½n6.8. (Riemann-Roch½n) �C´1w�K­�, D´Cþ�Øf, PK�C�

;�Øf, g�Cº�. @ol(D)− l(K −D) = degD + (1− g).

íØ6.1. PÒXþ, Kl(K) = g ≥ 0±9degK = 2(g − 1).

y². ©O-D = 0, D = KC , ,�|^Riemann-Roch½n��.

íØ6.2. �C�dg1w�K²¡­�, p . d. Kg(C) = (d−1)(d−2)
2

.

y². b�C = Vp(F ), K3�:P?���md[FX , FY , FZ ]û½: ��L =

aX + bY + cZ������=�aFX + bFY + cFZ = 0.

£�: FX = Zd−1fx, FY = Zd−1fy, fxdx+ fydy = 0, �fx 6= 0�, y�ëê.

�e5O�d(x = X/Z)éA�Øf�FY /Z
2.
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b�F = Xd + ... (V (F, Y, Z) = ∅), ��±b�V (F, FX , Z) = ∅(?).

(1) 3{Z 6= 0}, dx = − fy
fx
dyéA�ØfTÐdfy½Â.

(2) 3{Z = 0}, d�Y 6= 0. -x′ = X/Y, z′ = Z/Y . f ′x′dx
′ + f ′z′dz

′ = 0,

FX/Y
d−1dx′ + FZ/Y

d−1dz′ = 0, dx′ = − FZ
FX
dz′, Uìb�z′�ÛÜëê.

dx = d
x′

z′
= −z

′dx′ − x′dz′

z′2
= −z

′dx′ − x′dz′

z′2
=
FY dz

′

FXz′2
.

nþ��.

6.4.2 �º�­��©a

½n6.9. �g = 0�, C ∼= P1.

½n6.10. �g = 1�,

(1) KC ∼ 0;

(2) �P ∈ C, Kφ|3P | : C → P2[X1, X1, X2]òCi\�1wng­�.

y². �5X|3P |vkÄ:, φ|3P | : C → P2´����. ®�l(P ) = 1, l(2P ) =

2, l(3P ) = 3, · · · , ¤±L(P ) = L(0) = Spank{1}, ��

1 6= x1 ∈ L(2P ), x2 ∈ L(3P ) \ L(2P )

K��kn��φ|3P | = (1, x1, x2), ¯¢þ3C \ {P}�±Xd½Â.

dul(nP ) = n, x1, x2U�ê)¤L(nP ), cÙx2
1 ∈ L(4P ) \ L(3P ), x1x2 ∈

x2
1 ∈ L(5P ) \ L(4P ), x3

1, x
2 ∈ L(6P ) \ L(5P ). u´·����ê'X

x2
2 − x3

1 − ax1x2 − bx2
1 − cx2 − dx1 − e = 0.

dd��C��á3�^ng­�þ.

�yφ|3P |´ü�.
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6.5 Riemann-Roch½n�y²

6.5.1 ©Ù(distribution)

6.5.2 traceÚ3ê

6.5.3 éó(duality)
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